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The Order of a Path Graph as a Subgraph of a Fan
Graph with a Certain Locating Chromatic Number

Des Welyyanti, Fakhri Zikra, Rifda Sasmi Zahra, Lyra Yulianti, and Yanita

Abstract—Let G = (V, E) be a connected graph, and let ¢
be a k-coloring of G. A coloring c is called a locating-coloring
of G if distinct vertices have distinct color codes. The locating-
chromatic number, x 1 (G), is defined as the minimum number
of colors needed to achieve a locating-coloring of GG. Research
on locating-chromatic numbers has explored various types of
graphs. In this paper, we determine the locating-chromatic
number of the fan graph F), by analyzing the range of the order
of the path graph P,, a subgraph of F,,, that corresponds to
a specific locating-chromatic number. Specifically, we identify
the range of n for which the locating-chromatic number of F,
satisfies the given criteria.

Index Terms—color code, connected graph, fan graph,
locating-chromatic number

I. INTRODUCTION

RAPH theory is a well-known branch of mathematics
Gthat has grown significantly over time. One area of
study in graph theory is the locating-chromatic number. This
concept, introduced by Chartrand et al. in 2022 [3], the
locating-chromatic number combines the concepts of graph
coloring and partition dimension. The locating-chromatic
number of a graph, denoted as xr,(G), is the smallest number
of colors needed to color the graph so that a k-locating
coloring is possible. In simple terms, this means assigning
colors to the vertices in a way that allows each vertex to be
uniquely identified based on its distance from the colored
vertices.

Research on locating-chromatic numbers spans a variety
of graph types. These graphs are join graphs in 2014 [2],
graphs with dominant vertices in 2015 [11], Halin graphs
in 2017 [8], graphs with two homogeneous components in
2017 [12], certain operations on generalized Petersen graphs
in 2019 [6], barbell shadow path graphs in 2021 [1], modified
paths with cycles having a locating number of four in 2021
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[4], book graphs in 2021 [5], certain barbell origami graphs
in 2021 [7], and Buckminsterfullerene-type graphs in 2021
[9], among others.

In the study of disconnected graphs, Welyyanti et al. made
important progress by finding the locating-chromatic number
for certain disconnected graphs in 2014 [10]. Later research
examined disconnected graphs made up of paths and cycles
in 2019 [13], and those with components such as paths,
cycles, stars, or double stars in 2021 [14].

In this paper, we identify the range of n for which the
locating-chromatic number of F}, satisfies the given criteria.

II. FAN GRAPH

The fan graph (F},) is a graph with n + 1 vertices. In this
graph, one vertex has degree n, two vertices have degree 2,
and the remaining vertices have degree 3. The fan graph is
constructed by join operation between graph K; and P,, for
n > 2. The fan graph has order n + 1 and size 2n — 1. The
vertex and edge sets of fan graph F), are defined as follows.

V(Fn) =
E(Fn) =

{v;]0 <i<n}
{vov;|1 < j < n}U{vgvpi|]l <k <n-—1}

The fan graph F, for n > 2 is presented in Figure 1.

V3 Vg
V2

U1

Vo

Fig. 1. Fan Graph F3,

III. THE LOCATING-CHROMATIC NUMBER OF A GRAPH

Let ¢ be a vertex coloring of the graph G such that ¢(u) #
c¢(v) for adjacent vertices u and v in G. Let C; be the set of
vertices colored with color ¢, known as color classes. Then,
let IT = {C;,Cy5,...,Cy} be the set of color classes from
V(G). The color code crp(v) of a vertex v is a k-ordered
tuple (d(v,C1),d(v,Cs),...,d(v,Cy)), where d(v,C;) =
min{d(v,z) | z € C;} for 1 < i < k. A vertex v € V(G)
is called a dominant vertex if d(v,C;) = 1 for all ¢ where
v ¢ C;, and d(v, C;) = 0 for the remaining color classes. If
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all vertices in G have distinct color codes, then ¢ is called
a locating coloring of G. The minimum number of colors
required for such a locating coloring is called the locating-
chromatic number of G, denoted by xr.(G).

The following theorem discusses the locating-chromatic
number of a graph, as sourced from Chartrand et al. [3].

Theorem 3.1 ( [3]): Let ¢ be a locating-coloring in a
connected graph G. If w and v are distinct vertices of G
such that d(u, w) = d(v,w) for all w € V(G) — {u, v}, then
¢(u) # ¢(v). In particular, if « and v are nonadjacent vertices
of G such that N(u) # N(v), then ¢(u) # ¢(v).

IV. THE ORDER OF A PATH GRAPH AS A SUBGRAPH OF A
FAN GRAPH WITH A CERTAIN LOCATING CHROMATIC
NUMBER

In Theorem 4.1, we determine the locating-chromatic
number of the fan graph F),, by identifying the range of
the order of the path graph P,, where P, is a subgraph of
the fan graph F,,, with a specific locating-chromatic number.
Specifically, we find the range of n for which the locating-
chromatic number of F;, meets the given criteria.

Theorem 4.1: Let F,, be a fan graph for n > 2 and
xr(Fy) = q for ¢ > 3 then

3 ifn=2
4 if3<n<T,
xo(Fn) =145 if 8<n<23,

¢ if (a-2XI(-2)<n<
((g—1)X75(i—2)) =1, for ¢ > 6.

Proof: Let F), be a fan graph for n > 2, with vertex set
V(F,) = {vo, v1,v2,...,v,}, where vy is the central vertex
of F,. We will determine the range of n with a specific
locating-chromatic number of F,,. Since vy is a dominant
vertex, it is essential to assign a distinct color to vg compared
to the other vertices. This ensures that at least two different
colors are required for the remaining vertices, excluding the
central vertex.

Define a coloring ¢ : V(F,) — {1,2,...,q} for ¢ > 3,
where c(vg) = ¢, and v is the central vertex of F;, colored
with q. Since the central vertex vy is a dominant vertex, it
must be colored differently from the other vertices of F,.
Consequently, there are g — 1 colors available to be assigned
to the remaining vertices {v1,vs, ..., vy}, ensuring that the
coloring satisfies the locating-chromatic number of the graph
E,.

Next, we will determine the color combinations for the
vertices excluding the central vertex of Fj,, considering
their neighbors. Each vertex must have a distinct color
code that satisfies a g-locating coloring. For a vertex with
color ¢ in the graph Fj,, which is connected to vertices
with color a and color b, is represented as [a,4,b], where
a,byi € {1,2,...,q— 1} with ¢ > 3, and a < b with a and
b are not equal to .

For ¢ = 3, we have ¢(vy) = 3. The color combinations for
the vertices other than the central vertex in F;, are presented
in Table L.

TABLE 1
THE COLOR COMBINATIONS OF ADJACENT VERTICES IN F;,, WHEN
XL(Fn) =¢q,WITHq =3

c(vy) 1 2
C(Wil) 2, 2 1, 1

Based on Table I, each vertex, except for vy, can be
assigned either color 1 or color 2. Consider the vertices vq
and vy. See column two where c(v;) = 1. If ¢(vy) = 1, then
v1 is adjacent to two vertices with color 2. Conversely, if
c(v1) = 2, then v is adjacent to two vertices with color 1.

Suppose ¢ = 4, then ¢(vg) = 4. The color combinations
for the vertices other than the central vertex in F,, are
presented in Table II.

TABLE 11
THE COLOR COMBINATIONS OF ADJACENT VERTICES IN Fn WHEN
XL (Frn) = q, WITHq = 4

c(v;) |1 2 3
221 1,1 | 1,1
C(Uiil) 2,3 1,3 1,2
3313322

Based on Table II, each vertex, except for vy, can be
assigned either color 1, color 2, or color 3. Consider the
vertex v1. See column two where c(v;) = 1. If ¢(vy) = 1,
then v; is adjacent to two vertices either with color 2,
with color 2 and color 3, or with color 3. This is similarly
applicable if ¢(v1) = 2 or ¢(vy) = 3.

Let ¢ = k, then ¢(vg) = k. The color combinations for
the vertices other than the central vertex in Fj, are presented
in Table III.

TABLE III
THE COLOR COMBINATIONS OF ADJACENT VERTICES IN F,, WHEN
XL(Fn) = ¢, WITHg =k

c(vi) 1 k—2 k-1
2.2 o 1 W]
c(Wiz1) Tk—1 Tk—2
33 T 22 22
3h—1 2h—1 2% —2
F—1 k-1 F—1k—1k—2k—2

Based on Table III, each vertex, except for vy, can be
assigned either color 1, color 2, .. ., or color k — 1. Consider
the vertex v1. See column two where ¢(v;) = 1. If ¢(v1) = 1,
then vy is adjacent to two vertices that can be colored either
color 2, color 3, ..., or color £k — 1. For example, if one
of these adjacent vertices is assigned color 2, then the other
vertex can be assigned one of the colors 2, 3, ..., or k — 1,
resulting in k — 1 possible colorings. Conversely, if one of
these vertices is assigned color 3, then the other vertex can
be assigned one of the colors 3, 4, ..., or kK — 1, resulting in
k — 2 possible colorings. Therefore, for ¢(v;) = 1, there are
Zfzg(i — 2) possible colorings. This is similarly applicable
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ifc(v1) =2, ¢c(v1) =3, ..., c(v1) =k —1.

The number of possible colorings corresponds to the maxi-
mum number of vertices with distinct neighbor combinations.
Based on this information, the maximum number of vertices
with distinct colorings that can be formed in the graph
F,,, while ensuring these vertices have distinct neighbors,
is (k—1) X150 — 2).

Next, we will determine the values of n that satisfy
xL(F,) = ¢, which will be divided into several cases as
follows:

Case 1. For ¢ =3

Define a coloring ¢ : V(F,) — {1,2,3}, such that
c(vg) = 3. Next, we will determine the values of n that satis-
fy the 3-locating coloring of the graph F,,. Since ¢(vg) = 3,
then precisely two additional colors will be combined for
the vertices other than the central vertex in the graph F,.
However, this requirement of combining two colors for the
vertices other than the central vertex is only fulfilled when
n = 2. The color combinations for the coloring of the graph
F,, are as follows:

TABLE IV
THE COLOR COMBINATIONS OF 3-LOCATING COLORING FOR F,

n 3-locating coloring for F},
[c(vo); c(v1), c(v2)]
2] [3:1.2]

Based on Table IV, consider n = 2  with
[e(vo); c(v1),e(ve)] = [3;1,2], This indicates that in
the fan graph F,, where n = 2, vy is assigned by color
3, while v; and v, are assigned by color 1 and color 2,
respectively. The 3-locating coloring of fan graph Fj is
presented in Figure 2.

U1 V2

Vo
Fig. 2. The coloring of fan graph when xr (Fn) =3

Each vertex has two neighboring vertices, and the colors
of these neighbors determine the color code for the vertex.
Different color combinations in the neighboring vertices
result in distinct color codes. As shown in Figure 2 and
Table IV, each vertex has a unique combination of colors in
its neighbors, which implies that each vertex has a different
color code. Therefore, it is proven that x(F3) = 3 for
n=2.

Case 2. For ¢ =4

Define a coloring ¢ : V(F,) — {1,2,3,4}, such that
c(vg) = 4. Next, we determine the values of n that satisfy
the 4-locating coloring of the graph F),. Since c(vg) = 4,
then precisely three additional colors will be combined for

the vertices other than the central vertex in the graph Fj,.
However, this requirement of combining three colors for the
vertices other than the central vertex is only fulfilled when
3 < n < 8. The color combinations for the coloring of the
graph F), are as follows:

TABLE V
THE COLOR COMBINATIONS OF 4-LOCATING COLORING FOR F),

4-locating coloring for Fj,
[e(vo); e(v1), c(va), ..., c(vy)]
[4:1,2,3]

[4:1,2,3,1]

[4;1,2,3,1,2]

[4:1,2,3,2,3,1]
[4;1,2,3,1,3,1,2]
[4;1,2,1,3,1,3,2,3]

=

0| | | | KW

Based on Table V, consider n = 8 with [c(vg); ¢(v1),
c(va),...,c(vy)] = [4;1,2,1,3,1,3,2,3], This indicates
that in the fan graph F,, where n = 8, vg is assigned by
color 4, while v; is assigned by color 1, vy is assigned by
color 2, and so the others. This step also applies to the other
vertices. The 4-locating coloring of fan graph Fj is presented
in Figure 3.

Fig. 3. The coloring of fan graph when xr, (Fg) = 4

Each vertex has two neighboring vertices, and the colors
of these neighbors determine the color code for the vertex.
Different color combinations in the neighboring vertices
result in distinct color codes. As shown in Figure 3 and
Table V, each vertex has a unique combination of colors in
its neighbors, which implies that each vertex has a different
color code. Therefore, it is proven that xr(F,) = 4 for
3<n<8&.

Case 3. For ¢ =5

Define a coloring ¢ : V(F,,) — {1,2,3,4,5}, such that
c(vg) = 5. Next, we will determine the values of n that
satisfy the 5-locating coloring of the graph F},. Since ¢(vy) =
5, then precisely four additional colors will be combined for
the vertices other than the central vertex in the graph Fj,.
However, this requirement of combining four colors for the
vertices other than the central vertex is only fulfilled when
9 < n < 23. The color combinations for the coloring of the
graph F), are as follows:
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TABLE VI
THE COLOR COMBINATIONS OF 5-LOCATING COLORING FOR F,

5-locating coloring for Fj,

[e(vo); e(v1), c(va), ..., c(vy)]

9 | [5:1,2,4,1,3,4,2,3,4]

10 | [5;1,2,4,1,3,4,3,4,14

11| [5:1,2,4,1,3,4,2,3,4,1,4]

12 | [5;1,2,3,1,2,4,1,3,4,2,3,4]

13 | [5:1,2,4,1,3,4,3,4,2,3,4,1,4]

14 | [5:;1,2,3,1,2,4,1,3,4,2,3,4,1,4]

15 | [5:1,2,4,2,4,1,3,4,3,4,2,3,4,1,4]

16 | [5:;1,2,3,1,2,4,1,3,4,3,4,2,3,4,1,4]

17 | [5:1,2,4,2,4,1,3,4,3,4,2,3,4,3,4,1,4]

18 | [5:1,2,3,1,2,4,2,4,1,3,4,3,4,2,3,4,1,4]

19 | [5:1,2,4,2,4,1,3,1,3,4,3,4,2,3,2,3,4,1,4]

20 | [5;1,2,3,1,2,4,1,3,1,3,4,3,4,2,3,2,3,4,1,4]

21 | [5;2,1,2,3,1,2,4,2,4,1,3,4,3,4,2,3,2,3,4,1,4]
22 | [5;1,2,3,1,2,4,2,4,1,3,1,3,4,3,4,2,3,2,3,4,1,4]
23 | [5;2,1,2,3,1,2,4,2,4,1,3,1,3,4,3,4,2,3,2,3,4,1,4]

Based on Table VI, consider n = 12 with [¢(vp); ¢(v1),
c(va),...,c(vp)] = [5;1,2,3,1,2,4,1,3,4,2,3,4], This in-
dicates that in the fan graph F;, where n = 12, v is assigned
by color 5, while v; is assigned by color 1, vs is assigned
by color 2, and so the others. This step also applies to the
other vertices. The 5-locating coloring of fan graph I} is
presented in Figure 4.

Fig. 4. The coloring of fan graph when xr, (Fi2) =5

Each vertex has two neighboring vertices, and the colors
of these neighbors determine the color code for the vertex.
Different color combinations in the neighboring vertices
result in distinct color codes. As shown in Figure 4 and
Table VI, each vertex has a unique combination of colors in
its neighbors, which implies that each vertex has a different
color code. Therefore, it is proven that xp(F,) = 5 for
9<n<23.

Case 4. For ¢ > 5

Define a coloring ¢ : V(F,,) — {1,2,...,q}, such that
c(vg) = ¢. Next, we will determine the values of n that
satisfy the g-locating coloring of the graph F,,. Since c(vg) =
q, then precisely there are ¢ — 1 additional colors will be
combined for the vertices other than the central vertex in the
graph F),. However, this requirement is only fulfilled when
n< (- 1)Yy(i-2) - L.

Suppose xr(F,) = g — 1, then it will be satisfied by
n < ((q—2) Y925 (i—2)) — 1. This implies that x1.(Fy,) = g
is only satisfied when n > ((q — 2) 3%, (i — 2)). Thus,

xL(F,) = q can be satisfied by (¢ —2) 39"5(i —2) <n <
((@=1) 3G -2) - 1.

The coloring of vertices other than the central vertex in
the graph F;, will be formed into several color combinations,
where each combination contains two or three colors written
in the form [a,b] or [a,b,c], with a,b,c € {1,2,..,q — 1}
and a < b < c. These color combinations will be written in
such a way that they are sorted from left to right. The color
combinations for the g-locating coloring of vertices other
than the central vertex in the graph F),, where c¢(vy) = ¢ and
for maximum n, are as follows.

2],11,2,3],[1,2,4],...,[1,2,g — 2],[1,2,9 — 1],[2,9 — 1]
[1,3],[1,3,4],[1,3,5],...,[1,3,¢d — 2],[1,3,q — 1],
[37q_ 1]

17q_3]7[17q_37q_2]5[1aq_3aq_1}7[q_3aq_1]

Lg—2],[1,q—2,q—1],[¢g —2,q - 1]
2,3],12,3,4],12,3,5],...,[2,3,¢— 2],[2,3,¢ — 1]
2,4],12,4,5],[2,4,6],...,[2,4,9 — 2],[2,4,q9 — 1]
[2,(]—3],[2,q—3,q—2],[2,q—3,q—1}[27q—2],
2,q—2,q—1]
3,4],[3,4,5],[3,4,6],...,[3,4,q — 2],[3,4, ¢ — 1]
3,5],(3,5,6],[3,5,7],...,[3,5,q4 — 2], [3,5,¢ — 1]

[3,(]*3],[3,(1*3,(1*2],[3,!]*3,!]*1“3,qf2],
[37(1_27(]_1]

=3, lg—5q9-3,¢-2],[g—5,¢—3,9-1]
llg—5,9—2,q—1]
q—4,q—3,l¢g—4,9-3,9-2],[g—4,9-3,¢—1]
lilg—4,q—2,q—1]

i lg—3,q—2,q—1],[1,¢ - 1]

Based on the color combinations above, the g-locating
coloring of vertices other than the central vertex in the graph
F,, for ¢ > 6, can be combined from the results of ¢-
locating coloring combinations of vertices other than the
central vertex in the graph F,, for maximum n, by removing
certain color combinations based on the following criterias:

1) For any color combination that is containing two
vertices, it can be removed.

2) For any color combination that is containing three
vertices, [a,b,c] where a,b,c € [1,¢ —1],a < b < ¢,
and ¢ # ¢ — 1, it can be removed.

From the list above, we can conclude that xr,(F),)
for ¢ > 6 can be fulfilled when (¢ —2) 39" (i —2) <n <
((q —1) 3,0 - 2)) - L .
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V. CONCLUSION

Let F,, be a fan graph for n > 2 and x.(F,) = ¢ for
q > 3 then

3 ifn=2

4 if3<n<7,

xL(Fn) =145 if 8<n <23,

¢ if(a-2)XI5E-2)<n<
(=X 5(i—2) =1, for ¢=>6.
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