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Direct Product of Ternary Semigroups and
Characteristics of 1ts Generators

Abin Sam Tharakan and G. Sheeja*

Abstract—In this paper, we introduce the concept of a Free
Ternary Semigroup and explore several key properties. We
establish the essential conditions under which the direct product
of two infinite semigroups can be finitely generated and provide
an upper bound for its rank. Additionally, we determine the
necessary and sufficient criteria for the external direct product
of two free ternary semigroups to be finitely generated.

Index Terms—Free Ternary Semigroup, Ternary Generating
Set, Finitely Generated, Rank, Complete generating set.

I. INTRODUCTION

L. Santiago [1] and Sribala [2][3] developed the
o theory of Ternary semigroup. Lehmer introduced
the theory of ternary Semigroup [4] in 1932. Robertson et.al.
(1998) [5] [6] examined the direct product of semigroups
and established the specific condition under which the direct
product of semigroups can be considered finitely generated.
Also, if both ternary semigroups are finite, then their direct
product is finitely generated. Here, the focus is on the direct
product of an infinite ternary semigroup. Free semigroup is
the important tool for presentation of semigroup which was
analogously introduced by J.M Howie [7].
It can be noted if ZT = {1,2,.....} is the additive ternary
semigroup with generators {1,2}. But Z* x Z* is finitely
generated.
In this paper, we introduce the concept of a free ternary
semigroup and prove the homomorphism theorem, which
states that for any ternary semigroup, it is possible to find
a free ternary semigroup. We prove another homomorphism
theorem that gives the relationship between the quotient free
ternary semigroup and ternary semigroup and illustrate an
example for this theorem. We also establish the necessary
condition for the direct product of ternary semigroups to be
finitely generated and show that the converse may not be true.
Furthermore, we provide a bound for the rank of the direct
product of two ternary semigroups and prove the necessary
and sufficient criteria for the external direct product of two
free ternary semigroups to be finitely generated. Finally, we
introduce the idea of a complete generating set and establish
the necessary and sufficient condition for a generating set for
a ternary semigroup to be complete. We also prove this same
condition for the direct product of two ternary semigroups.
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II. PRELIMINARIES

Definition IL.1. /2] A ternary semigroup is a set T that is
non empty and has a ternary operation (e, f,q) — [efd]
that satisfies the associative law of the first kind.

That is, the equation ([efglhi) = (e[fghl)i) = (ef[ghi])
holds for all values of e, f, g, h, and i in the set T.

Example IL.1.(i)) 7; = {i, —i} under multiplication.

(ii) To = Z~ under multiplication.

Definition I1.2. [2] A non-empty set £ can be termed as a
generating set for the ternary semigroup T if it is capable
of generating the entire T.

Definition I1.3. A ternary semigroup is finitely generated if
its generating set is finite.

Definition I1.4. Let T be a ternary semigroup. Then T!
is either a ternary semigroup with the neutral element or
adjoining a neutral element to the T if and only if it is
derived from a binary semigroup [8]. An element u is said
to be a neutral element of T if [auu] = [uau] = [uua] = a
foralla € T.

Definition IL5. [2] A non-empty subset A of T is said to
be a right ideal of T if [ATT]C A

Definition IL6. {a} U [aTT] is called the right ideal
generated by a.

III. FREE TERNARY SEMIGROUP

Definition IIL.1. Consider a non-empty set E£. Define Tg
as the set of all non-empty finite words with odd length
€1,€3,....,em for any m that are odd numbers, where e;
belongs to the alphabet E£. A ternary operation is defined
as the combination of words

(61,62,....em)(fl,fg,....fm)(gl,gg, ..... gm) =
e1.cbmfieeefmgi-ee-gm for all

.em),(fl,fg,....fh),(gl,gg, ..... gm) 67—5

The ternary semigroup Tg is defined on the ternary opera-
tion of concatenation and is referred to as a Free ternary
semigroup. Here, £ is referred to as a generating set for Tg.
The rank of Tg is the number of elements of E.

Example IIIL.1.
Let £ = {a,b} Then, T¢ = {a,b,aaa, bbb, aba, aab, ...... }

(e1,€2, ...

Definition IIL2. Let 71 and T3 be two ternary semigroups.
Homomorphism from T to Te is the mapping ¢ from Ty to
T2 such that for all u,v,w € Ty

P(uvw) = d(u)p(v)p(w).

Theorem III.1. Let o and 1 be a homomorphism of a ternary
semigroup T upon ternary semigroup T, and Tz respectively
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such that a o a=' C non~'. Then, there is a unique

homomorphism 0 of T upon Ty such that af = n.

@
T Ti
U] 0
T2
Proof: Define a : 71 — T2 by (ea)d = en for all
ecT.
Let f € 71.Then, ea = f.
So, f0 = en.
If gn = f, then (e,g) €Eaoat Cnon™ L.
So, en = gn.
Clearly, 8 is well defined.
[(ea)(fa)(ga)]0 = [(efg)]0
= (efg)n
= (en)(fn)(gn)
= (en)0(fn)0(gn)0
So, 8 is a homomorphism. [ |

Corollary IIL.1. If p1 and ps are congruences on a ternary
semigroup T such that p1 C po. Then, T /ps is the homo-
morphic image of T /p1.

Proof: Let Ty =T /p1, Ta =T/ pa.
Since, p; = aoa~! and py =nonL.
By the Theorem, there is a homomorphism from 7 /p; to

T/Pz- |

Theorem IIL.2. Consider a nonempty set £ and a ternary
semigroup T. If C : A — T is any mapping, then there exist
a unique homomorphism v : Tg — T that satisfies ( = v
and the following diagram commutes.

£ Te
¢ v
T
Proof:
Define
v:Te =T by
viey,es,...em) = C(er)(ez)....0(em)

= [¢(e1)C(e2)C(e3)]......C(em).
Let ejes.....emy = fifoeiifm

Then, v(ey,ea,...em) = [C(e1)C(e2)C(e3)]....C(em)
= [C(f)C(f2)C(f3)]- v C(fim)
= V(fla f27 --~fm)

So, mapping is well defined.

Let €1€2..... €7n7f1f2 ----- fn7917927~-~-9m€77€-
Then,
V(61762a---7em~f17f27"'7fn'gl7927"'7go)
= ((e1)¢(e2) - Clem)
C(f1)C(f2) - C(fn)
((91)¢(g2) - - - C(g0)
=v(er, e, ..., em)
( 1;f27 ,fn)
(917927"'790)

So, v is an homomorphism.
| ]

Definition IIL.3. Consider Tg, which is a free ternary
semigroup. Let p be an equivalence relation on Te. We can
define Tg/p as the collection of equivalence classes of p on

Te.

To define a ternary operation on Tg /p, we can do so in a
natural way by stating that

[(ap)(bp)(cp)] =

Lemma IIL1. Let T¢ be a free ternary semigroup. Let p
be an equivalence relation on Tg. Then, Tg/p defined as
the collection of equivalences classes of p on Te. Define a
ternary operation on Tg/p in a natural way as

[abc)pVa, b, c € T

[(ap)(bp)(cp)] = [abe]p¥a, b, c € Te

Then, Te p is a ternary semigroup under the above ternary
operation.

Proof: Let T¢ be a free ternary semigroup.
Let p be an equivalence relation on 7¢. Clearly, the ternary
operation defined above is closed under 7¢/p.
Now, we have to prove the ternary operation is associative.
Let ap, bp, cp,dp,ep € Te/p .

[(ap)(bp)(cp)](dp)(ep) = [abe|dep
= albed]ep

= (ap)[(bp)(cp)(dp))(ep)
= ablcdelp

= (ap)(bp)[(cp)(dp)(ep)]

So, Ternary operation on T¢ p is associative.
Therefore, T¢ p under the above ternary operation is a ternary
semigroup. ]

Definition II1.4. Consider Tg, a free ternary semigroup.
Let p be a congruence on Tg. We can define Te/p as the
collection of congruence classes of p on Tg.

To define a ternary operation on Tg/p, we can do so in a
natural way by stating that

[(ap)(bp)(cp)] = [abe]p¥a, b, ¢ € Te
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Theorem I11.3. Let T¢ be the free ternary semigroup. Let pg
be any relation on T¢ and let p be the smallest congruence
containing pg. Let p* be the natural homomorphism from
Te to Te/p.

Let T be any ternary semigroup. Let o be a homomorphism
from Te to T such that uae = vaNu,v € py. Then, there exist
a homomorphism (3 from Tg/p to T such that p* 3 = a.

(07

Te T

p# 8

Te/p

Proof: We first show that if w, w € Te such that w,owl,
then wa = w'av.
By hypothesis, (u,v) € p = ua = va.
So, p* Caoa™l.
Since, p is the smallest congruence on T containing p° and
aoa~!is a congruence.
Therefore, p C o™ L.
So, (w,w') € p = wa=wo.
Define a mapping 8 : Te/p — T by
(wp™)B = wavw € Tg . Prove that mapping defined above
is well defined.
Let wp# w' p# € Tz /p.
Suppose wp# = w' p#. That is, (w,w') € p = wa =
wa.
So, it is well-defined.
It is evident that p™ 3 = q.
So, we have to show that 5 is a homomorphism.
Let w,w/7w” € Te¢. Then,

Therefore, 5 is a Homomorphism.

Example IIL2. Tricyclic Semigroup C to be the ternary
semigroup generated by a 3 element set {x1,xo,x3}.

Let pg be the relation [z1xo13] = 1.

Let 775‘/ be the free ternary semigroup with identity generated
by €& ={x1,x2, 25}

Take p as the smallest congruence on 7-5/ generated by p°.
Then, C = 7}/ /p is generated by congruence class p =
T1p7,q = z0p™, 7 = x3p™ satisfying the relation [pqr] = 1

Theorem IIL.4. Let T¢ be a free ternary semigroup and let
R # Te be a proper right ideal. If R is finitely generated
then it is not free.

Proof: Since R # Tg there exists a € E such that
ad¢R.
Suppose that a® € R for all i > 1 and i in odd numbers.
Let r € R of minimal length.
Then ra®, i > 1 and i in odd numbers. since R is a right

ideal, but ra’ is not a product of three elements of R.
Therefore, each generating set of R contains all the words
ra®, i > 1 and i in odd numbers, and R is not finitely
generated, a contradiction.

Thus R contains some power of a. Let i be the minimal
such power; obviously ¢ > 1 and i in odd numbers. The
word a’*2 belongs to R since R is a right ideal, but a*2
is not a product of three elements of R. since ¢ > 1; hence
each generating set for R contains both a’ and a'*2.

Since a’ and a'*? satisfy the non-trivial relation a‘a’*? =
a*2a’, R cannot be free. [

Example IIL.3. 7¢ be a free ternary semigroup generated
by & ={a,b}.

R = {a} U [aTeT¢] be the right ideal generated by a.

The set {ab'b? : i,j > 0,i,j is odd numbers} is the
minimal generating set for R

Therefore, R is free.

Definition IILS. An arbitrary ternary semigroup T is said
to be free if it is isomorphic to a free ternary semigroup Te.

Example IIL4. Z* under addition is free with free ternary
semigroup {a,b, aaa,aba,, .....}.

Definition IIL.6. Consider Te, a free ternary semigroup. A
set Te is said to be finitely generated if it either contains a
finite number of generators or if it has a finite generating
set.

Example IILS. Let € = {a, b}.
Then, T¢ = {a,b,aaa,aba,....} is finitely generated.

Definition IIL7. Let 71 and T3 be two ternary semigroups.
Let Ty x To = {(z,y) : « € Ti&y € T2} and the ternary
operation is defined as

(z1, 1) (22, y2) (23, Y3) = (12223, Y1Y2Y3)-
T1 X T3 is a ternary semigroup under the above ternary op-
eration and is called the direct product of ternay semigroup.

Lemma IIL2. Consider T¢ and T as two free ternary
semigroups.Then, the direct product of T¢ and Tr forms a
ternary semigroup.

Proof:
Let (vi,w;) and (vg,w2) € Te X Tr.
Then, (v1,w;)(va, wa) = (vivy, wiwse) € Te X Tx. Since,
V109 € T, wiws € Tr.
Let (1)1,11)1), (UQ,U)Q), (U3,U]3), (’U4,’LU4) and (1]5,11)5)

€Te xTr

[(v1, w1)(v2, w2)(v3, w3)] (v, wa) (vs, ws) =

= [(v1v2v3, w1waws3)](v4, va)(vs, ws)

= (V1V2V3V4V5, W1 WaW3W4WS)

Since, Te and Tr are free ternary semigroup.
= (v1, wy)[(vav3vy, wawzwy)](vs, ws)

= (1)1, wl) (U27 ’LUQ) [(’031}41)57 U)3’LU4’LU5)]

IV. DIRECT PRODUCT OF TERNARY SEMIGROUPS

Here, we provide the precise condition that is both nec-
essary and sufficient for the direct products of two ternary
semigroups to be finitely generated. Additionally, we have
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successfully demonstrated the necessary and sufficient con-
dition for the direct products of two free ternary semigroups
to be finitely generated.

Definition IV.1. Given a ternary semigroup T. Then, T is
decomposable if there exists an element t € T such that
t can be expressed as the product of three elements t1, ts,
and ts, where t1,ta,t3 € T. The set of all decomposable
elements in T is represented by T>. In other words, T? is
the set {tltgtg 1t1,10,03 € T}

The collection of ternary semigroups that cannot be decom-
posed is represented by T /T>.

Example IV.1. Z under addition is a decomposible set.

Definition IV.2. Consider Tg¢ as a free ternary semigroup.
If there exists a word t € Tg that can be expressed as
the concatenation of three subwords t1, ts, and t3, where
titats € Tg, Then T¢ is decomposable. The set of all
decomposable words in Tg is represented by Tg>. This set
is defined as the product of three copies of Tg, denoted as
TeTeTe. In other words, Te> consists of all words of the
form titots, where t1, to, and t3 are elements of T¢.

The collection of free ternary semigroup that is not de-
composible is denoted by Tg/ T3

Example IV.2. Let £ = {a,b} T¢ = {a,b,aaa,aba,....}
only set that is not decomposible in Tg are a,b.

Lemma IV.1. Consider two ternary semigroups denoted by
Ti and Ts. Let k : T1 X To — 1 denote the natural
projection. If € is a set that generates T1 X Tz, then the
set k(&) generates E. If the Cartesian product of T; and T
is finitely generated, then Ty is also finitely generated.

Proof: Define natural projection x : 71 X T2 — 71 by

Iﬁ?(tl, tg) = tl

Clearly, this mapping is an epimorphism. Let £ be a gener-
ating set for 71 X 7.

So, let (s1,82) € €.

Then, s; will be the element in generating set for 77 and
k(&) becomes the generating set for 77.Since, « is an onto
morphism.

It is evident that the direct product of 7; and 73, denoted as
T1 x Ta, is finitely generated. Therefore, we may conclude
that 77 is also finitely generated. ]

Lemma IV.2. Consider a ternary semigroup T satisfying
the property T> = T. Let £ = {e; : i € A} be a set that
generates T. Then, there are elements t; and r; in T, where
i belongs to A. Further, there is a mapping n from A to A
such that e; = ey tim;.

Proof: Given that 73 = T, it can be concluded that
T does not possess any indecomposable elements. Each
element e; can be expressed as a product e;, e,...e;, of
generators, where p is greater than or equal to 3. Let 7(i) be

defined as 7; and
Pt

[ a

Proposition IV.1. Consider two ternary semigroups denoted
as T1 and Ty, where Ty satisfies the condition T = T
and Ty satisfies the condition T;> = Ta.Let £ be the set of
elements e; for all i in A, and let F be the set of elements
b; for all j in A. These sets serve as generating sets for T
and Ty respectively. Select elements t;,r; : i € A from the
set T, and elements s;,u; : i € A from the set To. Also,
choose a mapping 1 : A — A such that e; = e, ;t;r; for all
i € A. Additionally, select a mapping v : I' — T such that
fi = fyG)sjug for all j € T. Then the set Ty U {t;r; : i €
A} x ToU{sju; : j € T'} generates T1 X Ta.

Proof: Consider an arbitrary element ¢; belonging to the
set 71. Assume that t; may be expressed as a product of m
generators from 77. By iteratively substituting an arbitrary
generator a; with the product e; = e,,(;t;r;, we observe that
for every n > m, the element ¢{; may be represented as a
composition of n elements from the set 77 U {t;r; : i € I}.
Let t; be an arbitrary element of 73, and suppose that o
can be expressed as a product of m generators from 7s.
By iteratively substituting an arbitrary generator b; with the
product b; = a~(j)Sju;, we observe that for every n > m,
the element ¢, can easily be represented as a product of
n items from the set 7o U {s;ju; : j € J}.Let t; belong
to 71 and ¢y belong to 73, where ¢; and t, are arbitrary.
Let’s assume that ¢; can be expressed as the multiplication
of n; generators from &£, and that ¢4 can be expressed as the
multiplication of ny generators from F.
Let k£ be the maximum of n, and ny. Then,

of k elements from 7; U{t;r; : i € A} and To U {s;u; : j €
T'} respectively.

We may express (¢, t2) as a multiplication of elements from
TiU{tir; i€ I} x Ta U{s;u; : j € J}. Therefore,

(t1,t2) = (p1,71) (P2, 72)- oo (PR VR)
m

Corollary IV.1. Consider two infinite ternary semigroups
denoted as Ty and Ts. It is given that T = T and T3> = T1.
Then

rank(Ty X Tz) < 9rank(Ti)rank(Tz).

Proof: If we choose the generating sets £ and F for T;
and 75 to have cardinalities equal to the rank of 7; and the
rank of 75, respectively, then the generating set for 71 x 7a,
as established in Proposition 1, will have a cardinality that
is at most 9 times the product of the ranks of 77 and 7s.

| |

Theorem IV.1. Consider two infinite ternary semigroups
denoted by T, and Ts. If both Ty and T3 are finitely
generated, and T2 = T1 & T3 = Ta, then The Cartesian
product of T1 and T, denoted as T1 X T, is finitely generated.

Proof: This theorem is the immediate consequence of
the above Lemma IV.1, LemmalV.2 and PropositionIV.1.
|
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a) Remark:: Converse may not be true.

For example, Z* = {1,2,.....} is the additive ternary
semigroup with generators 1,2 and Z+° £ Z+ . But Z+ xZ+
is finitely generated.

b) Remark:: Let 71 and 72 be two infinite ternary
semigroups satisfying the conditions 73> = 7; and 73* = T;.
It follows that (77 x T2)% = T; x T2, whereas the converse
is not universally true.

If each 7; (where 1 < ¢ < p) is finitely generated and each
7;3 = 7; (where 1 < i < p), then the direct product of
Ti,7T2,... Tp is also finitely generated.

Theorem IV.2. Let T¢ and Tr be two free ternary semi-
groups. Let T1 and T2 be two infinite ternary semigroups.
Ifa:’TlU{tiri:iGI}ngU{sjuj:jEJ}%TleQ
is an arbitrary mapping. Then there exist a homomorphism
B Te X Tr = T1 X Ty such that « = [ and the direct
product of Te and Trx is finitely generated if and only if the
direct product of Ty and T is finitely generated.

Proof: Homomorphisms of 7¢ X Tx and 71 X T3 can be
proved from LemmalV.1.
The necessary and sufficient conditions for the direct product
mentioned above are established by TheoremlIV.1. ]

Definition IV.3. A generating set £ of a ternary semigroup
T is said to be complete if £ C E3. That is, every generator
of € can be expressed as a product of three generators of .

Proposition IV.2. A ternary semigroup T has a complete
generating set £ if and only if T°> =T.

Proof: (Necessary Part) Assume & is a complete gener-
ating set.
Then, every element of £ is decomposible.
So, T has no indecompossible elements. Therefore, T3="T.
(Sufficiency Part) Let 73 = 7.
Take & = {e; : i € A}.
Each e; is decomposible, So

€i = €r(i,1)€r(3,2) - Cr(ip:) 1)

where p; > 3 and 7(i,5) € A for all j (1 < j < p;). For all
iandj (1 € A,1 <j <p; —1) define

Hi,j = 67_(1.7 1) eeeeee 6_’_ i pi—1
_ ’ S 2)
Bij = €r(i,pizt 1) Crip)
Then the below set is a generating set for 7.
;i — 1
5:50U{I€i,j:i€A,1§j§p2 —1}U
i —1
{615 :iEAvp 5 <j<pi—1}
Combining (1) and (2), we get £ is complete. -

V. APPLICATIONS

Free Ternary semigroups, fundamental in mathematics and
computer science, find diverse applications across various
domains. In automata theory, they underpin the theory of
regular languages, aiding in the construction of finite au-
tomata and defining regular expressions. Moreover, in formal
language theory[9], free ternary semigroups serve as the
cornerstone, enabling the representation of strings over given
alphabets and defining operations like concatenation and

Kleene closure. Combinatorics on words benefits greatly
from free ternary semigroups, as they facilitate the study of
finite or infinite sequences of symbols, crucial for tasks like
word enumeration and pattern matching. In algorithm design
[10], particularly in string processing and text compression,
free semigroups play a pivotal role, enabling the develop-
ment of efficient algorithms for tasks such as searching and
indexing. Furthermore, in coding theory, they provide a math-
ematical framework for analyzing error-correcting codes and
designing encoding and decoding algorithms. In semigroup
actions, symbolic dynamics, and semigroup presentations,
free ternary semigroups offer insights into the structure and
behavior of discrete systems, adding depth to the study of
these areas.

The direct product of semigroups serves as a powerful tool
in various mathematical contexts and practical applications.
In algebraic structures, such as group theory, the direct
product of semigroups provides a way to combine multiple
semigroups into a single structure, preserving their individual
properties. This concept finds application in the study of sys-
tems with parallel or independent components, where the be-
havior of each component can be analyzed separately before
considering their combined effect. In computer science and
engineering [11], the direct product of semigroups is used
in modeling and analyzing concurrent systems, distributed
computing, and communication protocols. By representing
each component of a system as a semigroup, their direct
product allows for the systematic study of interactions and
dependencies among these components. Moreover, in cryp-
tography [12] and coding theory [13], the direct product
of semigroups can be utilized to construct error-correcting
codes and cryptographic protocols with enhanced security
and reliability.

VI. CONCLUSION

We have provided a clear definition of the concept of a free
ternary semigroup and have also proven the mapping theorem
of homomorphisms for this type of semigroup.We proved
another homomorphism theorem that gives the relationship
between the quotient free ternary semigroup and ternary
semigroup and illustrated an example for this theorem. We
have proven the essential requirements for the direct product
of two infinite ternary semigroups to be finitely generated.
In addition, we determined an upper limit for the rank of the
direct product of two infinite semigroups. The necessary and
sufficient condition for the direct product of two free ternary
semigroups has been conclusively proven.

REFERENCES

[1] M.L. Santiago, “Some contributions to the study of ternary semigroups
and semiheaps,” PhD Diserrtation, University of Madras, 1983.

[2] M.L. Santiago and S. Sri Bala, “Ternary semigroups,” Semigroup
Forum, vol. 81, pp. 380-388, 2010.

[3] G. Sheeja and S. SriBala, “Congruences on ternary semigroups,’
Quasigroups and related systems, vol. 20, no. 1, pp. 113-124, 2012.

[4] D. Lehmer, “A ternary analogue of abelian groups,” American Journal
of Mathematics, vol. 54, no. 2, pp. 329-338, 1932.

[5]1 E. Robertson, N. Ruskuc, and J. Wiegold, “Generators and relations
of direct products of semigroups,” Transactions of the American
Mathematical Society, vol. 350, no. 7, pp. 2665-2685, 1998.

[6] C. Campbell, E. Robertson, N. Ruskuc, and R. Thomas, “On subsemi-
groups of finitely presented semigroups,” Journal of Algebra, vol. 180,
no. 1, pp. 1-21, 1996.

Volume 54, Issue 11, November 2024, Pages 2192-2197



TAENG International Journal of Applied Mathematics

[7] J. M. Howie, Fundamentals of semigroup theory. Oxford university
Press, 1995.

[8] W. Dudek and V. Muhin, “On n-ary semigroups with adjoint neutral
element,” Quasigroups and Related Systems, vol. 14, no. 2, pp. 163—
168, 2006.

[91 A. J. Kaspar, D.K. Christy, and D.G. Thomas, “Lattice regular
grammar-automata.” IAENG International Journal of Applied Math-
ematics, vol. 52, no. 4, pp. 1123-1129, 2022.

[10] S. Jia and Y. Tian, “Face detection based on improved multi-task cas-
caded convolutional neural networks,” JAENG International Journal
of Computer Science, vol. 51, no. 2, pp. 67-74, 2024.

[11] J. Ren, “A reliable night vision image de-noising based on optimized
aco-ica algorithm.” IJAENG International Journal of Computer Science,
vol. 51, no. 3, pp. 169-177, 2024.

[12] A. Ponmaheshkumar and R. Perumal, “Enhancing vehicle iot security
through matrix power functions in supertropical semiring.” Mathemat-
ics in Engineering, Science & Aerospace (MESA), vol. 15, no. 1, pp.
213-223, 2024.

[13] J. Jackson and R. Perumal, “Another cryptanalysis of a tropical
key exchange protocol,” IAENG International Journal of Computer
Science, vol. 50, no. 4, pp. 1330-1336, 2023.

[14] R. Gray and N. Ruskuc, “Generators and relations for subsemigroups
via boundaries in cayley graphs,” Journal of pure and Applied Algebra,
vol. 215, no. 11, pp. 2761-2779, 2011.

[15] G. Lallement, Semigroups and combinatorial applications.  John
Wiley & Sons, Inc., 1979.

[16] D. L. Johnson, Presentations of groups. Cambridge University Press,
1997.

[17] C. M. Campbell, E. F. Robertson, N. Ruskuc, and R. Thomas, “Pre-
sentations for subsemigroups—applications to ideals of semigroups,”
Journal of pure and applied algebra, vol. 124, no. 1-3, pp. 47-64,
1998.

Volume 54, Issue 11, November 2024, Pages 2192-2197



	Introduction
	Preliminaries
	Free Ternary Semigroup
	Direct Product of Ternary Semigroups
	Applications
	Conclusion
	References



