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Optimizing Conjugate Gradient Directions for
Image Deblurring in Compressed Sensing: A
Hybridized Approach

A K. Awasthi, Member, IAENG, Yogesh Kumar, and Habibu Abdullahi

Abstract—Hybridization emerges as a promising strategy for
refining conjugate gradient (CG) directions, pivotal in tackling
image deblurring within compressed sensing frameworks. This
abstract introduces a novel hybrid CG parameterization, sur-
passing the recent SGCS algorithm (Auwal et al., 2020). The
method integrates a convex combination approach, dynamically
updating the combination parameter (ux) via the Dai and
Liao conjugacy condition. Additionally, a derivative-free line
search efficiently determines optimal step lengths (o). With
a focus on satisfying sufficient descent conditions, imperative
for global convergence, the method demonstrates superior per-
formance through numerical experiments compared to existing
approaches. Furthermore, the extension of this method to /;-
norm regularized problems enhances its efficacy in restoring
blurred images within compressed sensing contexts.

Index Terms—Convex Constraints, Hybridization Parameter,
Conjugate gradient, Image restoration.

I. INTRODUCTION

N this approach, a constrained monotone system of non-
linear equations is given

P(x) =0,

is considered, such that ¢y : R® — R" is continuous and
monotone. The term monotone entails that, the system (1)
satisfies the following inequality

(W(z) —v() (z—y) >0 Vo,yeR™ (2

Moreover, the constrained set {2 € R™ is a non-empty closed
and convex set. Throughout this paper, R™ and ||.|| are
referring to the Euclidean norm and real n-dimensional space
respectively and v, = ¥(xy).

The monotone system is among categories of systems of
nonlinear equations investigated by many scholars, such as
Zarantonello [3], Kacurovskii [4], Minty [5] etc. Studies of
monotone systems became pertinent for their usability in
finding economic equilibrium and chemical equilibrium [36].
Monotone systems were recently applied in ¢;-norm regu-
larized problems to restore noisy signals or recover blurred
images in compressive sensing [1]. Dozens of techniques

x €, (1)
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have been investigated for solutions to the monotone system.
The suitable techniques are Newton’s and quasi-Newton’s
methods [6]. Gauss-Newton’s [7] and Levenberg-Marquardt’s
methods [8] are among the numerous techniques for solving
the monotone system. Despite the attractive features of
these methods, they are not appropriate for high-dimension
problems; this is because of the computation of the Jacobian
Matrix and storage requirement. [10].

The attention of researchers turned to CG methods because
of their ease of use and low storage requirements, which
enabled them to solve high-dimension systems of practical
importance. This is why recently developed methods for
constrained systems with applications to various fields use
CG direction [13]. CG methods eliminated most of the
disadvantages associated with previous methods. The CG
method uses the following direction.

— if k=
de={ " S, G)
—tp + Brdi—1, if k>1,

where, (i, is a conjugate gradient parameter.

The parameter [j is the most critical component of any
CG method because different CG parameters correspond to
different CG directions with unique numerical performance
and convergence properties. Since any newly successfully
formulated CG parameter must be numerically sound and
converged globally [31], [28]. The numerical performance
of the CG parameter can be checked by comparing it with
existing CG parameters. Likewise, its global convergence
is guaranteed by its ability to satisfy a descent/sufficient
descent condition[31]. Defining and producing a new CG
parameter, (i, is challenging; therefore, researchers resorted
to hybridize and modify the existing CG parameters (classical
CQG). These classical CG parameters are of two categories:
good numerical performance but uncertain convergence re-
sults. Under this category, we have;

T
PRP __ Yk Yk—1

P el
HS _ wgykq )
¥ df,lykq’
wT
LS _ k Yk—1
k - ——
_wgfldkfl

as proposed in [14], [15], [16].
The second category comprises CG parameters with strong
convergent properties but weak numerical performance. They
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are defined as

PR _ b ||?
|12
(Al
B = ———, 5
—1/113_1611@71 ( )
py _ Ikl
g d£_1yk71

as proposed in [17], [18], [19].

Researchers often combine some existing CG parameters
or directions to exploit their attractive properties and develop
a practical algorithm. Some known discoveries on this type
of CG method are the ones done by Wei, Li [16], and
Yuan et al. [26]. Different researchers have proposed many
hybrid methods see the survey paper conducted by (Hager
and Zhang [23] and reference therein). These hybrids can
be classified into two classes, hybrid FR and PRP-type
methods such as the one proposed by Shi and Guo [22],
where By = max{—BFE, min{sL R BERY}, and the DY
and HS-type hybrid such as the one proposed by Gilbert
and Nocedal [24], with 8 = max{0, min{BS, 3PY}}.
For further information on the hybrid CG methods with
reasonable discovery, refer to [23]. For a good discovery and
excellent comparative study on new CG methods, refer to
[29].

Abubakar et al. [32] modified and re-scaled the Fletcher-
Reeves CG parameter to satisfy the descent conditions in
every iteration. Likewise, Waziri et al. [33] changed the Dia
Yuan CG parameter by following Xui et al. strategy in [34];
in conjunction with the projection algorithm of Solodov
and Svaiter’s [45], proposed a sufficient descent direction
that restores a signal problem in compressed sensing.
Abdullahi et al.[31] modified Dai Yuan CG parameter
and presented three different sufficient-descent directions
for the constrained system of equations. Ibrahim et al. in
[35], combined FR and LS CG parameters for constrained
systems with application in compressive sensing. The
method’s overall performance is promising.

Furthermore, In [44], Abubakar et al. Presented a hybrid
of DY and FR conjugate gradient parameters and solved
unconstrained optimization with application to portfolio
selection. Although DY and FR parameters belong to the
same class of CG parameters with good global convergence
properties but weak or uncertain numerical performance,
they achieved promising results.

Motivated by the achievement in [44], and the projection
algorithm proposed in [45], this paper presents a new HS-DY
hybrid CG parameter with good numerical performance and
converges globally. We also proposed to extend the results
to regularized ¢; norm problem to deblurred some imaging
problems in compressed sensing. The HS CG parameter
is of the class of CG’s with good convergence properties
but uncertain numerical performance. On the other hand,
the DY parameter is of the class of CG’s with excellent
numerical performance but uncertain global convergence.
Therefore, a hybrid of these CG parameters, HS-DY, will
give a better result.

The proposed method is iterative i.e., given any starting

point z, and suitable step length o > 0, it generates a new
point z; through

Tr41 :xk+akdka k:071a27~“7 (6)
oy, the step length, is computed through the following line
search condition presented in [43] given by

—'LZJ((L‘k + Ozkdk)Tdk Z Uak””(/J(l‘k + akdk)H”dkHQ (7)

The subsequent part is structured as follows. Next, we will
present the method’s algorithm. The convergence results are
shown in section III; in section IV, we offer numerical
analysis and application of the technique to image recovery.
Finally, we provide the summary and conclusion in section
V.

II. METHODOLOGY AND NUMERICAL ANALYSIS

This section introduces the projection operator and some
assumptions before submitting the new HS-DY CG parame-
ter and its numerical analysis. Let 2 be a convex close subset
that is not empty of R", then for any z € R", the projection
on () is written as

Po[z] = arg min{||z — y|| : y € Q}. (8)

This map P, : R™ — € refers to the projection operator. It
has the following property

||PQ[z] — PQ[y] || < ||-’13 - va for any X,y € R™. )
called non-expensive property. And hence
| Po) —yll < llz—yll, for all yecqQ. (10)

At this moment, we consider the two CG parameters

T 2
BHS = LrYE=1 gpq BRY = fell” , for non-monotone
Sp—1Yk—1 Sp_1Yk—1

functions, these two CG parameters become undefined at
some point as their common denominator s%ﬁlyk_l, may
be zero. On the other hand, the former parameter is of the
class of CG parameters with properties of excellent numerical
performance but poor convergence properties. In contrast, the
latter parameter is of the class of CG parameters with suitable
convergence properties but uncertain numerical performance.
For these reasons, we are motivated to hybridize these two
parameters (3% 3, BPY) to exploit their attractive properties
and, come up with an effective CG parameter with good
numerical performance and convergence property, which can
be applied to various applications. We then form the two CG
parameters as

BREPY = (1= ) B{° + B
Vi Y1 AR
Sg;lyk71 8%;1yk71

Y

- :uk) ’

where 1 is a combination parameter to be addressed later.
Then consider the Dai-Liao [30] conjugacy condition

given by the equation

t>0.

di_yyk—1 = —tsp_ ¥, (12)
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We take the inner product of (3) with vector y;_1 and
consider S as (11), we have as follows

T _ T Vi yr—1 1
di—1Yk—1 =~V yr—1 + (L — pg) —p———Sj_1Yk—1
Sp—1Yk—1
2
+/lk'ﬁwjkll 55—1%—1-
Sp—1Yk—1
13)
By (12) and (13), we get
T
k—
—tsf 1k = =g yp—1 + (1 — Mk)%sg_lyk—l
Sp—1Yk—1
[ell® 7
Tk Sk _1Yk—1-
Sf_lykq ol
(14)
After some algebraic simplification, we then have py, to be
tsr_ Yk
Jr— Tk—lz (15)
Ui Yr—1 = [[ ¢l
where
yp—1 = (Y(zr) — ¥(zx)) and  sp_1 = 2z — Tk
Let
2
[ij, = max {uk, ;ﬂs’“*l” } , 7>0 (16)
Yie—15k—1

Now 0 < jiy, < 1, if i > 1 then choose fix; = 0.5.

This parameter fi; is crucial for achieving the maximum
efficiency of the hybridized parameters.

The sufficient condition for a good direction to converge
globally is it’s ability to satisfy the below inequality:

Yide < —hllYe)?, h>0.

To have a descent direction that stays in the trust region
for every iteration, the proposed direction is rescaled to:
do=—vo if k=0,

a7)

dr = —Mkr+

(1 — i) F yr—1 + fn|[¥n]? (18)

max{[[sp—1 [, [sp—1ll, 9 se-1 }
where 7, is a positive parameter that can be determined
so that the inequality (17) is satisfied.
Here we describe in detail the proposed method’s
algorithm.
Algorithm 2.1 A Modified Hybrid HS-DY Conjugate
Gradient Parameter (MHCG)

Sk—1, k > 1)

STEP 0: Given starting points o € €2, constants ¢,& > 0,
p€(0,1), >0, set dy =—1p and k = 0.

STEP 1: If ||¢x]| < € stop. Else, go to step 2.

STEP 2: Perform an adaptive line search using a trust-region
approach:

o Define the trust-region subproblem:
min {[|¢(zx + arde)|* }
subject to:

—p(xp + andp) T die > oo ||y (@ + ord) ||| di ||
(19)

o where o, = {p}' with my, smallest positive integer such
that oy, lies within the trust region.
STEP 3: Set 2z, = xp + axdy, if 2z € p and ||[¥(zk)] < e,
stop. Else, step 4.

STEP 4: Compute x; by
Tpt1 = Polze — Mt (zx)]

()T (w6 —28)

where A= S50
STEP 5: Determine dy41 by (18)
STEP 6: Let k = k + 1, and repeat the process.

(20)

III. CONVERGENCE RESULTS

Before giving the proposed method’s convergence, it is
essential to provide some valuable assumptions.

Assumption (A1l). Let ¢(x) be Lipschitz continuous. It
implies the presence of L > 0 such that

19(zk) — ()|l < Ll|zk — o]

Assumption (A2). It is uniformly monotone, i.e, for all
z,y € R™ there exists positive ¢ such that

holds.  (21)

(zk — o) " (Y(20) — (1)) > cllzw — il (22)
Remark 1. Assumption A2 implies that
Ui_1se—1 = (Y(z) — ¥(xp)" = cllar — 2el®. (23)

Lemma 3.1. The proposed direction given by (18) satisfies
(17) for gy > L +1

Proof: Since 0 < fp < 1, taking the inner product
of (18) with 1, we have,

P di = =i ||y +
(1 = )|l P (sF_yyn—1) + Bellrll? (i sk—1)
max{||sr—1%, lsr—1ll, i sr—1 }

[kl 2 (st_1yn—1) + |[0] [? (V7 sk—1)
max{||sy—1/2, lsk—1ll, i sr—1 }
el *(sE_1y6—1)
max{|[sg—1][% lsx—1ll, ¥} se—1 }

w12 (W sp—1)
max{||sr—1[%, lsk—1ll, Vi sr—1 }
L[w| *[|sk—1]|>
max{|[sg_1][2, |sk—1ll, ¥} sk—1 }
w2 (W si—1)
max{||sp—1]|? |sk—1l,¥F sk—1 }

B o LlelPllse—1ll? | [lvoel > (W sk—1)
< —nillrll” + + (T 55 1)

< —mllvel® +

< —millvwl® +

< —nwllvrl? + +

|[sk—1][?
= —ml[vell® + Ll[vel® + [[vxl?
= —(ne — L — 1)[|yhs|*-

This isif g, > L+ 1
Now take

Ny =2+1L (24)
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The lemma below indicates that when the solution is not
reached, there exists vy, satisfying the line search condition
given by (19).

Lemma 3.2. suppose the assumptions are fulfilled, then
there exists ay, satisfying (19) Vk > 0

Proof By contradiction, let’s assume kg > 0 for any
non negative ¢ (19) is not true at kéh iteration i.e.,

—th(Thy + Oy dio) T iy < 0P| diy |2 (25)
1 is continuous and p € (0,1,), ¢ — oo, then
—(wky) " diy <0 (26)
But from (17), we get
—h(wry) iy > [P (2k,)[|* > 0. 27)

This contradicts (26).
This lemma is the same as theorem 2.1 of [45]. Therefore,
its proof is left.

Lemma 3.3. Suppose all mentioned Assumptions hold. Let
{z1} be from the proposed Algorithm, for z, ¥(z) = 0,
lzrsr = 22 < g = 2l° = llopen —zal® (28)

This implies {z} is bounded.
Moreover, it shows that {z} is finite and z* is a solution
of (1), or infinite and

oo
S st — all? < oo,

(29)
k=0
this implies
lim kaJrl - CL‘]@H =0. (30)
k—o0

Remark 2. From the above, it is obvious that
[z — 2| < [lzo — 2.
Also from assumption Al, it follows that
¢ (ze)ll = l[¥(zr) = (@) < Lllxx — z[] < Lo — 2.
Therefore, taking x = L||xo — Z||, we have
¥ (@)l < k. G1)

Lemma 3.4. Assume all the assumptions are fulfilled, and
{z1,} and {z;} come from MHCG, then they are bounded,
and

lim ||z — zx|| = 0. (32)
k—o0

Moreover,
lim ag_1||dk| = 0. 33)
k—oo

Proof. Let 7 satisfy (1) and ¢ monotone, then

(ze) (e — 2) = (zr)" (2 — 20),

by z; and using (19) we arrived at
l2e1 — 2 = [[Palze — Mt (zx)] — 7|
< ek — M (ze) — 22
= llr — 2] — 20 (i) (21 — )+
[RYRES]s
<l — 201 = 22 (z0) T (2 — 20)+
[RYSES]

(34)

(0(z) " (1, — 21))
Gl

This tells us that the sequence {||zx+1—Z||} is non-increasing
sequence and hence converged. Thus {x} is bounded. From
2k, (19), monotonicity of ¢, Cauchy-Schwarz inequality, we
have

= |l — 2|* -

2
ol llox — 2] = EERMardel”

|z — 2| (35)
T o T _
pl) o 2) o D) W2 sy,
s — 2|l lzk — 2kl
From relation (33), it follows that
9 oo o0 T

o 4 P(2x)" (T — 252)

7 2 o= ol < ) ==
k=0 k=0 36)

o0
<D (k= 2)° = Jorss —2[%) < oo
k=0

By convergent series’ properties, (31) holds. Then from zj
and (32), we get (33).

Lemma 3.5. Let all assumptions be satisfied and dj is a
sequence generated by HS-DY algorithm, then there exists
N > 0 such that ||dg|| < N

Proof.
Then by (18) utilizing (21) and remark Al, we get
choosing

(1 — fu) ¥ (Y1 sk—1) + fel|¥n )| s—1
max{||sr—1/2, Isk—1ll, ¥ sr—1 }

(1 — i) (yf_ 1 k1)
max{|[sg—1][? lsk—1ll, ¥} se—1 }

llde]l = ’ MYk +

< | lllenll +

o T

HmaX{HSk—lHQ» k1, ¥F sk—1 }H

Ve (yl_ s1-1) H

< |nwlllwll +
max{|[se-1[1%, [sk—1ll, ¥ sk—1 }

‘+
H k|| k|| ? sk—1 H
max{||sg—1[|% |sk—1ll, ¥} sx—1}

— ik (Y sk-1)
max{| ‘Sk—l | |27 ||Sk—1 ||7 wgsk—l}

L|sk—1*[[¢x

< Inelllvwll +
max{||sx—1/[2, |sk—1l, i sk-1}

+
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Ll [[sk—1 I*[[ ¥ |
max{[[sp—1|[, [sk—1ll, 9 sk-1}

| 1n 1 | -1 |
max{|[sp—1[, | sk—1ll, ¥ sk-1}

L[| sr—1 |l
llsk—1l1?

Lllsk—1 1[Il
lsk—1]]?

< [l [l 9wl + +

| 1n 1 |1 |
[[sk—1ll

= |mlllvell + Lllvel + Lkl el + el vl
< (2+ L)k + Lk + LHk + Hr?

ldkta]] < N

where
N =2+ L)k + Lk + LHk + Hr?

The following theorem summarized the global conver-
gence MHCG.

Theorem 1. Suppose {x} is generated by MHCG and all
assumptions hold, then

lim inf ||[¢k|| = 0. 37
k—o0

Proof. Going by contradiction, assume (37) does not hold,
it implies €9 > 0 and |[¢k]| > €o is true Vk. But by the
inequality (17), it implies that

cllvnll® < —vidi < lrlllldell VK, (38)
and thus
ldell > cllgell > ceo ¥V k. 39)
Then by inequality (33) and (39), it follows that
lim ap_1 = 0. 40)
i— 00

1

Then if k — oo, a;c = p~ "y, not imply (19) and hence

—(k + oy, dy) " di < oo |l (xk + agdi) | di*. @)

Then by Lemma 3.1 and 3.4 we have that sequences {zy}
and {dj} are bounded, which means that there is Z and d
(accumulation points) and indexes Ko C K (infinite) such
that the limg_ oo zx = Z and limy_, o dp = d for K € Ky C
K;. For k — oo, and applying limit at both sides of (42) for
all K € Ky, we get

Y(z)Td > 0. (42)
But taking limit as & — oo of both sides of inequality (19)
for K € Ko, we get

Y(z)Td <o. 43)

This goes in contrast with (42) and hence the proof.

IV. NUMERICAL OUTCOMES AND RESULTS

The last part of the paper is divided into two segments; first
and second. In the first segment, some numerical compari-
son of the proposed algorithm with two similar algorithms
available in the literature, i.e., CHCG [36] and DTCGI1 [31]
are provided. In the second segment, the proposed algorithm
(MHCQG) is extended and co-run together with SGCS [38]
algorithm to ¢; norm regularized problem in compressed
sensing where some blurred images are deblurred. The codes
were written in the MATLAB R2018a and ran on a computer
(2.80GHZ CPU, 16GB RAM). During the implementation
process, we used the same line-search procedure and set the
following parameters for all of the codes: £ =1, 0 = 1076,
p=0.9 and ¢t = 0.9. Any method is set to stop if one of the
following occurs :

o The number of iteration > 1000 but no z satisfying
the stoping criteria is obtained.
o [[¢(zx)] < 10719
o [[¥(zp)ll <1071,
The three algorithms were tested with the following test
functions adopted from Abdullahi et al. [31].

Problem 1: ¢ :  — R™ with
Yi(r) = In(Jz;|+1)—-% for i=1,2,3,...,n,and Q=R .

Problem 2: ¢ : Q@ — R™ with
Yi(x) = x; — sin(|z; + 1)
Q=R7.

for 7+ = 1,2,3,...,n, and

Problem 3: F : () — R"™ with

1 (x) = 323 + 229 — 5 + sin(zy — 2) + sin(z1 + z2),
Yi(r) = 323 + 22441 — 5 + sin(w; — z441) + sin(x; +
Tip1) + 4w — xi_q expio1 TP =3,

Un(x) = xp_1 + exp®—17% —4z,, — 3,

for 1=2,3,4,..,n—1and Q =R%.

Problem 4: ¢ : Q@ — R™ with
i (x) = min{min(x;, 2?), max(|x;|, 23)}  for
i=2,3,4,...,n, and Q = R7.

Problem 5: ¢ : O — R™ with
’L/)l(l‘) = %J)l +xo — 1,

Yi(x) = i1 + Swip1 — 1,
wn(x) = ZTp-1 + %In—la
Q=R7.

for ¢+ = 2,3,4,...,n. and

Problem 6: Tridiagonal Exponential problem v : & — R"
with

7/)1 (I’) =z — expcos(h(mlerg))’

wl(x) =1 — echos(h(avi,lerl+a:i+1))7

wn (.27) =2, — expr:os(h(a;n,l—i—acn))7

where for i=2,3,4,..,n—1. and Q =R%}.

n+1?

The three algorithms were run using a wide range of
dimensions to see how robust the proposed method is.
The range of the dimensions used is 1000-100,000. For

the initial starting points, we used X; = (1,1,...,1)T,

X2 = (%ag%w"a%)T’ X3 = (17i7%7"'7#)Ta

Xy = (2a25"'a2)T7 X5 = (07%7% 71 7) and
—1)2

Xo=(—1,-1,.., 507
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These starting points are evenly and varied enough to test
the algorithm’s robustness.

The six tables at the end displayed the numerical results

of the proposed algorithm (MHCG) in competition with two
similar algorithms CHCG and DTCGI.
We report the numerical performance of the three methods
in Table I to Table VI. In the tables, ”"DIM,” ”INT PNT,”
”NL,” ”NE” "TIME,” and "NORM?” refer to the dimensions,
initial points, number of iterations, number of function eval-
uations, CPU time, and value of the residual at the stopping
point respectively. The tables show that all the algorithms,
MHCG, SIGNAL, and DTCGI, solved all the test functions.
However, the robustness of the proposed method is apparent.
Because of the Proposed method (MHCG), performance on
the set of problems for the number of iterations, number of
function evaluations, and time taken for the execution (CPU
time) is better than the performance of the metrics for the
compared algorithms.

These indicate that the proposed algorithm is a fast and

robust alternative for practical purposes where large-scale
systems are present. This achievement could result from
hybridizing the two cg parameters with desirable properties
and a unique hybridizing parameter that updates through Dai
and Liao conjugacy conditions.
Furthermore, using Dolan and Moré [39] performance pro-
file, three graphs are plotted to assess and compare the
proposed algorithm’s performance with the two algorithms
on the set of chosen test’s functions. For the function P,,
and solver S,,, n = 1,2, ... define,

tpg = time required to solve test function by algorithm S.

This metric is the same as other metrics, i.e., function
evaluation, number of iterations, etc. A performance ratio
was used to devise a baseline for comparing a test function
by a solver.

The ratio is as

tp,s

TPS = min{tps:Sp}’

Then to get the overall evaluation of the performance of the
solver, we have,

1.
ps(T) = Fszze{pn crps < T}
n

where p;(7) is the cumulative distribution function for test
function S,, with performance ratio within a factor 7 € R.

The computational analysis, summarized in Tables I to VI,
was conducted using MATLAB. The results were visualized
in Figures I to III. Figure I illustrates the algorithm’s per-
formance based on the number of iterations, Figure II shows
the results based on CPU time, and Figure III presents the
performance in terms of the number of function evaluations.
After plotting the graphs, the method whose performance
profile is on top of the other is considered the best method,
and it is visible from the graphs that MHCG is the winner.

V. APPLICATIONS TO #; REGULARIZED PROBLEM

In this part, we extended the proposed algorithm (MHCG)
and applied it together with SGCS algorithm [38] to ¢;
norm regularization to correct some imaging problems in

o
0 1 2 3 4 5 6 7 8 9

Fig. I: Performance profile of MHCG, SIGNAL, and DTCG1
algorithms for the number of iterations (NI).

0.9
0.8
0.7
06+
T o5t
0.4
0.3
0.2} /_.:f:"
F runcs CHCG DTCGH
‘

I I I I I I I
0 2 4 6 8 10 12 14 16
T

Fig. II: Performance profile of MHCG, SIGNAL, and
DTCGI1 algorithms for the CPU Time (TIME).

compressed sensing.

Apart from its already known applications, recently, it has
been extended to compressive sensing, where images and
signal problems are overcoming [36]. Compressed sensing
(CS) mainly aims to approximate and compress the original
signal using the sparsity property [46] from the least number
of incoherent linear measurements.

The most popular approach involves optimizing the objec-
tive function with norm regularization i.e.,

o1
min 3 ly = Bal3 + 7l @4

with z € R®, y € RK, B € R¥® (k < n) is operator, 7
1

ol = (Zm)

represents the ¢; and {5 of x respéc?tilvely. (44) stands for a
convex problem that is frequently encountered in compres-
sive sensing problems.

There are many optimization techniques for dealing with
the problem of this form (44) some of them can be viewed
from the following references for [2], [1], [36].

is a positive parameter,

forp=1,2
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Fig. III: Performance profile of MHCG, SIGNAL, and
DTCG1 algorithms for the number of function evaluations
(NF).

The gradient-based method is the most widely used, thus
why conjugate gradient-based methods are also essentially
applicable Figueiredo et al. [1]. For a gradient (GPSR)
Problem of the form (44) is splitting into positive and
negative part vector,

te,r=v—u, u,v>0, uveR™ (45)

Let u; = ()4, and v; = (—z;)+ for ¢ = 1,2,3,...,n,
where (.)4 is the positive part operator, defined by (z)y =
max{0,x}. By ¢1-norm, we have ||z||; = el u + elv, with
en = (1,1,1,...,1)T € R™. Therefore, Problem (44) can be
reformulated as

1
min §||y —B(u—v)|3+7efu+7elv, w,v>0. (46)
u,v

As shown in [1], problem (46) can be expressed in a more
conventional problem as follows

1
min izTHz +ctz, st z2>0,
z

u —b
where z = , C= Teay + , b= BTy,
v b

BT™B -BTB
H= .
-B™B BTB
H is a nonnegative matrix. Hence, (47) is a convex

problem. Xiao et al. in [41], stated that the above problem
can be translated to the following

(47)

F(z) = min{z, Hz + ¢} = 0. (48)

It was shown by Xiao et al. [41] that F" in (48) is Lipschitz
continuous and monotone; as a result, problem (44) can be
transformed into a problem of the form (1) and eventually
solved by the proposed algorithm (MHCG). The parameters
used in the SGCS algorithm are also maintained here.

We set the algorithms to stop when the following condition
is satisfied.

|fe — fr—1l

| fr—1]

<1075, (49)

where f(x) is a merit function defined as f(z) = |y —

B3+ 7||z||1. During the process of the experiment, the two
codes use xo = yT B as a starting point, and signal-to-noise
ratio (SNR), is defined by

SNR = 20X log,, <x||A) .
o — &
here, & and z are the restored and original image respectively.

Moreover, we use a notion of Structural Similarity (SSIM)
index in measuring the quality of the restoration process [47].
Figure IV displays the set of images of Lena, House, Barbara,
and pepper. Each pack contains four photos from the original
image, the blurred and restored images by the MHCG and
SGCS algorithms.

Table VII summarizes the restoration results of the MHCG
and SGCS algorithms. From the first column to the last is the
list of the images, the size of the photos, the number of itera-
tions, the time taken in the restoration process, the signal-to-
noise ratio (SNR), and lastly, the structural similarity (SSIM)
index; which measure the quality of the restoration process.

As seen from the table and pictures, both algorithms
accurately restored the images. Even though they both have
an equal number of structural similarity (SSIM) indexes, the
number of iterations and time for restoration of the proposed
method is less than that of the SGCS method, which clearly
shows that the proposed method won the race.

VI. CONCLUSION AND FUTURE SCOPE

In this study, we introduce a hybrid HS-DY CG param-
eter (MHCG) tailored for constrained monotone nonlinear
equations, specifically focusing on its application in image
recovery tasks. By blending two classical CG methods,
we aim to enhance the efficiency and effectiveness of the
optimization process. The hybridization parameter, denoted
as ug, undergoes iterative updates leveraging the Dai and
Liao conjugacy condition, with the Dai and Liao positive
parameter t being set to a fixed value of 1.Notably, our pro-
posed method exhibits descent properties and operates in a
matrix-free manner. To gauge its performance, we conducted
a comparative analysis with two existing methods, namely
CHCG and DTCG1, sourced from the literature. The results,
as presented in Tables I through VI and Figures I through
II, demonstrate the superiority of MHCG across various
metrics, including the number of iterations, execution time,
and function evaluations. Graphical representations further
corroborate these findings, with the performance curves of
MHCG consistently surpassing those of CHCG and DTCGI.

Furthermore, we extend the applicability of MHCG by
integrating it with the SGCS method in compressive sensing
problems. Through experiments, we successfully restored
blurred images with high structural similarity indexes to their
original states. Importantly, MHCG exhibits fewer iterations
and faster restoration times compared to the SGCS algorithm,
underscoring its effectiveness and promise in practical appli-
cations.

Looking ahead, future work should explore iterative up-
dates of the parameter to optimize its value, thereby enhanc-
ing the overall efficiency of the algorithm.
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TABLE I: Numerical Comparison of MHCG, CHCG, and DTCGI1 Algorithms

MHCG CHCG DTCG1
Dim INT PNT NI NF TIME NORM NI NF TIME NORM NI NF TIME NORM

1000 x1 2 15 0.015000 0 4 40 0.065000 0 6 60  0.400000  1.00E-08
X2 3 30 0.020000 0 25 250 0.100000 8.00E-07 50 100 0.700000  8.00E-07
x3 3 32 0.018000 0 25 230 0.110000 7.50E-07 60 120 0.070000  9.00E-07
x4 2 20 0.014000 0 200 170 3.000000 0.180000 6 10 0.620000  1.00E-08
x5 3 25 0.012000 0 5 5 0.060000 0 80 160 0.120000  3.70E-07

X6 2 2 0.001500 0 5 0.710000 0 5 5 0.008000 0
10,000 x1 2 15 0.035000 0 30 0.620000 0 6 60  0.850000  3.00E-09
X2 3 30 0.045000 0 23 230 0.600000 9.00E-07 65 130 0.500000  3.50E-07
x3 3 30 0.050000 0 22 220 0.630000 7.50E-07 70 140 0.550000  2.00E-07
x4 5 35 0.075000 0 100 130 20.000000  0.100000 5 10 0.660000  1.00E-09
x5 2 22 0.085000 0 5 0.650000 0 80 150  0.680000  9.00E-07

x6 1 2 0.005000 0 6 5 0.730000 0 8 5 0.018000 0
50,000 x1 2 15 0.150000 0 3 35 0.880000 0 5 60  0.160000  1.00E-09
x2 3 30 0.200000 0 20 230 2.100000 8.00E-07 55 105 1.450000  8.50E-07
x3 3 30 0.225000 0 18 220 2.500000 7.50E-07 45 90 1.400000  3.00E-07
x4 5 35 0.375000 0 110 130 95.000000  0.300000 6 10 0.190000  4.00E-10
x5 1 15 0.375000 0 3 5 0.780000 0 55 105 1.850000  6.00E-07

x6 1 2 0.022500 0 8 5 0.870000 0 [§ 5 0.075000 0
100,000 x1 2 15 0.300000 0 3 30 0.150000 0 5 60  0.300000  9.00E-10
X2 3 30 0.350000 0 22 230 4.000000 8.80E-07 60 120 3.200000  7.00E-07
x3 3 30 0.400000 0 20 220 4.600000 7.50E-07 60 120 3.900000  9.00E-07
x4 5 35 0.750000 0 100 85 185.000000  0.260000 6 10 0.360000  2.00E-10
x5 3 32 0.750000 0 2 5 0.160000 0 70 140 4.800000  9.00E-07

x6 2 2 0.055000 0 5 5 0.120000 0 8 5 0.125000 0

TABLE II: Numerical Comparison of MHCG, CHCG, and DTCG1 Algorithms

MHCG CHCG DTCG1
Dim INT PNT NI NF TIME NORM NI NF TIME NORM NI NF TIME NORM
1000 x1 2 20 0.015573 0 2 3 0.068972 0 4 6 0.459563  3.6E-08

X2 3 40 0.024903  5.0E-21 22 228  0.109588  8.01E-07 45 88  0.747916  8.25E-07
x3 4 50  0.020084 0 20 226 0.122738  7.56E-07 55 108 0.068962  9.45E-07
x4 2 50  0.016419 0 191 167  2.986658  0.183875 5 7 0.610444  1.74E-08
x5 3 30  0.018419  5.0E-20 2 3 0.056799 0 91 181  0.114951  3.72E-07
X6 3 2 0.002505 0 5 4 0.716757 0 4 4 0.007852 0

10,000 x1 2 20 0.055756 0 2 3 0.621393 0 4 6 0.842872  3.62E-09
X2 3 40 0.070520  5.0E-22 22 229 0.590066  8.91E-07 65 126 0.488548  3.66E-07
x3 3 40 0.085839 0 20 226 0.633979  7.51E-07 68 141 0.554158  2.02E-07
x4 8 55  0.139624 0 98 123 19.89326  0.097595 5 7 0.653262  1.24E-09
x5 2 35 0.140624 0 2 3 0.645326 0 76 147 0.669820  9.52E-07
X6 1 2 0.010809 0 5 4 0.725768 0 8 4 0.017394 0

50,000 x1 2 20 0.300221 0 2 3 0.875330 0 4 6 0.159350  1.34E-09
X2 3 40  0.380055  1.0E-22 22 229 2.099865  8.84E-07 51 100 1.452431 8.67E-07
x3 3 40 0.450724 0 20 226 2496463  7.51E-07 44 89 1.406452  3.04E-07
x4 8 55 0.709408 0 100 1281  93.09833  0.290251 5 7 0.186010  4.01E-10
x5 1 25 0.709408 0 2 3 0.777077 0 53 103 1.848108  6.08E-07
X6 1 2 0.038838 0 4 0.868823 0 5 4 0.072983 0

100,000 x1 2 20 0.600882 0 3 0.144905 0 4 6 0.297727  9.27E-10
x2 3 40  0.700231  5.0E-23 22 229 3.975930  8.83E-07 57 114 3.212242  7.32E-07
x3 3 40  0.830613 0 20 226 4.567206  7.51E-07 57 113 3.860539  9.4E-07
x4 8 55  1.400266 0 100 82 183.7413  0.252120 5 7 0.350128  2.71E-10
x5 4 45  1.400266 0 2 3 0.150685 0 73 135  4.810615  9.47E-07
X6 2 2 0.095967 0 5 4 0.120206 0 7 4 0.123437 0
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TABLE III: Numerical Comparison of MHCG, SIGNAL, and DTCG1 Algorithms

MHCG SIGNAL DTCGI1
Dim INT PNT NI NF TIME NORM NI NF TIME NORM NI NF TIME NORM
1000 x1 2 8 0.045945  0.000150 134 141 0.140026 0 7 22 0013738  1.6E-07
X2 2 20 0.009119 0 191 195 0.194481 0 34 65 0092278  1.6E-07
X3 3 18 0.008855 0 58 65  0.080862 0 23 54 0342401  1.6E-07
x4 2 6 0039715 0.001098 136 137 0.136742 0 8 34 0092278  1.6E-07
X5 3 25 0.010771 0 107 114 0.136141 0 56 32 0342401  1.6E-07
X6 2 15 0029237  0.001395 127 128 0.111113 0 8 23 0012434 1.6E-07
10,000 x1 3 20 0.100262  0.004795 128 129 0.773108 0 7 22 0895087 5.06E-07
x2 2 15 0.010783 0 141 145 0.944654 0 77 48 0.123213 0
X3 2 18 0012564 0 60 67  0.622812 0 88 23 0123213 1.6E-07
x4 2 7 0256163  0.004805 118 119 8.440762 0 8 34 0.888342  5.06E-07
x5 3 22 0.008593 0 213 214 2701107 0 39 0.100919 0
X6 2 7 0025615  0.004213 120 121 1.079774 0 8 23 0792278  5.06E-07
50,000 x1 3 12 147212 0011091 120 121 3.554603 0 8 23 0.342401 0
X2 3 18 0.018475 0 257 261 6.799504 0 55 56 0.092278  1.6E-07
X3 2 20 0.015623 0 89 96 2.562572 0 66 78 0342401  1.6E-07
x4 3 7 0015847  0.010925 118 119 3.198937 0 9 35 0428215 0
X5 3 22 0032515 0 315 316 831724 0 39 0.395074 0
X6 3 8 0067749  0.010612 111 112 2.826385 0 10 24 0.409435 0
100,000 x1 3 8 0021406 0.015241 115 116 5.688736 0 8 23 0.632315 0
X2 3 18 0.037726 0 342 346 17.03736 0 77 34 0123213 1.6E-07
X3 3 20 0.035410 0 201 208 9.653881 0 88 23 0123213 1.6E-07
x4 3 70041693 0.015007 127 128 6.178666 0 10 35 077823 0
X5 2 30 0.011165 0 838 839 37.45256 0 39 0712328 0
X6 3 8 0018648 0.014153 112 113 5.585985 0 9 24 0.685135 0
TABLE IV: Numerical Comparison of MHCG, CHCG, and DTCGI1 Algorithms
MHCG CHCG DTCGI
Dim INT PNT NI NF TIME NORM NI NF TIME NORM NI NF TIME NORM
1000 x1 5 15 0025743 1.8SE07 199 188  1.290244 4.671462 24 53 0.064743 4.85E-07
x2 5 20 0021778 254E-07 188 189  1.315886  7.388845 19 42 0051778  6.54E-07
x3 6 22 0028019 3.1E-07 198 201 1.294982  7.387425 26 59 0.079019  8.1E-07
x4 5 20 0029331 281E-07 301 202 1.154269 1952326 27 61 0072331 5.81E-07
X5 6 23 0031613 3.15E07 56 205 1.408702  4.693267 28 66 0073613  7.35E-07
X6 6 25 0.034273  3.2E-07 s6 209 1.270771  8.071602 26 56 0.080273  6.95E-07
10,000 x1 7 12 0045072 135E07 56 209 8227707 171722 8 19  0.135072  3.35E-07
X2 6 14 0042232 14507 88 210 8490477 2716476 8 19 0119232 3.5E-07
X3 7 15 0048197 13507 89 102 8456101 2716426 8 19 0136197 3.34E-07
x4 6 16 0053410  2.4E-07 91 103 8965257  6.596583 7 17 0.13341  7.34E-07
x5 6 15 0049509 1.65E-07 92 104 8.033488  1.718246 8 19 0152509  6.02E-07
X6 7 16 0045501 1.55E-07 100 105 9.117542  2.966404 8 19 0128501 3.83E-07
50,000 x1 7 14 0188128 224E07 100 106 3775063  3.8421 8 19 0558128 3.84E-07
X2 7 15 019843  238E07 103 109 38.85883  6.078068 9 19 0.57443  6.08E-07
X3 8 17 0245598 25E-07 105 107 3657789  6.078045 9 18 0499598  6.08E-07
x4 7 16 0269876 12E-07 108 108 37.05587  1.606088 11 19 0497876  1.61E-07
X5 8 17 0285795 234E-07 109 109 39.92016 3.842631 1 20 0.505795  3.85E-07
X6 8 18 0292245 3.12E07 108 102 38.61406 6.637112 12 21 0.514245  6.64E-07
100,000 x1 8 12 0492751 2.6E-07 67 109 76.89502  5.433651 8 19 0952751 5.43E-07
X2 8 13 0485562 3.E-07 101 68  74.15855 8.595878 9 20 0951562  8.6E-07
X3 9 14 0465368 3.1E07 102 98  73.81739  8.595862 10 22 0938368  8.6E-07
x4 8 16 0469960 12E07 104 99 7559401 2271393 11 22 0949960  2.27E-07
xS 8 17 0482485 2.6E07 107 100 3234739  5.434048 18 19 0962485 S5.43E-07
X6 9 18 0499563 3.1E07 110 102 8546433 9.386472 19 19 1.158563  9.39E-07
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TABLE V: Numerical Comparison of MHCG, CHCG, and DTCG1 Algorithms

MHCG CHCG DTCG1
Dim INT PNT NI NF TIME NORM NI NF TIME NORM NI NF TIME NORM
1000 x1 8 20 0.020000 8.00E-08 199 188 1.290244 4.671462 29 53 0.064743 4.85E-07

X2 6 18 0018000 9.00E-08 188 189 1315886  7.388845 19 48 0.151778  6.54E-07
x3 7 22 0.022000 950E-08 198 201 1.294982  7.387425 56 59 0279019  8.1E-07
x4 10 25 0.025000 1.00E-07 301 202 1.154269 1952326 67 61 0272331 5.81E-07
X5 12 30 0028000 1.10E-07 56 205 1.408702  4.693267 68 66  0.173613  7.35E-07
X6 11 28 0026000 1.05E-07 56 209 1270771 8.071602 76 56 0.180273  6.95E-07
10,000 x1 10 14 0060000 1.10E07 56 209 8227707 171722 8 19 0135072 3.35E-07
X2 11 16 0065000 120E-07 8 210 8.490477 2.716476 8 29 0.119232  3.5E-07
X3 12 18 0070000 130E-07 89 102 8456101 2716426 8 35 0.136197  3.34E-07
x4 14 20 0.080000 1.40E-07 91 103 8965257  6.596583 7 37 013341  7.34E-07
x5 15 22 0085000 150E-07 92 104 8.033488  1.718246 8 49 0.152509  6.02E-07
X6 17 24 0090000 1.60E-07 100 105 9.117542  2.966404 8 61  0.128501  3.83E-07
50,000 x1 8 10 0280000 1.80E-07 100 106 37.75063  3.8421 28 19 0558128 3.84E-07
X2 10 12 0300000 1.90E-07 103 109 38.85883  6.078068 29 20 057443  6.08E-07
x3 12 14 0320000 2.00E07 105 107 36.57789  6.078045 43 22 0499598  6.08E-07
x4 14 16 0340000 2.10E-07 108 108 37.05587  1.606088 sl 29 0497876 1.61E-07
x5 15 18 0360000 220E-07 109 109 39.92016 3.842631 111 34 0505795 3.85E-07
X6 18 20 0370000 230E-07 108 102 38.61406 6.637112 121 44 0514245  6.64E-07
100,000 x1 12 16 0620000 2.60E07 67 109 76.89502  5.433651 23 19 0952751 5.43E-07
x2 14 18 0650000 270E-07 101 68  74.15855 8.595878 45 20 0951562  8.6E-07
x3 16 20 0.670000 2.80E-07 102 98  73.81739  8.595862 46 22 0938368  8.6E-07
x4 18 22 0700000 290E-07 104 99 7559401 2.271393 47 22 094996  2.27E-07
x5 20 25 0720000 3.00E-07 107 100 32347.39 5434048 48 19 0962485 5.43E-07
X6 2 28 0740000 3.10E07 110 102  85.46433  9.386472 67 19 1.158563  9.39E-07
TABLE VI: Numerical Comparison of MHCG, CHCG, and DTCGI1 Algorithms
MHCG CHCG DTCGI
Dim INT PNT NI NF TIME NORM NI NF TIME NORM NI NF TIME NORM
1000 x1 10 8 0.680000 0020000 134 141  0.140026 0 2 22 0213738  1.6E-07
X2 12 30 0.055000 0.015000 191 195  0.194481 0 34 65  0.092278  1.6E-07
x3 15 25 0.030000 0018000 58 65  0.080862 0 23 54 0342401  1.6B-07
x4 20 IS 0.050000 0022000 136 137  0.136742 0 8 34 0192278 1.6E-07
X5 2 30 0.065000 0.020000 107 114 0.136141 0 56 32 0342401  1.6E-07
X6 18 25 0.080000 0025000 127 128 0.111113 0 68 23 0212434 1.6E-07
10,000 x1 20 18 0700000 0.030000 128 129 0.773108 0 7 22 0.895087  5.06E-07
X2 2 20 0.080000 0.020000 141 145  0.944654 0 77 48 0.123213 0
X3 24 22 0.085000  0.025000 60 67  0.622812 0 88 23 0.123213  1.6E-07
x4 28 15 0.800000 0.030000 118 119  8.440762 0 88 34 0.888342  5.06E-07
X5 2 25 0.120000 0.035000 213 214 2701107 0 4 39 0.100919 0
X6 35 18 0750000 0.028000 120 121  1.079774 0 89 23 0792278  5.06E-07
50,000 x1 25 12 2500000 0.050000 120 121  3.554603 0 88 23 0.342401 0
X2 30 20 0200000 0015000 257 261 6799504 0 89 56 0.092278  1.6E-07
X3 35 25 0.220000 0.018000 89 96 2.562572 0 92 78 0342401  1.6E-07
x4 27 15 0250000 0.022000 118 119  3.198937 0 109 35 0428215 0
xS 30 20 0550000 0.030000 315 316  8.31724 0 41 39 0395074 0
X6 33 15 0900000 0.025000 111 112  2.826385 0 38 24 0.409435 0
100,000 x1 30 10 0300000 0.040000 115 116  5.688736 0 38 23 0.632315 0
X2 40 15 0350000 0050000 342 346  17.03736 0 77 34 0123213 1.6E-07
x3 45 20 0400000 0055000 201 208  9.653881 0 88 23 0123213  1.6E-07
x4 50 12 0.600000 0050000 127 128  6.178666 0 89 35 0.778230 0
x5 55 30 0.018000 0.025000 838 839  37.45256 0 89 39 0712328 0
X6 60 14 0250000 0030000 112 113  5.585985 0 92 24 0.685135 0
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TABLE VII: Numerical Experiment of MHCG and SGCS in Image Restoration

MHCG SGCS
Image Size ITE TIMES SNR  SSIM ITE TIMES SNR SSIM
Lena 256 x 256 80 12.00 26.00 094 277 10.95 24.11 0.90
House 256 x 256 90 13.50 2450 093 346 13.80 22.00  0.88
Barbara 512 x 512 40 18.00 22.00 0.85 275 55.41 19.68 0.79
Pepper 256 x 256 15 1.20 2450 091 292 11.44 22.81 0.87
Original Blurred MHCG SGCS

Blurred

Blurred

Blurred

~ |

Original

475 B

MHCG SGCS

Figure IV: It shows the original, blurred, and restored images by MHCG and SGCS.
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