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Analysis of Convergence and Fixed Point
Computation 1in Graphical Generalized Metric
Spaces with Applications to Cantilever Beam

Problem
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Abstract—This study focuses on establishing the existence
of fixed points in graphical b,(s) spaces using generalized
contractions based on Reich and Edelstein-type conditions. The
proposed framework extends classical contraction principles, al-
lowing broader applications. Examples are provided to illustrate
the results and enhance their clarity. The study further explores
the solution of a fourth-order differential equation modeling the
deformation of a cantilever beam under a uniformly distributed
load, offering insights into its mechanical behavior.

Index Terms—Cantilever beam problem, Fixed points,
Graphical b,(s) metric spaces, Graphical Edelestein contrac-
tions, Graphical Reich contractions.

I. INTRODUCTION

Ecent research underscores the growing importance of

graph theory across various disciplines, particularly in
the realm of metric fixed point theory. A significant contribu-
tion by Jachymski [6] proposed a novel interpretation of the
Banach contraction principle, highlighting the critical role of
graph structures rather than merely relying on the traditional
order structure of metric spaces. This idea has sparked further
developments and generalizations in the field. For instance,
Shukla et al. [9] introduced the notion of graphical metric
spaces, where the triangle inequality is applicable only to
elements connected within the graph, rather than universally
across the entire space. This concept has been expanded
to include several related structures, such as graphical b-
metric spaces [4], graphical rectangular metric spaces [1],
and graphical dislocated b-metric spaces [12]. Further studies
exploring fixed point results within graph-based frameworks
can be found in [2-4, 9-16]. Recently, Baradol et al. [3]
advanced this field by extending the concept of b, (s) metric
spaces [7] into the context of graph structures, thereby
introducing graphical b, (s) metric spaces. They successfully
formulated a graphical adaptation of the Banach contraction
principle within this extended framework.
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In our current study, inspired by these graph-based ap-
proaches and the existing body of work, we propose a method
to establish the existence of fixed points in graphical b, (s)
metric spaces using the contraction frameworks developed
by Reich [8] and Edelstein [S]. To demonstrate the breadth
of our results, we provide examples that illustrate fixed
point convergence, supported by both graphical analysis and
numerical iteration. Our findings not only extend the work
presented in [3] but also incorporate and generalize several
key results from the current literature. Additionally, we apply
our theoretical findings to solve a fourth-order differential
equation related to the Cantilever beam problem under a
uniform load distribution

II. PRELIMINARIES

Before outlining our key findings, we start this section
with some commonly used terminology and conclusions that
are crucial to our findings.

Consider a non-empty set 7 that contains the diagonal A.
We define a graph G as an ordered pair G = (V(G),Z(G)),
where V(G) is the set of vertices of G and Z(G) C V(G) x
V(G) is the set of edges of G i.e., V(G) = J and the set of
edges G all the self loops on each vertex, that is Z(G) 2 A.
In a graph G. A directed path of length from z to y is a
sequence of (n + 1) distinct vertices {x;}7_, such that zy =
x,x, =y and (x;_1,xz;) € E(G), for all i = 1,2,...,n,
shortly (zPy)g is used to represent a path from x to y in a
graph G. z € (xPy)g means that z lies on the path from z
to y. A sequence {z,} is said to be G-termwise connected
(G-TWC) if (z,Pxp11)g, for all n € N. For a mapping
L:J x J, asequence {x,} said to be L-picard sequence
if Lz, = xpy1 and z,, # Tyqq, foralln € N. Forn € N,
[z]g = {y € J : (xPy)g of length n}.

Definition I1.1:([9]) Assume that G is a graph associated
with a non-empty set 7. A graphical metric on J is mapping
p: T xT — [0,00) that satisfies the following criteria : for
all 3,¢,c € J such that

(G1) 9(2,0) =0iff y=¢.

(G2) ©(2,4) = p(¢, 7).

(Gs) (1Pl)g and c € (3Pl)g = 9(3,4) < (3, ¢) + p(c, 1),

the pair (7, p) is a graphical metric space.

Definition I1.2:([3]) Assume that G is a graph associated
with a non-empty set 7. A graphical b- metric on J is a
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mapping o : J x J — [0,00) that satisfies the following
criteria : for all 3,¢, ¢ € J such that

(Go(1)) pu(9,0) = 0 iff 5= L.
(Gu(2)) o1(2,0) = pu(L, 7).
(Gu(3)) (9P€)g and ¢ € (3Pl)g

= 952, €) < slpp(s,¢) + ou(c, 0],
the pair (7, pp) is termed as graphical b-metric space.

Definition I1.3:([2,11]) Let G be a graph associated with a
non-empty set J. A graphical rectangular metric on J is
a mapping p : J X J — [0,00) that satisfies the following
criteria : for all 3,4 € J, ¢,d € J/{y,£} such that

(Gr(1)) @rms(y,£) =0 iff 3= L.
(G7(2)) ©rms(3,€) = ©rms(£, ),
(G7(3)) ©rms(2,€) < 8[Prms (2, €) + prms(c, d) +p(d, £)].
Then the pair (7, @rms) is termed as graphical rectangular

metric space.

Definition I1.4:([3]) Let G be a graph associated with a non-
empty set J. A mapping p : J X J — [0,00) that satisfies
the following criteria is a graphical b,(s) metric: for v € N
and for all 3,/ € J such that

(Gbu(5)(1)) o, (s) (2, £) = 0 iff y = L.

(Gbu(5)(2)) 91, (s)(3:4) = 9w, () (£, 7) »

(Gby(s)(3)) for all distinct py, pa, ..., py € (3P€)g and a
real number s > 1 holds

©b, (s) (25 £) < 8w, (5) (7, P1) + ©b, (s)(P1,D2) + ...
+b, () (Do, £)]-
The pair (J, p) is termed as graphical b, (s) metric space.
By giving precise values for v and s, it becomes evident
that we can draw the following conclusions [3].
(¢) A graphical metric space is a graphical by (1)-metric
space.
(#4) A graphical b-metric space with coefficient s is known
as a graphical by (s)-metric space.
(791) A graphical rectangular metric space is known as a
graphical by (1)-metric space
(iv) A graphical rectangular b with coefficient s is
known as a graphical by(s)-metric space.
Note IL.5: From the definitions b, (s) metric space (Mitrovic
and Radenovic) and graphical b, (s) metric space (Baradol et.
al.,), it is observed that every graphical (Gb,(s)(1)) metric
space is b, (s) metric space. However, it is important be note

that the converse is not necessarily true, as illustrated in the
following examples.

Example IL.6: Let J = {a1,a2,as,aq4,as,as,ar,as, ag,
alo,an,am,alg} and let G = G; U Gy be an undirected
graph, where G; and G» are connected components with

V(G1) = {a1,a2,a3,a4,as} ,

E(G1) = {e1,ea,e3,€4,€5,€6,e7} and
V(Ga) = {as, az, as, ag, aro, a1, aiz, a1z},
E(G) = {es, €9, €10, €11, €12, €13, €14, €15}

encompassing a graph as shown in Fig 3 .

as
az
ag
a
Ay
Fig. 1. G
ag azy )2.113
ar a6 ag
aio a2
Fig. 2. gg

Flg 3.G=G1 UG

Let p : J x J — [0,00) be a mapping defined in the
following way:
0 if a; = a;

pla;, a;) = d(a;,a;) ifai,a; € Gl ={1,2}

é otherwise.

where d(a;,a;) = shortest distance between a; and a,.
Then clearly, (7, ¢) is a graphical b3(1) metric space
but not b3(1) metric space. For, let © = a7,y = a13
p(ar,a13) = 3 > p(ar, a2) + p(ag, a1) + p(a1, aq)
+p(as,a13) = %4—1—&-14—% = %
Example IL7: Let 7 = {4,4,1} U {1,0,5}. Let G be a
directed graph defined by V(G) = J an
E(9) = {(07 1), (1, %)’ (%’ 5), (5, %)7 (0 %) i’ %)7 (i’ 5);
(1,3); (3:0),(3:1). (3, 0), (

o

@(07 %) =4= p(%vo)’ @(iv %) = @(%’ i) = 10,
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p(1,5) = o(3,1) = 1, p(3,0) = p(0, 3) = 5,

p(1.3) =031 =

©(5,1) = p(1,5) = 1, p(0,1) = p(1,0) = 2,

plx,y) = % otherwise, endowed with the graph as shown

in the following Fig 4.

b | =

Fig. 4. Graph G associated with 7

Then (7,p) is a graphical bs(1) metric space. It is
important to note that (7, p) is not a by(1) metric space
since,

o(3:3) =10 > p(3,1) + o(1,5) + p(5, 3) + 0(3,0)

+p(0,1) = 2.

Definition IL.8:([3]) Let (7, ) denote a graphical b, (s)—
metric space associated with a graph G and consider a
sequence {y,} in J, {y,} is a cauchy sequence if for each
e > 0, there exists m € N such that p(yi, ) < €, for
all k,1 > m. That is limy ;o0 (Y, ) = 0, the sequence
{yn} converges to z € J if for each ¢ > 0, there exists
m € N such that p(y;,z) < ¢ for all & > m ie,
limg— 00 9(yr, 2) = 0.

Definition I1.9: ([3]) A graphical b, (s)-metric space is called
G-complete, if every term-wise connected (shortly G-TWC),
Cauchy sequence converges in 7.

Definition II.10:([3]) Consider a graphical b, (s)-metric
space (J, ). A graphic Banach contraction (GBC) on J
is a mapping £ : J — J such that:
(GBC-D (£,, L) € Z(G), whenever (3,£) € Z(G).
(GBC-II) For all (3,£) € E(G), there exists € (0,1)
such that p(L,, Ls) < np(y, £).

Here it is observed that any Banach contraction on a non-

empty set J is a graphic Banach contraction on J after

considering the set of edges is equal to J x J. But, its
converse may not hold, as stated in Remark 2.3 ([3]).

Definition IL.11:([3]) A graph G = (V(G),E(G)) is said to
have property (S) if, for each convergent G-TWC, the L-
Picard sequence {y, } has a limit p in J such that, (yx, p) €
=(G) or (p,yr) € Z(G), for all k > m.

Definition I1.12:([3]) Consider a complete graphical b, (s)
-metric space (J,g) and let £ : J — J be an injective
G-TWC on J. Suppose that the following conditions are
satisfied:

(i) There exists x, € J with L8 € [z,]g for

p=1,2,...,v, where 7, = mpv + 1 and m, € N U {0}.
(74) G has property (S).

Then for initial term z, € J, the £-Picard sequence {x,, }
in G-TWC and converges to both p* and Lp* in J.
Definition II.13:([3]) Let G be a graph associated with
graphical b,(s) -metric space (7, ). A graphical Reich
contraction(GRC) on J is a mapping £ : J — J such
that
(GRC-D) for all (p, q) € Z(G) = (Lp, L), (p, Lp), (4: Lq)

€ 2(9).
(GRC-II) for all (p,q) € E(G) then there exists non-negative
integers a, b, ¢ such that a + b+ ¢ < 1 and

©(Lp, Lq) < ap(p, Lp) + bp(q, Lq) + cp(p, q).

Remark II.14: By giving precise values for a, b , ¢, v and
s, we can draw the following conclusions, highlighting the
extensive applicability and versatility of Definition II.3.
(7) When we consider ¢ = b = 0 in (GRC), in Definition
I1.13, we obtain graphic Banach contraction (GBC')[3].
(#4) When we consider a = b = A, where A € [0, Sil)
and v = 2 in Definition II.13, we obtain Kannan

G-contraction [1].
(#4) When we consider v = 2, in Definition II.13, we
obtain Reich G-contraction [1].
Example IL15: Let 7 = {0, 1,1,1,5}. Let G be a directed
graph defined by V(G) = J and
2(G) = {(0,0),(0,1),(1,0),(0, 3), (5,5),(0,5), (5, 1),

(3:1),(5,0),(0,%), (5, 1),(5,3), (1, D}
We define p : J x J — [0,00) by p(3,£) = 0 implies jy = ¢
0(0,3) =2=9(3,0), p(3,5) = p(5,5) =6
(5D =01, 1) =p(51) =p(1,3)
= p(5,0) = p(0,5) = 3,
0(5,35) = 9(3,1) =5 .0(0,1) = p(1,0) = 1,
29

p(5,1) = p(1,5) 0(7,0) = £ otherwise, endowed

with the graph as shown in the following Fig 5.

N[ =

0 1

5

b | =
N

Fig. 5. Graph G associated with 7
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Then (J,p) is a graphical b3(1) metric space. It is
important to note that (7, ) is not a bs(1) metric space,
since,

1 1 1 1 28
We now define £ : J — J as
0 ifye{0,1}
; 1
,C(j) — 1 Z.f Je {57 4}
5 j:%

Clearly, £ is a graphical Reich contraction on J with
a=1 bffandcff—3

Iti 1s important note that when considering 7 = 5 and (=1,
there does not exist any constant ¢ € (0, 1), for Wthh graphic

Banach contraction (GBC) holds, indeed

(L9, LO) = p(ﬁ%,ﬁl) — 3> ¢(3) = cp(, 0).

Therefore, it is of interest to us to ascertaining the existence
and uniqueness of fixed points for graphical Reich contrac-
tions.

Following on the similar lines of Lemma 2 and Lemma 3
of [3] , we have the following lemmas.

Lemma I1.16: Let G be a graph associated with graphical
by (s) -metric space £ : J — J such that £ is GRC. If
(p, Lp) € Z(G) then p(L"p, L p) < B"p(p, Lp), where
§ =k

Lemma IL.17: Let (J,p) be a graphically b,(s) -metric
space associated with a graph G and £ : J — J is a GRC.
If (p,q) € 2(G) then p(L™p,L"q) — 0 as n — oo.

Definition I1.18: Let (7, p) denote a graphical b, (s) -metric
space associated with a graph G and £ is a GRC contraction
on J. The quadruple (7, p, G, L) have property(R*), if each
G-TWC L-Picard sequence {z,} in J has the unique fixed
point.

III. FIXED POINT RESULTS ON GRAPHICAL REICH
CONTRACTIONS

We now prove our main result.

Theorem IIL.1: Consider an injective map £ : J — J
where (J, p) is a G-complete b, (s) -metric space. Suppose
that £ is a GRC defined on J satisfying:

(i) there exists z, € J with L% € [z,]g for
p=1,2,...,v, where r, = m,v+1 and m, € NU{0}

(i4) G has property (S)

(#4i) graphical b,(s) -metric space is continuous.

Then the Picard sequence {z,}, for any z, € J is
G-TWC and converges to p* in 7.
Proof: Forp=1,2,.
that x, € J such that
L7 € [x,]g, where r, = mpv + 1 and m, € N U {0}.

Then there exists a path {e}};, such that z, = ¢f,
Eio =el E(G), forall k=1,2,....,m

T1

, v, under the assumption (¢), suppose

and (ej_,,e}) € E

Z(G) by (GRC-I), we have
2(9),

Since (e}._,,e1) €
(Leir, Lep), (e, Lej_y), (eg, Ley) €

forall k=1,2,3,..., 1

Therefore {Le;}iL,
to Le},

Continuing this process, for all n € N, we obtain
{Lre;}iL, a path from L"ef = L"vg = x,, to L€},
= L"Lx, = Tp41 of length 71, which leads {x,,} is G-TWC
sequence.

is a path from Le} = Lz, = 21
= L2z, = x5 of length r;.

On using Lemma II.14, we have
p(x",z:n_H) = p(L"wo, L1x1) = @(Enemﬁn e )

< slp(Lmep, Le]) + (L i, L7e3) +

Tp(Lry_y, L7,)] + s*[p(L ey, LT u+1)
+p(Lrel 1, L) o) + ..

+p(L e, 1, L7e5,) +

+s™[p(L"e (ml_l)v,ﬁ e%ml_l)v_ﬂ) + ...
+p(Lrep, 1, L%, )] M
— 0 as n — oo.

Similarly, for p = 1,2,...,v, Lemma II.16 and (1), we
have

o(wn, zp+n) ©(L 2o, Enxp)

p(Leg, LTl )
< slp(L™eh, L)) + p(Lel, L™eh)

+oo 4 p(Lmel |, L7el)]
s*[p(Lreh, L) )

+p(Lre) |, Lred o) + ...

+@(‘Cnegv—1’ ‘Cnegv)] + .

+s™r [p(L™el Lrel, _1ypp1) T

(m —1)v’

(En D

T -1

Lre? )] — 0 as n — oo,
therefore {z,,} is a Cauchy sequence in J. (2)

Consequently, by G-completeness of 7 implies z,, — p*,
for some p* € N. According to the property (S), there exists
k € N such that (z,,, p*) € Z(G) or (p*,x,) € 2(G),Vn >
k.

Assume that for all n > k, (x,,p*) €
(GRC-D), (Lan, Lp*) € E(G). By (GRC-ID),

(L, Lo*) < ap(xn, Lryn) +bp(p*, Lp*) + cp(an, p*)

Z(G). Then by
we have

= ap(Tn, Tni1) +bp(p", L") +cp(@n, p*).

Taking limits as n — 00, using continuity of @, employ-
ing (1) and (2), we obtain

p(p*, Lp*) < bp(p*, Lp*) < p(p*, Lp*),

which leads to a contradiction. Therefore x,, 11 — Lp*.
Hence, Lp* is also limit of the sequence {x,} .

Similarly, we can prove the case when (p*,z,) € Z(G),
for n > k.

It is obvious that a sequence in graphical b,(s) metric
space may converge to more than one limit[3].
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Theorem III.2: Along with the hypotheses of Theorem III.1,
if the quadruple (J, g, G, L) has property (R*), then £ has
a fixed point.

Proof: From the proof of Theorem III.1 and the Property
(R*), we have Lp* = p*.

Theorem II1.3: Along with the conditions of Theorem III.2,
suppose that for all p*,n* € fiz(L)F there exists a path
(p*Pn*)g between p* and n* of length I, where [ = 1 or
Il =mv+1form e NU{0}. Then £ has a unique fixed
point.

Proof: Case(i). If | = 1, then (p*,n*)
By (GRC-D), (Lp™, Ln*) € E(G).
Again, by (GRC-II), we have
©(Lp", L") < ap(p®, Lp*) + bp(

implies ©(p™, ") < cp(p™,1"),
hence, p* = n*.

Case(ii). If | = mv+ 1,m € NU{0} and let {el} _o be
the path from p* to n*, so that eg = p* and e;, = n*. Then
p(p*,n*) = p(L"p", L")

< s[p(Lmeo, L7e1) + p(L™e1, LTes) +

( Cy— 17 61))] + 52[ (£n6v3 £n61)+1)

( ev+la Lr ev+2) + ...+ p(ﬁnEQU 1, Lr 621))]

+...+s™ [ (,C 6(7,,_1)1),,6 e(m_l)v+1)+...
+p(Lm_1, L") — 0 as n — 0.

€ Z(9).

n*, L") 4+ cp(p*,n")

Therefore p* = n*.

Example IIL4: Let A={3::ne€ N} ,B=1{0,1,2} and
J = AUB associated with the graph G = (V (G, Z(G)) such
that V(G) = J and Z = AU{(0, 5+) :n € N}U{(r,s) €
AxA:rgs}.Wedeﬁneafunctlonp J x J = [0,00)
such that

1 1
0,—)=p(=—=,0)=0
o( ,3n) p<3n’ )
1 1 1 1 1
9(3/7”73n)7p(3n73m):31_1

@(av b) = p(ba a’) =0,

where a € A, b € B and | = maxz{m,n}. Then (J, p) is a
complete by (3) metric space. We define £ : 7 — J by

L oifzelol)

L(y) =
2 otherwise,
then £ is an 1nJect1ve GRC with a = 2, b= :1,)7 c= % For
initial point z, = %, the sequence z,, = 5 is a G-TWC L

-picard sequence. Since, for some fixed ¢t € N there exists
no, € N such that

0<(3)"(3) <1
for all n > nyg, using this inequality, we can prove that {x,,}
is a Cauchy sequence. Hence L satisfies all the conditions

of Theorem III.2, with O is the unique common fixed point
of L.

Example IIL5: Let 7 = [0,
metric space defined by
p(z,0) = (x — £)3, for x,£ € J. Obviously, J is graphical
bs(1) metric space. Consider a mapping from £ : J — J
by

1] be endowed with a b,(s)

== if 1€0,1)
L(x) = X

1 otherwise.

[1]

We define G = (V(G9)),2(G) by V(G) = J and
{(z,0) e T x T :x <Lzt € [0,1)}. Clearly, L is an
injective mapping. We now verify the inequality GRC — I

w»

witha:%, b:%, c:%,
o(La, L) = |75 — ol = v — (P (i)
< §|m—€|3
<glo— FelP sl o P+ gl - 0P

Clearly, ’0’ is the unique fixed point of L.

We now present numerical calculations for the approxi-
mate fixed point of £, as shown in Table I. The convergence
behavior of these iterations is also analyzed, with results
displayed in Fig 6.

TABLE 1
Iteration zo=0.3 20=0.5 20=0.7 20=0.9
z1 0.0423 0.0690 0.0935 0.1152
T2 0.0060 0.0098 0.0133 0.0164
x3 0.0009 0.0014 0.0019 0.0023
T4 0.0001 0.0002 0.0003 0.0003
x5 0.0000 0.0000 0.0000 0.0000
z6 0.0000 0.0000 0.0000 0.0000
0.12 .
1,; -+--x°=0.3
“ —v--)(°=°.5
0.1; \\ __meO:o-_’ 1
i
\ % x0=0.9 -* X =0.9
X= 0.08 »\\‘\ /
] 1\ \ 0.7
vy =0.
o 0060 "\‘4/)(0
E ‘\ \:\;‘(/xo=0 5
® \ it
> 0.04‘\ i L
\\ Ry x0=0.3
0.2t N\ \\
A\ X
\9:::?‘:\':::\
0 s = "
1 2 3 4 5 6

Iteration Number

Fig. 6. Graph of convergence behaviour of z,
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IV. FIXED POINT THEOREMS ON GRAPHICAL EDLESTEIN
CONTRACTION MAPS

Let G be a graph associated with b,(s)-metric space
(J,9). A path {h;}., from z to y, such that hig = e} = ,
hr, = ef =y is said to be e-chainable if p(hi—1,h) <,
i = 1,2,...,7rp ie., denote Z.(G) = {(p,q) € =(G) :
p(p,q) <e}.

Definition IV.1: Let G be a graph associated with graphical

b, (s)-metric space (7, p). An G -Edelestein contraction on
J is a mapping £ : J — J such that
(GETC-I) for each (y,¢) € G implies (Ly, L) € E(G)
(GETC-II) there exists A € [0,1) such that for all 3,/ €
E(G) implies
p(Lg, L) < Ap(y,0) (3)

Theorem IV.2: Let G be a graph associated with b, (s)-metric
space and £ : J — J be an injective (GETC-II). Suppose
that :

(i) there exist =, € J with L? € [z,]g for
p=1,2,...,v,where r, = m,v+ 1 and m, € N U{0}.
(i1) there exists x, € J such that there is an e- chainable
path from z, to Lz, in the graph G.
(#4i) If a G-TWC Picard sequence {z,} converges in 7,
there exists [ € N and (* € J such that
(Xn,C*) € 2(G) or (C*,2p) € Z(G) for all n > 1.

Then for initial term z, € J, the picard sequence {x,}
is GTWC and converges to (* in J.
Proof: For p = 1,2,3,...v,letz, € J, LPx, € [, , where
rp = mpv + 1 and m, € N U {0}. Then there exists path
{er}il, such that z, = e}, L'z, = e} and (e}_;,¢}) €
E(G) for all k = 1,2,...,r1 since (el_,,et) € E(G) by
(GETC-I), we have (Lej,_,, Le}). Therefore {Le} }}L, is an
e-chainable path from Le} = Lx, = x1 to Le} = Lz, =
x9 of length ;. Continuing this process, for all n € N, we
obtain {£"e}_,}-_ a path from L")} = Lz, = x, to
Lrel = L"Lx, = Tpny of length 7. Thus {x,} is GTWC
sequence.

Since E(L"ey, L7er) € E(G) for all n € N and for
k=1,2,...,rp,and p=1,2,...,v, we have

p(Lrel, Lrel ) < Ap(Lr—ted Lrtel ) < ..
< A"p(el,eb ) < A™e. (4)

By condition (iii) of Definition of b, (s) metric space and
for p=1,2,...v, we have

p(xo, 7p) = p(ef, ek )
< s[p(eg, 1) + (el €5) + ... + p(ey_y, eh)]
+5%[p(eb, eh 1) + p(ehirs ehio) + o+ p(eh, 1, €5,)]
+... s [@(el()mpﬂ)w efmfl)vﬂ) +.tpley _i.eby)]

<sletet..te+setet...+e+..

+s"rle+ €+ ...+ ¢

= sv+ 520+ ...+ 5™ (v+1)]e = Mrp. 5)

On using (4) and (5), we have

ol ns p) = p(L"eh, L7 )
< s[p(Lmeb, L) + p(Lel, L7eb) + ...
(Ll Lr R+ [p(Lreh, Lk )
+p(Lme) | Ll ) + ...
(LM, 4, £Me)]

Lre?

+sMe [p(L7eD (mpfl)v+1)+"'

(mp—1)v’
Fp(Lrel, . Lren, )

< s[A"e+ A"e+ ... + A"
+8%[A" + A + ... + A"] + ...
+s"r[A"e+ A"e+ ... + A"¢]

= A"[sv + 820 + ... + s™¢ (v + 1)]e
=A"Mr, — 0 as n — +oo.

Therefore {z,} is a Cauchy sequence. Hence, by G-
completeness of J implies x,, — p*, for some p* € N.
By condition(iii) of our assumption, there exists £ € N such
that (z,, p*) € 2(G) or (p*,x,) € Z(G),¥n > k.

Assume that for all n > k, (z,,, p*) € Z(G). Then from
(4), we have

9(Lxn, Lp*) < Ap(zn, p7).
Taking limits as n — oo, we have p(Lxz,, Lp*) = 0

Therefore z,, = Lp*. Hence Lp* is also limit of the

sequence {z,}.
Similarly, if (p*,x,) € Z(G) implies p(Lz,, Lp*) — 0.

Therefore z,, = Lp*. Hence Lp* is also limit of the
sequence {z,, }.

Theorem IV.3: Let the conditions of Theorem IV.2 holds.
Suppose that (7, p,G, L) has property R*, then £ has a
fixed point.

Proof: From the proof of Theorem IV.2 and property(R*),
we have Lp* = p*.

Theorem IV.4: Let the conditions of Theorem IV.3 holds
and suppose that for all p*,n* € fix(L), there exists an e-
chainable path (p* Pn*)g between p* and n* of length p > 1,
where p = mv + 1 for m € N U {0}. Then £ has a unique
fixed point.

Proof: In lieu of Theorem IV.3, £ has a fixed point. Suppose
p*,m* efix(L). If p=mv+1,m € NU{0} and let {e;}_,
be the path from p* to n*, so that ey = p* and e, = n*.
Then

p(p*,n*) = p(L"p*, L")
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slp(L™e, Le1) + p(Le1, L7e2) + ...

+p(Lmy—1,L"€,)] + s%[p(L7 ey, Ly 11)

+o(L w1, L €ut2) + .o + (L e20-1, L7 €20)]
+...+ sm[p(ﬁne(m_l)v, En@(m—l)v—i—l) + ...
+p(Lme_1,L™e)] — 0 as n — co.

Therefore p* = n*.
V. APPLICATION TO CANTILEVER BEAM PROBLEM

Consider the following fourth order two point boundary
value problem which is an example of beam problem when
uniform load is distributed, called Cantilever Beam problem

dg

— =K(t,9(t)), 0<t<1 6

Y = K(t.9(0) (6)
9(0) =g (0)=g"(1)=¢g" (1) =0
with I =[0,1] and K € C([0,1] x R, RT). This problems is
equivalent to the integral equation

= /0 F(t,m)K(r,g(r))dr (7)

fort € I, where F : I x I — [0,00) is the Green’s function
given

CGED o <r<it<1
F(t,r) =

BB Gro<t<r<l.

Consider the set J = C(][0, 1], R) be the set of all real-valued
continuous functions defined on [0, 1] . Let us define

U={T €T :inficpi(t) >0and i(t) < 1,t € [0,1]}.
Now, to define graph structure G = (V(G),Z(G)) on J,
let V(G) =
E(G) =AU{(p,g) €uxu:p(t) <

={pp) :p€T}U{(p,q) €U XU :p(t) <
0,1]}.

J and
q(t) Vtel0,1]}
qity vt e

Define a mapping p : J X J — R as

0(p, q) = supo<i<i1|p(t) — q(t)|* for p,q € J. Then (7, p)
is a complete b3(1) metric space.

Theorem V.1: Consider an injective function £ : J — J
defined

1
— [ Fenk g (®)
0
Suppose the following assumptions holds.

(i) The function K : I x R — R is increasing on [0, 1].
In addition K(r,1) = and in fycjo,1)F (t,7) > 0.
(i7) For every t € [0,1],

[K(r, g(r)) — K(r,

v(r)] < lg(r) —v(r)P.

(i4i) ¢ € C([0,1], R) is the lower solution of equation

) i.e.,

5) < /0 F(t, r)K(r, o(r))dr.

Then the existence solution for equation (8) provides the
solution for (6).

Proof: Clearly, £ : J — J is well defined. Let (u,
=(G) ie., u,v € U and g(t) < v(t), for all ¢t € [0, 1].

v) €

Now
= [o Ft,r)K(r, g(r))dr
<fF

Hence, from condition (i), infic(o,1)£(g(t)) > 0 which
implies Lg(t) € U. Similarly, Lv(t) € U. Since K : IXxR —
R™ is increasing on [0, 1], we have

fo (r,g(r))dr

< fol F(t,m)K(r,v(r))dr

= Lo(t),
which implies (Lg(t), Lo(t))

(t,r)rdr < 19 <1,

rldr*fo 360

€ 2(9).

Now for ¢ € [0, 1], we have

|Lg(t) — Lo (1)
= | Jo [F(t,m)K(s, g(s)) = F(t,1)K(s,0(s))] s
< [y F(t.1)|K(s,9(s5)) — K(s,0(s))|ds
<lg(s) —v(s)]® [y F(t,r)ds
lg(s) — v(s) [} TR g 4 f1 EGE

-5 (3t — 23 — ¢*)]

I
=)
—

Va)
S—
|
1
—
Va)
—~
Tw
00| —
_|_
ole

= 3lg(s) —v(s)]?
%

< gsupiefolg(s) — v(s)?

= 2p(u,v)

This implies

p(Lg(t), Lv(t)) < cp(u,v) + ap(p, Lp) + bp(q, Lq),

where ¢ = g, for any a,b with a + b + g < 1. Thus £
is GRC on J. From condition (ii¢), there exist a solution
¢(s) € J such that £LP[p(s)], for each p = 1,2,3, .0, so
that the condition (¢) of Theorem IIL.1 is satisfied. Also, it is
easy to see that property (R*) is satisfied. Hence, Theorem
1.2 assures that £ has a unique fixed point and hence the
integral equation (8) has solution in 7 which confirms that
the existence of the solution of Cantilever beam problem.

Volume 54, Issue 11, November 2024, Pages 2271-2278



TAENG International Journal of Applied Mathematics

VI. CONCLUSIONS

We established the existence of fixed points for both
Reich contractions [8] and Edelstein contractions [5] within
the context of graphical b,(s) metric spaces, focusing on
an injective mapping. The graphical b,(s) metric space is
particularly noteworthy and compact because the triangle
inequality is only enforced for the connected elements within
the graph structure, rather than across the entire space. Our
theorems not only extend but also generalize the well-known
results from [3]. Additionally, our findings are supported by
examples and have practical applications in solving fourth-
order differential equations. In particular, we applied our re-
sults to solve the Cantilever beam problem under a uniformly
distributed load.
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