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Tripolar Fuzzy Ideals in Semigroups

Tanaphong Prommai, Aiyared lampan, Thiti Gaketem*

Abstract—The tripolar fuzzy set is a generalization of fuzzy
set, bipolar fuzzy sets, and intuitionistic fuzzy sets, which was
introduced by Rao in 2018. In this paper, we defined the concept
of tripolar ideals and fuzzy tripolar ideals of semigroups. We
discuss the properties of tripolar fuzzy ideals of semigroups
and the among of ideals semigroups and a class of tripolar
fuzzy ideals. Finally, we characterized regular and intra-regular
semigroups in terms of tripolar fuzzy ideals.

Index Terms—Regular, Intra-regular, Tripolar fuzzy set,
Tripolar fuzzy ideal

I. INTRODUCTION

HE THEORY of fuzzy sets is the most appropriate
theory for dealing with uncertainty and was introduced
by Zadeh [1] in 1965. After the concept of fuzzy sets,
several researched the generalizations of the notions of fuzzy
sets with huge applications in computer science, artificial
intelligence, control engineering, robotics, automata theory,
decision theory, finite state machine, graph theory, logic,
operations research and many branches of pure and applied
mathematics. In 1979, N. Kuroki [2] first applied fuzzy set
theory in semigroups. He investigated the properties of fuzzy
semigroups. In 1986, K. T. Attsnsov [3] gave the concept
and studied properties of intuitionistic fuzzy sets. Later in
1994, Zhang [4] studied the concept of bipolar fuzzy sets. In
2000, K. M. Lee [5] developed knowledge of bipolar fuzzy
sets extension to algebraic systems. In addition, Gaketem
and Khamrot [6] studied bipolar weakly interior ideals in
semigroups. Gaketem et al. [7] expand cubic bipolar fuzzy
subsemigroups and ideals in semigroups. In 2018, M. M. K.
Rao [8] was introduced to the concept of tripolar fuzzy set,
which is a generalization of fuzzy sets, bipolar fuzzy sets,
and intuitionistic fuzzy sets. In the same year, M. M. K.
Rao and B. Venkateswarlu [9] studied tripolar fuzzy ideals
I"-semirings. In 2020, M. M. K. Rao and B. Venkateswarlu
[10] studied tripolar fuzzy soft interior ideals I'-semirings.
In 2022, N. Wattansiripong et al. [11] present properties of
tripolar fuzzy pure ideals in ordered semigroups. In the same
year N. Wattansiripong et al.[12] gave the concept of tripolar
fuzzy interior ideals in ordered semigroups and characterized
semisimple ordered semigroups in terms of tripolar fuzzy
interior ideals.
In this paper, we give the definition of tripolar fuzzy ideals
in semigroups. We discuss the properties of tripolar fuzzy
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ideals in semigroups together we will prove the among ideals
and tripolar fuzzy ideals. Moreover, we characterized regular
and intra-regular semigroups in terms of tripolar fuzzy ideals.

II. PRELIMINARIES

In this section, we will recall some concepts and results,
which help us study the next sections.

Definition 2.1. A non-empty subset B of a semigroup S is
called

(1) a subsemigroup (SG) of S if B> C B,

(2) a left ideal (LI) of S if SBC B

(3) a right ideal (RI) of S if BS C B.

(4) By an ideal (ID) B of S we mean a LI and a RI of S.

For any h; € [0,1], ¢ € F, define

ié/}'hi :=sup{h;} and ié\}_hi = zléljf-‘{hZ}

ieF
We see that for any h,r € [0, 1], we have
hVvr=max{h,r} and hAr=min{h,r}.

A fuzzy set (FS) of a non-empty set £ is a function p :
g —[0,1].

For any two FSs p and v of a non-empty set £, define the
symbol as follows:
(1) p<v<eph) <v(h) forall heé&,
(2) p=vepCrandv Cp,
(3) (pAv)(h) = p(h) Av(h) and (pVv)(h) = p(h) Vv (h)

for all h € £, For the symbol p < v, we mean v < p.

Let & be an element of a semigroup S. Then Fj :=
{(m,n) € S xS | k=mn}.

For any two FSs p and v of a semigroup S. The product
of FSs p and v of S is defined as follows, for all h € S

Vo Ap(k) Aw(r)} if b= kr,

(m,n)eFy
0 otherwise.

(pov)(h) =

The characteristic function of a subset B of a non-empty
set £ is a fuzzy set of £

1 if heB
As(h) = ’
5(h) {o if héebB.

for all h € S.

Lemma 2.2. [2] Let B and L be non-empty subsets of a

semigroup S. Then the following holds.

(1) If BC L, then \g C A\

(2) As A Az = Asne.

(3) Ao s = Apc.

Definition 2.3. [2] A FS p of a semigroup S is said to be

(1) a fuzzy subsemigroup of S if p(h) A p(r) < p(hr), for
all h,r € §.

(2) a fuzzy left ideal of S if p(r) < p(hr), for all h,r € S.
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(3) a fuzzy right ideal of S if p(h) < p(hr)), for all h,r €
S.

(4) a fuzzy ideal of S if it is both a fuzzy left ideal and a
Sfuzzy right ideal of S.

Definition 2.4. [8] The tripolar fuzzy set (TFS) TF on a
non-empty set & if

TF :={(h,p(h), v(h), 6(h)) | h € £},

where p(h) : € — [0,1], wv(h) : € — [0,1] and p(h) :
&€ — [-1,0], such that 0 < p(h) +v(h) <1 for all h € €.
The membership degree p(h) characterizes the extent that
the element & satisfies the property corresponding to TFS
TF wv(h) characterizes the extent to the element £ satisfies
the not property (irrelevant) corresponding to tripolar fuzzy
set p, and §(h) characterizes the extent that the element
& satisfies the implicit counter property corresponding to
TFS TF. For simplicity TF := (p, v, ) has been used
for TF := {(h,p(h), v(h), §(h)) | h € &} such that
0<p(h)+v(h) <1.

The characteristic tripolar fuzzy set (CTES) TFp =
(pB, vB, 0p) of a non-empty subset B of £ is defined as
follows:

1 ifkeB,

k) =
P (k) {o if k¢ B,
0 iftkeB,

k) =
vs(k) {1 if k¢ B,
-1 ifkeB
o5(k) = ’
5(k) {o if k ¢ B

for all £ € &£. In this case of B =
(1,0,-1).

& defined TFp =

III. TRIPOLAR FUZZY IDEALS IN SEMIGROUPS
In this section, we define the notions of tripolar fuzzy

ideals in semigroups and some properties of them are inves-
tigated.

Definition 3.1. A TFS is called a TF = (p,v,9) of a
semigroup S is called a tripolar fuzzy subsemigroup (TFSG)
of Sif

(1) p(hk) > p(k) A p(k)

(2) v(hk) <wv(h)Vv(k)

(3) d(hk) <6(h)V i(k)

forall h,k € S.

Definition 3.2. A TFS is called a TF = (p,v,9) of a
semigroup S is called a tripolar fuzzy left ideal (TFLI) of S

if

(1) p(hk) = p(k)
(2) v(hk) <wv(k)
(3) d(hk) < (k)

forall h,k € S.

Example 3.3. Let S = {w,z,y, 2z} be semigroup with the
following Cayley table:

w8 E
g & g€ g|8
€ & € €(8
8 8 € Bl
8 g€ g g|n

Define TF = (p, v, 6) by p(w) = 0.4, p(x) = 0.7, p(y) =
08,p(z) = 0.3; v(w) = 0.5, px) = 0.2, p(y) =
0.1, p(z) = 0.4 and §(w) = —0.7, 6(x) = —0.5, 6(y) =

—0.3, (z) = —0.3. Then TF is a TFLI of S.

Definition 3.4. A TFS is called a TF = (p, v, ) of a
semigroup S is called a tripolar fuzzy right ideal (TFRI)
of S if

(1) p(hk) = p(h)

(2) v(hk) < v(h)

(3) o(hk) < 6(h)

forall h,k € S.

Definition 3.5. A TFS is called a TF = (p, v, ) of a
semigroup S is called a tripolar fuzzy ideal (TFI) of S if
it is both TFLI and TFRI of S.

Theorem 3.6. Let TF = (p, v, §) be a TFS in a semigroup
S. Then the following statements hold.

(1) TF=(p, p, ) is a TFSG of S.

(2) TF = (p, p, 9) is a TFLI of S.

(3) TF =(p,p,9) isa TFRI of S.

(4) TF=(p, p, ) is a TFI of S.
Proof: Let p=1—p and h,k € S. Then

(1) (hk) = 1—p(hk) < 1—(p(h) Ap()) = 1— p(B)V 1~
p(k) =p(h) vV p(k). Thus, TF = (p, p, ) is a TFSG
of S.

(2) p(hk) =1 — p(hk) < 1— p(k) = p(k). Thus, TF =
(p, p, 9) is a TFLI of S.

(3) p(hk) =1 — p(hk) <1 — p(h) = p(h). Thus, TF =

(p, p, §) is a TFRI of S.
(4) By (2) and (3), we have (4) is true.
|
The following theorems show the connection between
ideals and TFIs in semigroups.

Theorem 3.7. Let B be a nonempty subset of a semigroup

S. Then the following statement holds;

(1) Bisa SG of S if and only if TFg = (pB, v, 0B) is a
TFSG of S.

(2) BisalLlof S if and only if TFg = (pB, vs, 08) is a
TFLI of S.

(3) BisaRIof S ifand only if TFg = (ps, v, 08) is a
TFRI of S.

(4) B is an ID of S if and only if TFp = (ps, vs, 08) is
a TFI of S.

Proof-
(1) Suppose that B is a SG of S and let h,k € S. Then
B*CB.
If h,k € B, then hk € B. Thus, pg(h) = pp(k) =
pB(th) = 1, VB(h) = VB(]C) = VB(th) = 0 and
op(h) = op(k) = dg(hk) = —1. Hence, pp(hk) >
ps(h) A p(k), ve(hk) < vp(h) Vvp(k) and dp(hk) <
og(h) v op(k).
If h ¢ Bork ¢ B, then pg(hk) > pg(h) A pp(k),
vg(hk) < Vg(h) V VB(k’) and 5B(hl€) < (53(]1) V (5[3(]{5)
Therefore, T F5 = (ps, v5, 05) is a TFSG of S.
For the converse, assume that 7 Fz = (pg, vg, 03) is
TFSG of S, let h,k € S with h,k € B. Then pg(h )
pg(k) = 1 VB(h) = I/B(k) =0 and (53( ) = 53( )
)

—1. By assumption, pg(hk) > pg(h)Apg(k), vg(hk) <
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vp(h)Vug(k) and 0p(hk) < dg(h)Vép(k). Thus, hk €
B. Therefore B is a SG of S.

Suppose that B is a LI of S and let h,k € S. Then
SB CB.

If k € B, then hk € B. Thus, pg(k) = pp(hk) = 1,
vg(k) = wvg(hk) = 0 and dp(k) = dp(hk) =
—1. Hence, pgp(hk) > pp(k), vg(hk) < vg(k) and
(k) < 3(k).

If & ¢ B, then pp(hk) > pp(k), vg(hk) < vg(k) and
dn(hk) < 513(]{7)

Therefore, T F = (pg, Vs, 05) is a TFLI of S.

For the converse, assume that TF = (pg, vs, 05) is
a TFLI of S, let h,k € S and k € B. Then pg(k) =1,
vp(k) = 0 and dp(k) = —1. By assumption, pp(hk) >
p(k), vg(hk) < vg(k) and dg(hk) < dg(k). Thus,
hk € B. Therefore B is a LI of S.

(3) It follows from (2).

(4) By (2) and (3), we have (4) is true.

The support of TF := (p, v, d) tripolar fuzzy set instead
of supp(TF) = {h € £ | p(h) # 0, v(h) # 1, 6(h) # 0}.

Theorem 3.8. Let p, v and § be nonzero fuzzy sets of a
semigroup S. Then the following statement holds;

(1) TF = (p,v,9d) is a TFSG of S if and only if
supp(7TF) is a SG of S.

(2) TF :=(p, v, 6) is a TFLI of S if and only if supp(T F)
is a LI of S.

(3) TF :=(p, v, d)isaTFRI of S if and only if supp(TF)
is a RI of S.

(4) TF = (p, v, 6) is a TFI of S if and only if supp(T F)
is an ID of S.

Proof:

Suppose that TF = (p, v, §) is a TFSG of S and h, k €
S with h, k € supp(TF). Then p(h) # 0,p(k) # 0,
v(h) # 1,v(k) # 1 and 6(h) # 0, 6(k) # 0. By
assumption, p(hk) > p(h) A p(k), v(hk) < v(h)Vv(k)
and §(hk) < 5(h) v 8(k). Thus, p(hk) # 0, v(hk) # 1
and p(hk) # 0. So hk € supp(TF). Hence, supp(T F)
is a SG of S.

For the converse, suppose that supp(7F) is a SG of
S and let TF = (p, v, §) is not a TFSG of S. Then
there exist h,k € S such that p(hk) < p(h) A p(k),
v(hk) > v(h) vV v(k) and §(hk) > 6(h) V (k). Since
supp(7F) is a SG of & we have hk € supp(TF).
Thus, p(hk) # 0, v(hk) # 1 and §(hk) # 0.

If h,k € supp(TF), then p(h) # 0, p(k) # 0, v(h) #
1, v(k) # 1 and 6(h) # 0, 6(k) # 0. Thus, p(hk) >
p(h) A p(k), v(hk) <v(h)Vuv(k) and §(hk) < 6(h)V
5(k). Tt is a contradiction.

If h ¢ supp(TF) or k ¢ supp(TF), then p(hk) >
p(h) A p(k), v(hk) < wv(h)Vv(k) and §(hk) < d(h)V
d(k). It is a contradiction.

Therefore, TF = (p, v, 6) is a TFSG of S.

Suppose that TF = (p, v, 0) is a TFLI of S and h, k €
S with k € supp(T F). Then p(k) # 0, v(k) # 1 and
p(k) # 0. By assumption, p(hk) > p(k), v(hk) < v(k)
and §(hk) < d(k). Thus, p(hk) # 0, v(hk) # 1 and
p(hk) # 0. So hk € supp(TF). Hence, supp(7F) is
aLlof S.

(1)

For the converse, suppose that supp(7F) is a LI of S
and let TF = (p, v, ¢) is not a TFLI of S. Then there
exist h,k € S such that p(hk) < p(k), v(hk) > v(k)
and d(hk) > (k). Since supp(TF) is a LI of S we
have hk € supp(TF). Thus, p(hk) # 0, v(hk) # 1
and 6(hk) # 0.
If k € supp(TF), then p(k) # 0, v(k) # 1 and §(k) #
0. Thus, p(hk) > p(k), v(hk) < v(k) and 0(hk) <
0(k). It is a contradiction.
If k& ¢ supp(TF), then pg(hk) > pp(k), vg(hk) <
vp(k) and dp(hk) < dg(k). It is a contradiction.
Therefore, TF = (p, v, 6) is a TFLI of S.
(3) It follows from (2).
(4) By (2) and (3), we have (4) is true.
|
Next, we give the definition of a p-level S-cut, v-level
[B-cut and §-level 3-cut. And we prove the set p-level S-cut,
v-level S-cut and d-level [-cut are ideals of semigroups.

Definition 3.9. Letr TF = (p, v, 0) be a TFS of a semigroup
E and B € [0,1]. Then the set pg = {h € & : p(h) >
Bhvg={he&:v(h)<p and g ={he&:§h)<-0
are called a p-level 3-cut, v-level B-cut and 6-level [3-cut of
& respectively.

Theorem 3.10. Let TF = (p, v, 0) be a TFS of a semigroup
S. Then the following statement holds;

(1) If TF = (p, v, 9) is a TFSG of S, then the p-level (-
cut, v-level B-cut and §-level [3-cut SGs of S, for every
B € Im(p) NIm(v) C [0,1] and —f € Im(9).

(2) If TF = (p, v, d) is a TFLI of S, then the p-level (-
cut, v-level B-cut and 6-level B-cut Lls of S, for every
B € Im(p) NIm(v) C [0,1] and —p € Im(9).

(3) If TF = (p, v, d) is a TFRI of S, then the p-level (-
cut, v-level B-cut and 0-level B-cut Rls of S, for every
B € Im(p) NIm(v) C [0,1] and —p € Im(9).

(4) If TF = (p, v, d) be a TFI of S, then the p-level (-
cut, v-level B-cut and 6-level 5-cut IDs of S, for every
B € Im(p) NIm(v) C [0,1] and —f € Im(9).

Proof: Let 5 € Im(p) NIm(v) C [0,1] and —5 € Im(9)
with h, k € TF := (p, v, §)
(1) If h,k € pg, then p(h) > B, p(k) > S. Thus, p(hk) >
p(h) A p(k) > B. Hence, hk € pg.
If h,k € vg, then v(h) < f3, v(k) < f5. Thus, v(hk) <
v(h) Vv(k) < . Hence, hk € vg.
If h,k € dg, then 0(h) < —p, §(k) < —p. Thus,
d(hk) <o(h) Vv (k) < —pB. Hence, hk € dg.
Therefore, p-level S-cut, v-level 5-cut and d-level S-cut
SGs of S.
If £ € pg, then p(k) > . Thus, p(hk) > p(k) > B.
Hence, hk € pg.
If k € vg, then v(k) < B. Thus, v(hk) < v(k) < B.
Hence, hk € vg.
If k € é3, then (k) < —f. Thus, 6(hk) < (k) < —5.
Hence, hk € d3.
Therefore, p-level S-cut, v-level S-cut and §-level S-cut
IDs of S.
(3) It follows from (2).
(4) By (2) and (3), we have (4) is true.
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For TF1 = (p, v, ) and TFy = (A, p, w) be a TFSs.
Defined the product 7 F107 F5 of a semigroup S as follows:

V  Ap(m)AXn)} it Fi #£0,
(po N(h) = (mme,
0 it F =0,
A A{vim)vun)} if Fi#0,
(vou)(k) = { Gnmer |
1 it F,=0,

A A{o(m)vw(n)} if Fp #0,
(m,n)eF

0 it 7 =0,

for all k € £. It is easy to verify that the structure (7 F1,0)
is a semigroup. In the set of all TFSs of S we define the
order relation as follows: 7F; C T Fo if and only if p(h) <
A(h), v(h) > u(h) and 6(h) > w(h) for all h € S. Finally,
we define a binary operation N on 7 F as follows:

TFINTFa:=(pANVV 1,6V w),

where (p AX)(h) := p(h) AX(h), (vV p)(h) :=v(h)V u(h)
and (0 Vw)(h) :=d(h) Vw(h) for all h € S.

Theorem 3.11. Let {TF; | i € I} be a family of TFS of a

semigroup S. Then the following statement holds;

(1) If {TF; | i€ I} be a family of TFSG of S, then the
TFS (e TFi i= (Mier ps Uier v Uie  9) of S is a
TFSG of S.

(2) If {TF.:|i € I} be afamily of TFLI of S, then the TFS
MNicr TFi = (Micr s Uicr v Uier 0) of S is a TFLI
of S.

(3) If{TFi|i€ I} bea family of TFRI of S, then the TFS
Nics TFi = (Mies > Uicr vs Uies 0) of S is a TFRI
of S.

(4) If {TF;|i €I} beafamily of TFI of S, then the TFS
miel T‘Fl = (miel p7 Uie] v, Uie] 6) OfS iS a TFIOf
S.

(0ow)(k) = {

Proof: Note that we defined (,o;7F; =
(Nicr P> User vy Uier 9) as follows:

(Oe) 0=
(U V) (h) := U v;(h) : sup{v;(h) € I}

sinf{p;(h) € I},

iel i€l
and
(U 5) = J6i(n) : sup{di(h) € I},

i€l i€l
forall h € S.
(1) Let h,k € S. Then

()7 0= sy

i€l iel

inf{p;(hk) |i e I}
inf{p(h) A p;(k) | i€ I}
m(/)i(h) A pi(k))

el

()l

AV

<U y> (hk) = | vi(hk)
el i€l
= sup{v;(hk) | i € I'}

> sup{v;(h) V v;(k )|i€I}

— )

iel

- (LEJI ,,) (h) v (LEJI u> (k)

<U 5) (hk) =] 6:(hk)

el i€l

sup{0;(hk) | i € I'}
sup{d;(h) vV é;(k) | i € I}
J@i(h) v 8i(k))

icl
icl

= <L6J15> (h) Vv

(niEI P UiEI v, UiEI 5) of Sis a

\/1/1

and

AV

Thus, ﬂiel TF; =
TFSG of S.
(2) Let h,k € S. Then

(_m p> () = () it

= inf{p;(hk) | i€ I}
> inf{p;(k) | i € I}

= ﬂ pi(k)

iel

()

1/) (hk) = U vi(hk)
= sup{v;(hk) |i e I}
> sup{v;(k) [ i € I}

= Jwi(k)

icl

()

(U 5) (hk) = | 6:(hk)

iel iel
=sup{d;(hk) | i e I}
> sup{d;(k) | i € I}

= U5i(k)

icl

()

(Micr s Uicr v» Uier 0) of Sis a

u

and

Thus, ﬂie] 7'_7:'1 =
TFLI of S.
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(3) It follows from (2).
(4) By (2) and (3), we have (4) is true.
| |

Theorem 3.12. Let TF = (p, v, 0) be TFS of a semigroup

S. Then the following statement holds;

(1) TF = (p, v, d) is a TFSG of S if and only if TF o
TFCTF.

(2) TF = (p, v, 9) is a TFLI of S if and only if TFs o
TFCTF.

(3) TF = (p, v, 0) is a TFRI of S if and only if TF o
TFs CTF.

(4) TF = (p, v, 6) is a TFI of S if and only if TFs o
TF CTF and TFoTFs C TF, where TFs =
(ps; Vs, 0s)-

Proof:

(1) Assume that 7F = (p, v, 0) is a TFSG of S and let
hkeS.
If 7, = (. Then (ps o p)(hk) = 0 < p(h) A p(k),
(vs ov)(k) =1 > v(h) Vu(k) and (ds 0 d)(k) =0 >
d(h) Vv o(k).
If 7y, # 0. Then (po p)(hk) = ( \)/F {pApn)} <
p(h) A p(k), |
(o)) = A {vm)Vulm)Vu(n)} = v(h) v

(m,n)EFn

v(k), and
(6o0d)(k) = ( {\e}_ {6(m) v én)} > do(h) Vv (k).

Hence, TFoTF C TF.
Conversely, assume that 7 FoTF CTF and h,k € S.
Then

p(hk) > (po p)(hk)

=/ om)Ap(n)

(m,n)€Fnk
> p(h) A p(k),

v(hk) < (vov)(hk)
= AN wvim)vu(n)

(m,n)€Fnk
v(h) Vv (k),

5(hk) < (50 6)(hk)
= /\ 5(m) VvV é(n)

(m,n)EFnk

< 5(h) Vv 8(k).

Thus, TF = (p, v, §) is a TFSG of S.
(2) Assume that TF = (p, v, 0) is a TFLI of S and let
kes.

If 7, = (. Then (psop)(k) =0
1>wv(k) and (650 9)(k) =0 > 6(k).
If Fj, # (. Then

(psop)(k)=\/

(vs ov)(k) =

N {vs(m) v u(n)

(m,n)EFy

and

A {6(m) v é(n)}

(m,n)eF,

> A\ dn)

(m,n)eF,

= o(k).
Hence, TFsoTF C TF.is aTFLI of S.
Conversely, assume that 7 Fg o TF C TF is a TFLI
of S and h,k € S. Then
p(hk) > (ps © p) (hk)

= \/  ps(m)Apn)

(m,n)EFnk
> p(k),

v(hk) < (vs ov)(hk)

- A

(m,n)EFnk
v(k),

vs(m) Vr(n)

IN

5(hk) < (s o 8)(hk)

/\  bs(m)Vi(n)
(m,n)EFnk

< 5(k).

Thus, TF = (p, v, §) is a TFLI of S.
(3) It follows from (2).
(4) By (2) and (3), we have (4) is true.

Definition 3.13. Ler ¢ : X — ) be a map and let TF; =
(p,v,6) and TF2 = (A, p, w) be a TFSs in X and ),
respectively. The pre-image of T Fo under o, denoted by
@ YT Fz) is a TFS in X defined by:

@ N TF2) = (7 (A), o M), ' (),

whrer o1 (X) = M), o (1) = p(e), o1 (W) = w(p).

Theorem 3.14. Let ¢ : X — Y be a homomorphism of
semigroups. Then the following statement holds;

(1) If TF = (p, v, 0) is a TFSG of Y, then
e HTF) = (¢~ p), ¢ (), ¢~ 1(0)) is a TFSG of
X.
(2) If TF = (p, v, 0) is a TFLI of Y, then
" (TF) = (¢~ (p) o7 (v), ¢7(0)) is a TFLI of
X.
(3) If TF = (p, v, d) is a TFRI of Y, then
e HTF) = (¢~ p), ¢ " (v), ¢~ 1(0)) is a TFRI of
X.
(4) IfT.F (p, v, 5) is a TFI of Y, then
HTF) = (¢ p), ¢~ (v), 9~ 1(0)) is a TFI of X.
Proof.'
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(1) Assume that TF =
h,k € X. Then

(p, v, §) is a TFSG of ) and

“(p(hk)) = p

and
o1 (6(hk)) = 6(p(hk)) = 8(¢(h)e(k))
> 6(p(h)) vV (p(k))
=0 (6(e(h) Vo~ (0((K)))
Thus, o~ (TF) = (¢~ (p), ¢~ (v), ¢~ 1(9)) is a
TFSG of X.
(2) Assume that TF = (p, v, §) is a TFLI of ) and
h,k € X. Then
@~ (p(hk)) = p(e(hk)) = p(p(h)e(k))
> p(e(k)) = ¢ pe(k)),
o N (v(hk)) = v(@(hk)) = v(e(h)e(k
<v(p(k)) = ¢ ' (w(e(k)),
and
1 (6(hk)) = 6(p(hk)) = 6(p(h)e(k))
> 6(p(k)) = o~ (8(p(k)))
Thus, o~ (TF) = (¢~ (p), ' (v), 07 (9))

is a TFLI of X.
(3) It follows from (2).
(4) By (2) and (3), we have (4) is true.

Definition 3.15. [13] A semigroup S is called a regular if
for each h € S, there exists v € S such that h = hvh.

Lemma 3.16. [13] A semigroup S is regular if and only if
RL =TRNL, for every right ideal R and left ideal L of S.

The following theorem show an equivalent conditional
statement for a regular semigroup.

Theorem 3.17. A semigroup S is regular if and only if T F10
TFy =TF1NTF; for every TFRI TF1 = (p, v, §) and
TFLI T]:Q = ()‘7 12 w) OfS

Proof: (=) Let TF1 = (p, v, 0) and TF2 = (A, p, w)
be a TFRI and a TFLI of S respectively. Then by Theorem
312 2), TF10TF2 CTF10TFs CTFyand TF; 0
TFo CTFsoTFyCTFe. Hence, TFi0TFs CTF1N
TFs.

Let h € S. Then there exists x € S such that h = hvh.
Thus,

(po (k) =

\V  {p(m) AAn)}
(m,n)EF
=V Aom) A )}
(m,n)€Fhun
> (p(hv) A X(h))
> (p(h) A A(R))
= (p A A)(h),

(vou)(h) =

A {v(m) v u(n)})

(m,n)EF}),

A {vm) v pm)}

(M1)€ Fhon
< (w(hv) V pu(h))
< (v(h) v p(h))
= (v Vv u)(h)

and

(5 ow)(h) =

Hence, (poA)(h) = (pAN)(h), (vou)(h) < (v jr)(h) and
(bow)(h) < (dVw)(h). and so TF1NTFo CTF10TFo.
Therefore, TF1 0T Fo=TF1NTFo.

(<) Let R and £ be a RI and a LI of S respectively. Then
by Theorem 3.7 (2) and (3), TFr and T F is a TFRI and
a TFLI of S respectively. By supposition and Lemma 2.2,

we have

TFre = (TFr)o
= (T.FR) M
=TFrnz

(TFc)
(TFc)

Thus h € RL, and so RL = R N L. It follows that by
Lemma 3.16, S is regular. [ |

The following definition and lemma will be used to prove
theorem 3.20.

Definition 3.18. [13] A semigroup S is called an intra-
regular if for each uh € S, there exist h,v € S such that
h = vh2k.

Lemma 3.19. [13] A semigroup S is intra-regular if and
only if LN'R C LR, for every LI L and every RI R of S.

Theorem 3.20. A semigroup S is intra-regular if and only if
TFiNT Fo CTF10T Fo, for every TFLI TF1 = (p, v, 0)
and every TFRI T Fo = (A, u, w) of S.

Proof: (=) Let TF; and T F3 be a TFLI and a TFRI
of S respectively. Let h € S. Then there exist v, k € S such
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that h = vh2k. Thus,

(o)) = \/ {p(m) AA(n)}

(m,n)€F,
-V
(m,n)EF, 2,
(p(vh) A A(hk))
(p(h) A A(R))
= (0 AN)(R),

{p(m) A A(n)}

>
>

womy= N {v(m)Vpun)}

(m,n)€F,
= A
(m,n)€F, 2,
(v(vh) V u(hk))
(v(h) V p(h))
= (v Vv p)(h)

{v(m) Vv p(n)}

<
<

and

@ow)h)y="/\ {8(m)Vw(n)}

(m,n)EeF,
A {m) vem)}
(m,n)€F, 2,
< (5(vh) v w(hk))
< (6(h) Vw(h))
— 5V w)(h).

Hence, (po \)(h) = (p A N)(R), (v o p)(h) < (v V p)(h)
and (d o w)(h) < (6 V w)(h). Therefore, TF; NTFq C
T]:l ] T]:g.

(<) Let R and £ be a RI and a LI of S respectively. Then
by Theorem 3.7 (2) and (3), 7 Fr and T F, are a TFRI and
a TFLI of S respectively. By supposition and Lemma 2.2,
we have

TFroc = (TFr)(TFc)
C(TFr)o(TFr)

Thus h € RL, and so RL C RN L. It follows that by
Lemma 3.19, S is intra-regular. [ |

IV. MINIMAL AND MAXIMAL TRIPOLAR FUZZY IDEAL

Definition 4.1. An ID B of a semigroup S is called

(1) a minimal if for every ideal of J of S such that J C B,
we have J = B,

(2) a maximal if for every ideal of J of S such that B C 7,
we have B =T,

Definition 4.2. A TRFI TF = (p, v, §) of a semigroup S

is called

(1) a minimal if for every TRFI of TF1 = (A, p, w) of
S such that TF1 C TF, we have supp(TFi) =
supp(7F),

(2) a maximal if for every TRFI of TF1 = (A, p, w) of
S such that TF C TF1, we have supp(TF1) =
supp(TF).

Theorem 4.3. Let B be a non-empty subset of a semigroup

S. Then the following statement holds.

(1) B is a minimal ID of S if and only if TFp =
(Mg, upwp) is a minimal IRFI of S,

(2) B is a maximal ID of S if and only if T Fs is a maximal
TRFI of S.

Proof:

Suppose that B is a minimal ID of S. Then B is an ID
of §. By Theorem 3.7, TFg = (A, ugwg) is a TRFI
of S. Let TF = (A, u, w) be a TRFI of S such that
TF C TFp. Then supp(TF) C supp(7Fg). Thus,
supp(7TF) C supp(TFg) = B. Hence, supp(TF) C
B. Since TF = (A, u, w) is a TRFI of S we have
supp(7 F) is an ID of S. By assumption, supp(7F) C
B = supp(T Fi). Hence, TFp is a minimal TRFI of
6.

Conversely, T F 5 is a minimal TRFI of &. Then T Fp3 =
(Mg, ugwp) is a TRFI of S. By Theorem 3.7, B is an
ID of S. Let 7 be an ID of S such that ;7 C B. Then
by Theorem 3.7, TF5 = (A7, pgwzs) is a TRFI of &
such that TF 7 C TFpg. Hence, J = supp(TF7) C
supp(T Fp) = B. By assumption, B = supp(7 Fp) =
J = supp(TFg) = J. So, B = xz. Hence, B is a
minimal ID of &.

Suppose that B is a maximal ID of S. Then B is an
ID of S. By Theorem 3.7, TFg = (Ag, uswp) is a
TRFI of S. Let TF = (A, u, w) be a TRFI of S such
that 7Fp C TF. Then supp(7TFp) C supp(TF).
Thus, B = supp(7Fp) C supp(7F). Hence, B C
supp(7F). Since TF = (A, g, w) is a TRFI of S
we have supp(7F) is an ID of S. By assumption,
supp(TF) C B = supp(TFg). Hence, TFp is a
maximal TRFI of &.

Conversely, T Fp is a maxiimal TRFI of &. Then
TFs = (A, uswg) is a TRFI of S. By Theorem
3.7, Bis an ID of S. Let J be an ID of S such that
B C J. Then by Theorem 3.7, TF3 = (A7, psws)
is a TRFI of & such that TF; C 7TJFg. Hence,
B = supp(TFg) C supp(TFz) = J. By assumption,
B = supp(TFp) = J = supp(TF7) = J. So,
B = xz. Hence, B is a minimal ID of &.

(1)

V. CONCLUSION

In paper, we study concpet tripolar fuzzy ideals in semi-
group and connection between ideals and tripolar fuzzy
ideals in semigroups. In the important results, regular and
intra-regular semigroups are characterized in terms of tripolar
fuzzy ideals are provided. In the future work, we can
study tripolar fuzzy interior ideal in semigroups and their
fuzzifications in other algebraic structures.
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