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Positive Implicative, Implicative, and Commutative
SB-Neutrosophic Ideals in BCK/BCI-Algebras

B. Satyanarayana and Shake Baji*

Abstract—This article introduces the notions of positive
implicative SB-neutrosophic ideal, implicative SB-neutrosophic
ideal, and commutative SB-neutrosophic ideal in the context
of BCK/BCI-algebras. We establish conditions for an SB-
neutrosophic set to be a positive implicative SB-neutrosophic
ideal, an implicative SB-neutrosophic ideal, and a commu-
tative SB-neutrosophic ideal. The relationships between SB-
neutrosophic ideal and positive implicative SB-neutrosophic
ideal, SB-neutrosophic ideal and implicative SB-neutrosophic
ideal, as well as SB-neutrosophic ideal and commutative SB-
neutrosophic ideal, are explored. Characterizations of the
positive implicative SB-neutrosophic ideal, the implicative SB-
neutrosophic ideal, and the commutative SB-neutrosophic ideal
are provided. Moreover, the extension property for both positive
implicative and implicative SB-neutrosophic ideals is examined.

Index Terms—SB-Neutrosophic Set (SB-NSS), SB- neutro-
sophic ideal (SB-NSI), Positive Implicative SB-Neutrosophic
Ideal (PISB-NSI), Implicative SB-Neutrosophic Ideal (ISB-NSI),
Commutative SB-Neutrosophic Ideal (CSB-NSI).

ABBREVIATIONS

We provide a list of abbreviations used in this article.
SB stands for the initial letters of the author’s names,
Satyanarayana and Baji.

SB-NSS: SB-Neutrosophic Set

SB-NSI: SB-Neutrosophic Ideal

ISB-NSI: Implicative SB-Neutrosophic Ideal
PISB-NSI: Positive Implicative SB-Neutrosophic Ideal
CSB-NSI: Commutative SB-Neutrosophic Ideal

I. INTRODUCTION

ADEH. L. A. [1], a professor of computer science at

the University of California, introduced the concept
of fuzzy set (FS) in 1965. The concept of FSs entails
assessing the membership strength of each element within
a set. In 1986, Atanassove [2] extended the concept of a
fuzzy set to an intuitionistic fuzzy set (IFS) by incorporating
an additional function known as a non-membership function.
The term “neutrosophic,” introduced by F. Smarandache,
derives from the concept of “neutrosophy” as its etymo-
logical foundation. Neutrosophy refers to the knowledge of
neutral thinking, and this concept of neutrality distinguishes
neutrosophic sets from both fuzzy sets and intuitionistic
fuzzy sets. In 1995, F. Smarandache introduced the con-
cept of indeterminacy, which was denoted by ‘I’, as an
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independent component (see [3], [4]). He formulated the
neutrosophic set using three components (T, I, F) = (True,
Indeterminate, False). More information is available on the
website: http://fs.gallup.unm.edu/FlorentinSmarandache.htm.
Neutrosophic logic finds applications in dealing with trans-
portation problems (see [5]) and in resolving multi-attribute
decision-making problems (see [6]). In 1966, BCK/BCI-
algebras were introduced by Y. Imai and K. Iseki. These
are two categories of non-classical logic algebras (see [7],
[8]). Subsequently, research has extended to the neutrosophic
fuzzification of ideals in BCK/BClI-algebras.

Several variations have been introduced into the world of
neutrosophic structures to help us better understand indeter-
minacy and uncertainty. In 2005, Wang, H., extended the
idea with the introduction of interval-valued neutrosophic
sets (see [9]). Following this, Y. B. Jun et al. interval-
valued neutrosophic sets were then applied to the ideals in
BCI/BCK algebras (see [10]). M. M. Takalo et al. introduced
the MBIJ-neutrosophic structures as a generalisation of the
neutrosophic sets, in which the indeterminacy function is rep-
resented by interval-valued fuzzy sets (see [11]). F. Smaran-
dache et al. introduced neutrosophic N-structures in which
the truth, uncertainty, and falsity membership functions are
negatively valued functions (see [12]). Later, neutrosophic
N-structures are applied to positive implicative ideals (see
[13]) and commutative ideals (see [14]) in BCK-algebras.
In developing neutrosophic structures, Y. B. Jun and oth-
ers presented the concept of (P,V)-neutrosophic ideals and
(®,T)-neutrosophic subalgebras in BCI/BCK-algebras (see
[15], [16]). Additionally, Song, S. Z., and others introduced
the concept of generalised NSS (see [17]). Subsequently, R.
A. Borzooei and others proposed the idea of commutative
generalised neutrosophic ideals in BCI/BCK-algebras (see
[18]). Satyanarayana et al. introduced the idea of BS-NSS in
the context of BCI/BCK algebras, where false membership
is represented by an interval-valued fuzzy set (see [19]).

Recently, B. Satyanarayana et al. introduced the concept
of SB-neutrosophic sets as a slightly extended version of
neutrosophic sets, and it has been applied to BCK/BCI-
algebras (see [20]). When extending the NSS concept, an
interval-valued fuzzy set (IVES) is used as the truth member-
ship function due to its broader generalization of the fuzzy
set. SB-neutrosophic structures are helpful when there’s a
high level of uncertainty in the data, especially regarding
the truth membership function. Besides that, in cases where
there is a low level of uncertainty in the indeterminate
membership function and false membership function, SB-
Neutrosophic structures are also valuable. In Figure 1, we’ve
created a visual guide that highlights the different types
of generalisations of neutrosophic structures. This makes
it easier for readers to follow and understand the detailed
concepts discussed.
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Fig. 1. Generalisations of Neutrosophic Structures

In this article, we present the fundamental definitions
required for our discussion in Section II. These include
definitions of BCK/BClI-algebras, subalgebra, ideal, positive
implicative ideal, commutative ideal, implicative ideal, fuzzy
set, complement of a fuzzy set, NSS, SB-NSS, level sets, SB-
NSSA, and SB-NSI. In Section III, we introduce PI-SBNSI
with illustrative examples. We discuss the conditions for SB-
NSS to be a PI-SBNSI, as well as the conditions for SB-NSI
to be a PI-SBNSI. Furthermore, we develop the PI-SBNSI
extension property. In Section IV, we present I-SBNSI along
with illustrative examples. We discuss the characteristics of
I-SBNSI, conditions under which SB-NSI can qualify as I-
SBNSI, and conditions under which SB-NSSA can qualify
as I-SBNSI. Additionally, we develop the I-SBNSI extension
property. In Section V, we present C-SBNSI with illustrative
examples. We also demonstrate that the inverse image of
a C-SBNSI under homomorphism remains a C-SBNSI and
that the image of a C-SBNSI under an onto homomorphism
is also a C-SBNSI. Thus, a comprehensive study of PI-
SBNSI, I-SBNSI, and C-SBNSI in Sections III, IV, and V
contributes to a deeper understanding of their relationships
and characteristics, paving the way for further research and
practical application.

II. PRELIMINARIES
Definition 2.1. ([21], [22], [23]) Let K(# ¢) be a set with
a binary operation denoted by “-” and “0” is a constant. K
is called a BCl-algebra if the following axioms satisfied by
the K for all py,v1,u1 € K.

((pr-v1)-(pr-uw1))-(ur-v1) =0 (1

(p1-(p1-v1)) v =0 2
pr-p1=0 3)
pr-ui=0t-pr=0=p =1 “)

If the following axiom is satisfied by a BCI-algebra
0-p1=0 &)

for all p1 € K, then it is called a BCK-algebra.

In any BCK/BCl-algebra, the following properties hold
({23

p1-0=p (6)

pr <ty =p-u <rpouu v Sup g @)
(pr-v1) - ur = (p1-wm) v (®)
(pr-w) - (vi-u1) <py-vy ©)

for all p1,v1,u; € K, where p; < t; if and only if p;-t; = 0.
In any BClI-algebra /C, the following conditions hold [23]

pr-(pr-(pr-v))=p1-u (10)
0-(p1-t1)=(0-p1)-(0-v1) (11)

Definition 2.2. If the following condition is satisfied in a
BCK-algebra K

p1-(p1-v) =1 (v1-p1) (12)

for all p1,v1 € K, then it is called a commutative BCK-
algebra.

Definition 2.3. [22] If the following condition holds in a
BCK-algebra K

pr-(er-p1) = (13)

for all py1,v1 € K, then it is called an implicative.

Definition 2.4. [22] If the following condition holds in a
BCK-algebra K

(p1-u1) - (v ug) =(p1-t1)-wg (14)

Sfor all p1,v1,uy € K, then it is called a positive implicative.

Definition 2.5. [23] If the following condition holds in a
BCl-algebra K

(pr-ty)-ur = (p1-wy) -1y (15)

Sfor all py,t1,u; € K, then it is called an associative.

Definition 2.6. Let K be a BCK/BCl-algebra. A subset H(#
D) of K is said to be
o a subalgebra of K, if for all p1,v1 € H, p1 -1 € H.
o an ideal of K, if for all p1,v1 € K, 0 € H and v1,p1 -
1w eEH=> p1 € H.
o a positive implicative ideal of IC, if for all pq,t1,u; €
K, 0eH and (p1~t1)~u1,t1'u1 €H:>p1-u1 € H.
o a commutative ideal of K, if for all py1,t1,u; € K,
0 € Hand (pl-tl)-ul,ul EH= pl-(‘t1~<t1'p1>) € H.

Proposition 2.7. Let J and J be ideals of KC with 3 C J. If
J is an implicative ideal, then J is also an implicative ideal.

Let J and J be ideals of L with J C J. If J is an
implicative ideal, then J is also an implicative ideal.
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Definition 2.8. [1] Let IC be a non-empty set. A fuzzy set in
K is a mapping B : K — [0, 1].

Definition 2.9. [24] A fuzzy set B : K — [0,1] is called
a fuzzy sub-algebra of IC, if

%T(pl 'tl) > min{%T(pl),%T(tl)}for all p1,t1 € K.

An interval number, denoted as h = [h~, hT], represents
a closed subinterval of [I], where 0 < h™ < AT < 1. Here,
[I] refers to the set of all interval numbers. The interval
[h, h] is indicated by the number h € [0,1] for whatever
follows. Let us define the refined minimum (briefly, rmin)
and refined maximum (briefly, rmax) of two elements in [I].
We also define the symbols ‘<’, “>=’, and ‘=’ in the~case
of two elements in [I]. Consider two interval numbers sy =
[hl_,hl } and hQ [hg ,h2 } Then
rmin{hl,hQ} = [min{hy ", ko~ },min{hy ", hy"}]
Tmax{hl,hg} = [maa:{hl Jho™ } max{h1+,h2+}]
h1 h2<:>h1 > ho™, hl Zhg
hl < hg < h < hgi, h1+ < hgJr
hi=ho & hy” =hy, h1+ = h2+
Let hy € [Iﬁ where i € . We define

o

O O O O

) rinfﬁI: infhi”,infhr"
ien ien ien
o rsuph; =
ien
Definition 2.10. /25] An interval-valued fuzzy set in K(# ()
is afunctzon B : K — [I]. The set ofall IVFS in K is denoted
by [I|*. For every IVFS Be [I)* and p, € K, B(p1) =
(B~ (p1), B (p1)] is called the degree of belonging of an
element py € B, where B~ : K — [I] is called a lower

fuzzy set and BT : K — [I] is called an upper fuzzy set in
K.

suphy™, suphfr}
€M 1€M

Definition 2.11. [4] Let K be a non-empty set. A neutro-
sophic set (NSS) in K is a structure of the form B =
{(p1;Br(p1),B1(p1), Br(p1)) : p1 € K} where By :
K — [0,1] is a degree of belonging, By : K — [0,1] is a
degree of indeterminacy of belonging, and B : K — [0, 1]
is a degree of non-belonging.

Definition 2.12. [20] Let K be a non-empty set. An SB-NSS
in K is a structure of the form

B = {(p1; Br(p1), Br(p1), Br(p1)) :

Here, B; and B are fuzzy sets in K, representing the
degree of indeterminacy of belonging and the degree of non-
belonging, respectively. B is an interval-valued fuzzy set
in KC, representing an interval-valued degree of belonging of
an element to *B.

1€/C}

For simplicity, the SB-neutrosophic set will be denoted by
the symbol B = (B, B, Br)

Definition 2.13. [20] Let 8 = (%T, B1,Br) be an SB-NSS
in K. We define SB-level sets as

U(Br; [, 1)) = {p1 € K : Br(p1) = 11, 2]}
U(B;m) ={p1 € K:B;(p1)
L(Br;n)={p1 € K:Br(p1)

where m,n € [0,1] and [l1,12] € [I].

Definition 2.14. [20] Let K be a BCK/BCl-algebra. An SB-
NSS B = (Br,B1,Br) in K is called an SB-neutrosophic
subalgebra of KC if it satisfies _

(SB-NSSA 1) Br(py - t1) = rmin{Br(p1), Br(t1)}
(SB-NSSA 2) %I(pl tl) > mm{%;(pl) %[(‘Cl)}
(SB-NSSA 3) %F(pl 'tl) < max{%F(pl),%F(tl)}

Sfor all p1,v1 € K.

Definition 2.15. [20] Let K be a BCK/BCl-algebra. An SB-
NSS B = (B7,B1,Br) in K is called an SB-NSI of K if
it satisfies

Br(0) = Br(p1), Br(0) > Bi(p1), Br
(SB-NSI 1) Br(p1) = rmin{Br(p1 - 1), Br(x1)}
(SB-NSI 2) B(p1) > min{Br(p1 -v1),Br(r1)}
(SB-NSI 3) Br(p1) < max{Br(p1 -t1),Br(t1)}
for all p1,v1 € K.

(0) <Bp(p1)
(16)

III. POSITIVE IMPLICATIVE SB-NEUTROSOPHIC IDEAL
(PISB-NSI)

Definition 3.1. Let K be a BCK-algebra. An SB-NSS B =
(Br,B1,Br) in K is called a PISB-NSI of K if it satisfies
Condition (16) and

Br(p1 - u1) = rmin{Br((pr 1) -
Br(pr-ur) > min{Br((p1-1v1) -
Br(pr-u) <mar{Bp((p:-t1)-

ul)a%T(tl '111)}

up), By -up)}

u1), Br(ty-u)}
a7

fOl’ all p1,t1,U1 € K.

Example 3.2. Consider a BCK-algebra K = {0, a,b, c,d},
as defined in Table I.

TABLE I
BCK-ALGEBRA
0 a b c d
0 0 0 0 0 0
a a 0 0 0 0
b b b 0 0 b
c c [ [ 0 c
d d d d d 0

Let us define an SB-NSS ‘B
shown in Table II.

= (%T,%I,%F) in K as

TABLE II
SB-NEUTROSOPHIC SET
K | Interval-valued grade Grade of Grade of
of membership indeterminacy non-membership
0 [0.6,1] 0.9 0.1
a [0.5,0.8] 0.6 0.3
b [0.4,0.6] 0.3 0.5
c [0.2,0.4] 0.3 0.5
d [0.2,0.3] 0.1 0.8

It is normal to check that B = (%T, B1,Br) is a PISB-

NSI of K.

Example 3.3. Consider a BCK-algebra K = {0, 1,2, 3}, as
defined in Table III.
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TABLE III
BCK-ALGEBRA

0 1 2 3

0 0 0 0 0

1 1 0 1 0

2 2 2 0 0

3 3 2 1 0
TABLE IV

SB-NEUTROSOPHIC SET

K | Interval-valued grade Grade of Grade of
of membership indeterminacy non-membership
0 [0.53, 0.95] 0.88 0.31
1 [0.43, 0.83] 0.57 0.45
2 [0.11, 0.35] 0.39 0.79
3 [0.11, 0.35] 0.39 0.79

Let us define an SB-NSS B = (%T,%I,%F) in K as
shown in Table IV.

By using standard computation, it is clear that B =
(Br,B1,Br) is a PISB-NSI of K.

Theorem 3.4. In a BCK-algebra K, every PISB-NSI is an
SB-NSI of K.

Proof Let B = (B, B, Bp) be a PISB-NSI of K.
If we take u; = 0 in Condition (17) and use Equation (6),
then we have

Br(p1 - 0) = rmin{Br((p1 - 1) - 0), Br(es - 0)}
= Br(p1) = rmin{Br(p1 - 1), Br(e)},
Br(p1-0) > min{B((p1-t1)-0),Bs(v1-0)}
= B1(p1) = min{B(p1-v1),Br(v1)},
Br(p1-0) <mar{Br((p1-t1)-0),Br(v:-0)}
= Bp(p1) < mar{Br(p1-t1), Br(v)},

for all p1,v; € K. Thus, every PISB-NSI is an SB-NSI of
K. |

The following example confirms that the converse of
Theorem 3.4 is not true.

Example 3.5. Consider a BCK-algebra K = {0,1,2,3}, as
shown in Table V.

TABLE V
BCK-ALGEBRA

W N | = |O|O

1
0
0
1
3

W o |||
O | = || W

W N | = | O

Let us define an SB-NSS B = (‘%T,%I,%F) in K
as shown in Table VI. It is normal to check that B =
(Br,B1,BF) is an SB-NSI of K. Since

Br(2-1) < rmin{Br((2-1)-1),Br(1-1)},
B = (B, B, Bp) is not a PISB-NSI of K.

TABLE VI
SB-NEUTROSOPHIC SET

K | Interval-valued grade Grade of Grade of
of membership indeterminacy non-membership
0 [0.5,1] 1 0.3
1 [0.4,0.7] 0.3 0.7
2 [0.4,0.7] 0.3 0.7
3 [0.2,0.4] 0.1 1

Corollary 3.6. Let B = (Br,B;, Br) be a PISB-NSI of K.
prl <t in K, then %T(pl) %A'%T(‘Cl), %I(pl) > %](tl),
and Br(p1) < Bp(vy). ie, Br, B are order-reversing
and B is order-preserving.

Lemma 3.7. [20] Let K be a BCK/BClI-algebra. Then, every
SB-NSI B = (Br1,B1,Br) of K satisfies the following

assertion

Br(p1) = rmin{Br (1), Br(u)}
Br(p1) > min{B(v1), Br(w)}
Br(p1) < max{Bp(r1), Br(uw)} s

pr-ty <u =

Sfor all py,t1,u; € K.

Lemma 3.8. [20] If an SB-NSS B = (B, B, Bp)
in a BCK- algebra K satisfies the Condition (18), then
B = (Br,B;,Br) is an SB-NSI of K.

Theorem 3.9. An SB-NSS B = (By,B;,Bp) in a BCK-
algebra K is a PISB-NSI of K if and only if it is an SB-NSI
of K, and the following conditions hold

%T(pl ) = %T((Pl ty)-ty)
Br(pr-v1) > Br((pr-v1)-t1)
Brpr-t1) <Bp((pr-t1)-t1)

Sfor all p1,v1 € K.

Proof: Assume that B = (%T, B, Br) is a PISB-NSI

of IC. If u; is replaced by t; in Condition (17), we get

Br(pr - t1) = rmin{Br((p1 - v1) - 1), Br(e 1)}
= rmin{Br((p1 - t1) - 11), Br(0)}
=By ((p1-11) 1),

Br(pr-v1) = min{Br((p1-v1) -v1), By(vr -v1)}
=min{B((p1-t1) -v1),Br(0)}
=B1((p1-t1) - v1),

Bp(pr-v1) <maz{Bp((p1-t1) 1), Bp(r-v)}
=maz{Bp((p1-t1) 1), Br(0)}
=Bp((p1-11) 1),

for all p1,t; € K. _
Conversely, let B = (B, B7,Br) be an SB-NSI of £
satisfying the Condition (19). Since
((p1-w1) - wy) - (v1-ur) < ((p1-wa) - v1)
= ((p1-v1) ~u1)
for all py,v1,u; € K, it follows from Corollary 3.6 that
Br(((pr-w) -w) - (v1-u1)) = Br((pr 1) - w)
Br(((pr-ur) ur) - (vi-w)) = Br((pr-va) - ur)

Br(((pr-ur)-ur)-(vr-uw)) <Bp((pr-v1) -wr)
(20)

19)
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for all py,tq,u; € K. Now, using Conditions (19), (17), and
(20), we have

%T(pl “up) = %T((pl “Up) - up)

= rmin{Br(((p1-w) - w) - (v1-u1)), Br(er )}
= rmin{Br((p1 1) - u1), Br(v - ur)},
Br(pr-ur) > Br((pr-u1) - ug)

= min{B(((p1 - w1) - w1) - (v1-u1)), By(vr -up)}
> min{Br((p1-v1) - w1), By(vr-ur)},

Br(pr-ur) <Bpr((pr-u1) - u)
<maz{Br(((p1-u1) -w)- (v1-w)), Bp(tr-u)}
<max{Br((p1-t1) w1), Br(vs-w)},

for all py,t1,uy € K. Thus, B = (%T,%I,‘BF) is an SB-
NSI of K. u

Theorem 3.10. Let B = (B, B, B ) be an SB-NSI of K.
Then B = (B, B1,Br) is a PISB-NSI of K if and only if
the following conditions hold for all p1,v1,u; € K

) 2D

Br((pr-w) - (v1-w)) = Br((pr 1) w)
Br((p1-w) - (v1-u1)) > Br((pr-v1) - w)
Bp((pr-w) - (v1-u1)) <Bp((pr-t1) w)

Proof: Suppose that B = (%T,%I,%F) is a PISB-
NSI of K. Then B = (B, B, Br) is an SB-NSI of K by
Theorem 3.4, and it satisfies the Condition (19) by Theorem
3.9. Since

((p1 - (r1

up))-ug) cug = ((pr-wn) - (v w)) -
< ((p1 1) - w1)

for all p1,vy,u; € K. It follows from Corollary 3.6 that

Br(((pr-w) - (e -u1)) - w1) = Br((prv) - w1)

Br(((p1-w1) - (vr-w))-u) > Br((pr-v1) -w)

Br(((pr-u) - (v1-ur)) - ur) <Bp((pr-t1)-w)
(22)

Now, utilizing the Equation (8), Conditions (19) and (22),
we obtain

Br((p1-u1) - (v1-w)) = Br((pr
Br(((p1 - (v1-w1)) - w) - uy)
= Br((pr 1) - w),
Br((pr-w) - (vr-w)) =Br((p1- (1
> Br(((p1 - (v1-u1)) -w) w)
> Br((p1-v1) - w),
Br((p1-w) - (v1-u1)) =Bp((p1-
<Br(((pr- (vr-w)) -ur) )
<Br((p1-v1) - u1),

(v1ur)) )

\Y

u1)) )

(t1-u1)) - w)

for all py,ty,u; € K. Hence, the Condition (21) holds.
Conversely, let B = (%T, B1,Br) be an SB-NSI of £

that satisfies the Condition (21). By substituting u; = t; into

Condition (21) and utilising Equations (3) and (6), we obtain

Br((p1-t1) - (r1-t1)) = Br((pr-11) 1)

= Br((p111)) = Br((pr 1) - v1),

Br((pr-v1) - (v1-11)) = Br((p1-v1) 1)

= Br((p1-t1)) > Br((p1-t1) - v1),

Br((pr-t) - (v1-11)) <Brp((pr-t1) )

= Br((p1-v1)) < Bp((pr-t1) t1),
for all py,vy,u; € K. Therefore, by Theorem 3.9, B =
(%T,%I,%F) is a PISB-NSI of K. [ ]

Theorem 3.11. Let B = (%T,%I,%F) be an SB-NSS of
K. Then B = (B, B, Br) is a PISB-NSI of K if and only
if it satisfies the Condition (16) and

Br(ps-v1) = Tmm{%T(((Pl “T1) - Tty) ),

%{T(ul)}

(p1-t1) > min{B(((p1-t1) - t1) - 1),

B ()} 3

Brpr-v) <mar{Br(((pr-t1) v1) u)
Bp(ur)}

for all py,t1,uy € K.

Proof: Suppose that B = (B, B, Br) is a PISB-NSI
of K. Consequently, B = (B, B, Br) is an SB-NSI of £
by Theorem 3.4. Thus, Condition (16) is valid. Utilising (SB
NSI 2), (SB NSI 3), (SB NSI 4), (3), (6), (8), and Condition
(21), we obtain

Br(py 1) = rmin{Br((p1 - v1) - w), Br(u)}

= rmin{Br(((pr - w1) - v1) - (v1 - tl))v%T(ul)}
= rmin{Br(((p1 - w1) -v1) 1), Br(w)}

= rmin{Br(((pr - 11) - t1) - w1), Br(w)},
By(p1-t1) = min{B((p1-v1) - u1), Br(wr)}
= min{Br(((p1-w1) -v1) - (v1-11)), Br(w)}
> min{B(((p1-w1) -t1) -v1), Br(w)}

= min{B(((p1 - v1) 1) -u1), Br(w)},
Br(pr-vi) <maz{Br((p1-t1) w), Br(w)}

=maz{Bpr(((p1-u1)-v1)-(v1-11)),Br(u)}
<maz{Br(((pr-u1)-t1)-t1), Br(ur)}
=maz{Bpr(((p1-t1)-t1) u1),Br(u)},

for all py,vi,up €K
Conversely, let B = (B7,B,Br) be an SB-NSS in £
that satisfies Conditions (16) and (23). Then,

%T(Pl) = %T(m -0)
= rmin{Br(((p1-0)-0) - u1), Br(uy)}
= rmin{Br(p; - w), Br(u)},
B(p1) =B(p1-0)
> min{B(((p1-0)-0) wy
=min{Br(p1-w)},
Br(p1) =Br(p:-0)

<maz{Br(((p1-0)-0)-uy),Br(u)}
=maz{Br(p1-w),Bru)},

), Br(w)}

Volume 54, Issue 5, May 2024, Pages 815-830



TAENG International Journal of Applied Mathematics

for all p1,u; € K. Thus, B = (%T,%I,%F) is an SB-
NSI of K. Taking u; = 0 in Condition (23) and utilising
Equations (6) and (16), we obtain

Br(py - v1) = rmin{Br(((p1 - v1) - t1) - 0), Br(0)}
= rmin{Br((p1 - t1) - t1), Br(0)}
= %T((Pl ‘1) - t1),

Br(p1-v1) = min{Br(((p1-v1) 1) 0),B,(0)}
= min{B((p1-t1)-v1),B7(0)}
=B7((p1-t1) - t1),

Bp(pr-v1) <maz{Br(((p1-v1) 1) 0),Br(0)}
=max{Br((p1-t1) 1), Br(0)}

=Bp((p1-v1) 1),

for all py,v; € K. It follows from Theorem 3.9 that B =
(Br,B,Br) is a PISB-NSI of K. [ |

Theorem 3.12. Let B = (Bp, B, By) be an SB-NSS of
K. Then B = (Br,B1,Br) is a PISB-NSI of K if and
only if the following conditions hold for all py,t1,a,b € K
(((p1-v1) v1)-a) - b=0

%T(pl ty) = rmm{‘BT( ), Br(b)}

%I(pl tl) me{%l( ) %[(b)} 24)

Br(pr-t1) < max{Br(a), Br(b)}

Proof: Assume B = (%T,%I,%F) is a PISB-NSI of

K. Consequently, by Theorem 3.4, B = (B, B, Br) is
an SB-NSI of .

Let p1,t1,a,b € K be such that (((py-t1)-t1)-
Utilising Theorem 3.9 and Lemma 3.7, we have

Br(pr-11) = Br((pr 1) - 11) = rmin{Br(a), Br(b)},
Br(p1-v1) = Br((pr-v1) - v1) = min{B(a), B1(b)},
Br(pr-t) <Br((pr-v) - ) <maz{Br(a), Br(d)}
for all py,t; € K. Hence, Condition (24) holds in K.
Conversely, let B = (B7,B,Br) be an SB-NSS in £

that satisfies the Condition (24). Suppose p1,a,b € K satisfy
the relation (((p1-0)-0)-a)-b=0 and so

Br(p1) = Br(p1 - 0) = rmin{Br(a), Br(b)},

%I(pl) - %I(pl : ) > mZn{%I( )7%1(17)}7
Br(p1) = Br(pr - 0) < maz{Bp(a), Br(b)}.

a)-b=0.

Thus, B = (%T, B;,Br) is an SB-NSI of £ by Lemma
3.8. Since (((p1 -v1)-t1) - ((p1-t1)-v1)) -0 = 0 for all
p1,t1 € K, we have

‘BT(Pl 1) = Tmm{%T((Pl 1) - t1)7%T(0)}
=Br((pr 1) 11),

Br(pr-ve) > min{Br((p1-t1) -t1),Br(0)}
=B((p1-t1) 1),

Br(pr-t1) <maz{Br((pr-t1) 1), Br(0)}

=Bp((pr-t1) - 11)

It follows from Theorem 3.9 that B = (%T,%I,%F) is a
PISB-NSI of K. u

Theorem 3.13. Let B = (B, B, Br) be an SB-NSS of K.
Then B = (Br, B, Br) is a PISB-NSI of K if and only if

the following condition holds for all p1,t1,u1,a,b € K such
that (((P1 'tl) ~u1) . CL) -b=0

Br((p1-u1) - (v1-u1)) = rmin{Br(a), Br(b)}
Br((p1-wr) - (v1-u1)) > min{B;(a),Br(b)}
Br((pr-w) - (t1-w)) < mazr{Br(a), Br(d)} Ls)

Proof: Assume that B = A(%jy%[,%p‘) is a PISB-
NSI of K. Consequently, B = (B, B, Br) is an SB-NSI
of IC, by Theorem 3.4. Let py,t1,u1,a,b € K be such that
(((p1-t1)-u1)-a)-b = 0. Utilising Theorem 3.10 and Lemma
3.7, we have

Br((pr-w) - (v -u1)) = Br((pr - v1) 'ui)
min{Br(a), Br(b)},
((p1-v1) -uy)

Br
min{B(a),B(b)},
Br

\Y\Y

Br((pr-wr) - (v -u1))

((p1-t1) W)
ax{Br(a),Br()}.
Conversely, let B = (%T, B1,Br) be an SB-NSS in K that
satisfies the Condition (25). Let p1,t1,a,b € K be such that
(((py -t1) -t1)-a)-b=0. Then,

Br(pr-v1) = Br((p1-11) - (117 11))
= rmin{Br(a), Br(b)},

Br(p1-t1) =Br((p1-v1) - (v1-11))
> min{B(a),B(b)},

Bp(pr-vi)=DBp((pr-v)- (v1-11))
< maz{Br(a),Brb)}.

Br((pr-u)- (v -w))

ININ IV IV

It follows from Theorem 3.12 that B = (B7,B;,Bp) is a
PISB-NSI of K. n

Theorem 3.14. Let B = (Bp, B, By) be an SB-NSS of
K. Then, B = (Br,B;,Br) is a PISB-NSI of K if and
only if the following condition holds

Br(py - t1) = rmin{Br(ar), Br(as),. .., Br(a,)},

Br(pr-t1) > min{Br(a1),Br(az),...,Br(a,)},

Br(pr-t1) <max{Br(ar),Br(az),...,Bra,)},
for all py,v1,a1,a9,...,a, € K, with
(...(((p1-v1)-vt1)-a1)-azs...) a,=0.

Theorem 3.15. Let B = (Bp, B, Bp) be an SB-NSS of
K. Then, B = (Br,B;,Br) is a PISB-NSI of K if and
only if the following condition holds

Br((pr-w) - (v1 - w))

= rmin{Br(a1), Br(az), ..., Brlan)},
Br((p1-w) - (vi-w))
> min{Br(a1),Br(az),...,Br(ay)},
Bp((pr-w) - (v1-u1))
< max{Br(a1),Br(az),...,Brla,)},
for all py,t1,a1,as...,a, €K, with
(..(((p1-11) w)-a1) as...) a, =0.

Theorem 3.16. An SB-NSS B = (Br,B;,Br) in K
is a PISB-NSI of K if and only if the non-empty sets
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Z/{(%T; [11,12]), U(B;m), and L(Bp;n) are positive im-
plicative ideals of K for all m,n € [0,1] and [l1,12] € [I].

Proof: Suppose that B = (%T,%I,%F) is a PISB-
NSI of K. Let m,n € [0,1] and [I1,l2] € [I] be such that
U(DBr;[l1,12]), U(Br;m), and L(Bp;n) are non-empty.
Obviously,
0€U(Br;[lh,1l2]), 0 € U(B;m), and 0 € L(Bp;n).

For any a1,~a2, as, bl, bg, bg, C1,C2,C3 e Kif (a1 . a2) -as,
as - az € U(%T; [l1,12]), (b1 . bg) . bg, by - b3 S U(%];m),
and (c1 - c2) - ¢3, coa - c3 € L(Bp;n) then

3)7%T(a2 'as)}

[7]7
3), B1(ba - b3)}

%T(al = Tmin{%T((al “ag) -
= rmin{[ly, 2], 11, 2]} =
B (by - bs) > min{B;((by - bs) - b
> min{m,m} = m,
Br(cr - c3) <mazr{Br((c1-c2) c3

< max{n,n} = n.

), Br(c2-c3)}

Therefore, a; - as € U(Br; 11, lo]), b1 -b3 € U(B;

c1-C3 € E(%F; n) Hence, L{(%T; [ll, lg]), U(%];

L(Bp;n) are positive implicative ideals of /.
Conversely, assume that the non-empty sets U (%T; {1,

l2]), U(B;m), and L(Bp;n) are positive implicative ideals

of K for all m,n € [0,1] and [l1,12] € [I].

Suppose that

m), and
m), and

B7(0) < Br(a), B1(0) < B(a), and Bp(0) > Bp(a)
for some a € K. Then,
0 ¢ UBr:; Br(a)) NUB;Br(a) N LEBp: Br(a))
which is a contradiction. Hence,
B (0) = Br(p1), B1(0) > By (p1), B

for all p; € K. Suppose that

(0) < Br(p)

), Br(bo - co)}

[01,d2],
[11,12]. Then

%T(ao . Co) < Tmin{%cp((ao . bo) - Co

fgr some ag, bg,cy € K. Lfﬁlvt %T((ao . b()) . Co) =
%T(b() . Co) = [(53,54], and %T(ao . Co) =
[117 lg} < rmin{[él, 52], [(53, 54]
= [min{d1, d3}, min{ds, 4}] and so
Iy < min{d1,d3} and Iy < min{ds, d,}. Taking

%[’%T(ao o)
+ rmin{%T((ao -bg) - ¢o
= Sl +

= [%(ll + min{d1,d3}),

[m1,m2] =

), B (bo - co)}]

[min{d1, 3}, min{dz, 4 }]]

%(12 + min{da, 64})].

It follows that
Io< = %(11 + min{61,85)) < min{o1, 65},

1
Iy < 2 = 5([2 + min{52, 54}) < min{ég, 54}

Hence, _
[min{é1,d3}, min{da, 64}] = [m,n2] = [l1,l2] = Br(ao).
Therefore ag - co ¢ U(B; [l1,12]). On the other hand,

B ((ag - bo) - co) = [01,02] = [min{dy, 65}, min{d2,64}]
= [1,m2],

By (bo - co) = [03,04] = [min{01, 63}, min{da, d4}]
= [n1,m2].

ie., ((ao - bo) - co)s (bo - co) € U(Br;[lr,lo]). This is a
contradiction, and therefore Br(ap - co) = rmin{Br((ag -
bo) - co), Br(by - o)} for all ag, b, co € K. Also, if

%1((10 . Co) < min{%l((ao . bo) . Co), sB[(bo . Co)}
for some ag,bg,co € K, then (ag - by) -
U(B1;mg), but ag-co & U(B; mg) for mg

bo) - co), Br(bo - o)}
This is a contradiction, and thus

Co, (bo . CO) S
= min{B1((ao

%[(ao . Co) Z min{%l((ao . bo) . Co), %[(bo . Co)}

for all ag, by, ¢ € K. Similarly, we can show that

Br(ag-co) <max{Br((ag-by)-co),Br(by-co)}
for all p;,t; € K. Consequently, B = (%T,%I,%F) is a
PISB-NSI of K. [ |

Theorem 3.17 (Extension property for PISB-NSI). Let M =
Mp, My, Mp) and B = (Br1,B1,BF) be two SB-NSIs
of K with the condition that M(0) = B(0) and M C *B.
i.e, Mr(0) =B7(0), M;(0) =B,(0), Mp(0) =Br(0),
and Mr(p1) < Br(p1), Mr(p1) < Br(p1), Mp(p1) >
Br(pr) for all pr € K. If M = (Mp, M, Mp) is a
PISB-NSI of K, then so is ‘B.

Proof: Suppose that M = (MVT, M, Mp) is a PISB-
NSI of K. Utilising Equation (8) and Equation (3), we obtain

Br(((pr-uwr) - (vr-ur)) - ((p1-v1) - u1))

=B (((pr-w1) - ((pr-v1) - w1)) - (t1 - 1w1))
=B (((pr- ((pr-t1) 1)) - wr) - (t1 - 101))
= Mo(((p1 - ((p1-t1) - up)) -ug) - (v1 - uy))
= Mp(((p1- ((p1-11) - ur)) - 11) - uy)

= Mr(((p1-v1) - ((p1-11) - w)) - 1y)

= Mr(((p1- 1) -wr) - ((p1 - 1) - w))

= M7(0) = Br(0)

It follows from Definition 3.1 that

Br((pr-w) - (v - w1))

= min{Br(((p1-w1) - (e1-w)) - ((p1-11) - w)),
%T((pl t1) )}

= min{Br(0), Br((p1-t1) - u1)} = Br((p1 - 11) - w).
= Br((p1-w) - (v1-w1)) = Br((pr 1) - u),

for any p1,t1,1y € K.
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Br(((p1-w1) - (v ur)) - ((p1-v1) - w))
=B7(((p1-u1) - ((p1-v1) - w)) - (v1 - wy))
=B7(((p1- ((p1-v1) - u1)) - ur) - (v1 - w))
> My (((p1- ((p1-v1) - u1)) - w) - (v Ul))
> Mr(((p1- ((p1-v1) - u1)) -v1) - )
= M;(((p1-t1) - ((p1-t1) - w1)) W)
= My(((p1-v1) - ur) - ((p1-v1) - w))
= M;(0) = B,(0)

It follows from Definition 3.1 that

Br((pr-w) - (v1-u1))

> min{B(((p1 - u1) - (v1 - u1)) - ((p1-v1) - u1)),
Br((p1-v1)-w)}

> min{®B(0),B((p1-t1) w1)} =Br((p1-t1) - w).
= Br((p1-w) - (vr-w)) = Br((pr 1) w),

for any pq,t1,u; € K.

Br(((pr-wr) - (ve-ur)) - ((p1-v1) - w1))
=Bp(((pr-u1) - ((pr-v1) -u1)) - (v1-u1))
=Br(((p1- ((p1-v1) W) - ur) - (v w))
<Mp(((p1- ((pr-t1) - w1)) -ua) - (11 ul))
<Mp(((pr- ((p1-v1) - w1)) - v1) -wr)
= Mp(((p1-v1) - ((p1-v1) -u1)) - w)
= Mr(((p1- tl) up) - ((p1-t1) -w))
= Mrp(0) = Bp(0).

It follows from Definition 3.1 that

Br((pr-u1) - (v1-w))

<maz{Br(((p1-u1) - (t1-uw1)) - ((p1-v1) -w1)),
Br((pr-v1) - -w)}

< maz{Br(0),Br((p1-v1) uw)} =DBr((p1-t1) u).
= Br((p1-u1) - (v1-w)) <Br((p1-v1) W),

for any py1,t1,1y € K.

(B, B;,Br) is a PISB-NSI of K. n
Corollary 3.18. In IC, every PISB-NSI of K is an SB-NSSA.

Theorem 3.19. If B8 = (EBT,EBI,%F) is a PISB-NSI in
K, and J(0) = {p1 € K|Br(p1) = Br(0),Bs(p1) =
B1(0),Br(p1) =Br(0)}, then J(0) is a positive implica-
tive ideal of K.

Hence, B =

Proof: Let Pi,t € KC such that (P1 "Cl) SUp, T r U €
J(0). Since B = (Br,B;,Br) is a PISB-NSI of K, we

have
B (py - ) = rmm{%T((pl 1) 1), Br(t -up)}
= min{B1(0), Br(0)} = Br(0),
Br(pr-w) > min{Br((p1-v1) - u1), By(vr-w)}
= min{B;(0), B(0)} = B,(0),
Br(pr-u) <maz{Br((p1-v1) w), Bp(rr-u1)}
= maz{Br(0),Br(0)} = Br(0).

On the other hand, we know from Condition (16), %T(O) =
%T(pl), %1(0LZ %1([31), atld %F(O) < %F(pl) for all
p1 € K. Thus, %T(]h '111) = %T(O), %[(]ﬁ -111) = %[(0),
and B (p1-u1) = Bx(0). This implies p; -u; € J(0). Ob-
viously, 0 € J7(0). Therefore, J(0) is a positive implicative
ideal of . [ |

Theorem 3.20. In a positive implicative BCK-algebra K,
every SB-NSI of K is a PISB-NSI of K.

Proof: Let K be a positive implicative BCK-algebra,
and B = (B, B;,Br) is an SB-NSI of K. If we replace
p1 with py - uy and v; with tq - u; in (SB-NSI 2), (SB-NSI
3), (SB-NSI 4), then we obtain

Br(p1 - u1) = rmin{Br((pr - wr) - (v w1)), Br(v - up)}
= rmin{Br((p1 - v1) - u1), Br(rr - w)},
Br(pr-wr) > min{Br((pr-wr) - (t1-u1)), Br(er-u)}
=min{B((p1 - t1) - w1), Br(v -u1)},
Br(pr-ur) <maz{Bp((p1-u1)- (v1-u1)), Br(vi-u)}
=mazr{Br((p1-t1) u1),Brts-u)},

for all p1,t1,u; € K. Obviously,

B7(0) = Br(p1),B1(0) > Br(p1),Br(0) < Br(p1)
for all p; € K. Therefore, B = (%T,%I,%F) is a PISB-
NSI of K. [ |

Theorem 3.21. If B = (Bp, B, Bp) is a PISB-NSI of
K, then B is an interval-valued fuzzy positive implicative
ideal, while Bt and ‘B are fuzzy positive implicative ideal
of K.

Proof: Suppose B = (%g,%],%plis a PISB-NSI of
K. Then, for all p; € K, %T( ) = %T(pl)’ %[(O) >
B1(p1), and Br(0) < Br(p1) = —Br(0) > —Br(p1) =
1*%F(0)21*%F(p1)é%}7( ) >%F(p1) Also,

%T(pl -ul) = rmin{%T((pl . ’Cl) . ul),%T(n -ul)}
Br(p1-ur) = min{B((p1-v1) ur), Br(vr-w)}

Br(pr-u) <mazr{Bp((p1-v1) u1), Bp(tr-u)}
= —Br(p1-w) > —maz{Br((p1 - t1) - w),
%F(tl ~u1)}
=1—Bp(pr-w)>1—max{Br((p1-t1) u1),
Br(ry-uy)}

= Br(p1-uwr) > min{l — Bp((p1-v1) - w),

B 1 =Bp(vwm)}

= Br(pr-w) = min{Bp((p1 1) w),

_ %F(tl . ul)}
Therefore, B is an interval-valued fuzzy positive im-
plicative ideal, while B; and B are fuzzy positive implica-
tive ideal of K. [ |

Theorem 3.22. Let B = (B, B, B ) be an SB-NSI of K.
Then B = (Br1,B1,Br) is a PISB-NSI of K iff it satisfies
the condition

Br(py 1) = Br((pr-v1) 1)
Br(pr-v1) =Br((pr-v1) 1) | forallpi,v € K.
Brpr-v) =Br((p1-v1) 1)

(26)

Proof: Assume that B = (B, By, B ) is a PISB-NSI
of KC. Put u; = v; in the Definition 3.1, then we get
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Br(p1-v1) = rmin{Br((p1 - v1) - v1), Br(vr - v1)
= rmin{Br((p1 - v1) - 11), Br(0)}
= %T((pl St1) - t1),

Br(pr-vr) =>min{Br((p1-t1) -v1),Br(vy -t1)}
> min{B((p1-t1) - v1),Br(0)}
> Br((p1-v1)-t1),

Brpr-v) <max{Br((p1-v1) - t1), Br(tr 1)}
<maz{Bp((p1-t1)-t1),Br(0)}
<Bp((pr-t1) - t1).

Therefore,

%T(pl 1) < %T((Pl “t1) - t1)

Br(pr-v1) <Br((pr-t1) 1) for all py,tv1 € K.

Brpr-v1) > Bp((pr-t1)- 1)

27)
Since (p1 -t1) < up = (p1-v1) -ty < py - vy, by Corollary
3.6,

%T(m “t1) %T((Pl “t1) - tp)

Br(pr-t1) > Br((pr-v1)-t1) for all p1,t; € K.

Brpr-v) <Bp((pr-t1) )

(28)
From Conditions (27) and (28), we conclude that Condition
(26) holds in . _

Conversely, let B = (B, B7,Br) be an SB-NSI of £
satisfying the Condition (26). Since K is a BCK-algebra, we
have ((p1~u1)~u1)~(t1'u1) < (pl't1)~u1 for all P1,t1,U1 € K.
By Corollary 3.6, we have

B (((pr-u1) - w) - (b1 - wp))

Br(((pr-wr)-u1)- (1 -w))

Br(((pr-ur)ur)-(ve-w)) F((p1-t1) )
(29)

Now, by using Condition (26), Definition 2.15, and Condition
(29), we obtain

%T«pl “t1) - ug)
Br((p1-t1)-w)
B

IN IV Y

%T(pl ‘up) = %T((m “Up) - up)

= rmin{Br(((pr - w) - w) - (01 - w)),

B (v -w)}

= rmin{Br((p1-v1) - u1), Br(e -up)},
Br(pr-ur) =Br((pr-wr) - u1)

> min{Br(((p1-u1) -u1) - (v1-w)),

Br(vy-ug)}

> min{B((p1 - v1) - u1), By(vr-w)},
Br(pr-w) =DBr((pr-w) - w)

< maz{Bp(((p1-u1) u1)- (v1-w)),

Bp(t-w)}
<maz{Br((p1-t1) u1), Bpr(ty-u)}.

Thus, B = (B, B, Br) is a PISB-NSI of K. n

IV. IMPLICATIVE SB-NEUTROSOPHIC IDEAL (ISB-NSI)
Definition 4.1. Let K be a BCK-algebra. An SB-NSS B =
(B7,B1,Br) of K is called an ISB-NSI of K if it satisfies
(16) and

Br(p1) > min{Br((p1 - (vv-p1)) - u1), Br(ur)}

( Br(p1) = rmin{Br((pr - (v1 - p1)) - u1), Br(w)} )
Br(p1) <mar{Br((p1- (v1-p1)) - w1), Br(w)}
(30)

fOF all p1,t1,U1 € K.

Example 4.2. Consider a BCK-algebra K = {0,1,2,3,4}
as given in Table VII.

TABLE VII
BCK-ALGEBRA

el E=A =N E=N E=N N

AWM~ |O|O
W WD | Oo|Oo| =
AW IOI—=|O|N
=N NN el Re R E=NE=

0
1
2
3
4

Let us define an SB-NSS B = (Brp,B;,Bp) in K as

shown in the Table VIII. By routine calculations we can show

TABLE VIII
SB-NEUTROSOPHIC SET
K | Interval-valued grade Grade of Grade of
of membership indeterminacy non-membership
0 [0.57, 0.73] 0.93 0.41
1 [0.57, 0.73] 0.93 0.41
2 [0.57, 0.73] 0.93 0.41
3 [0.35, 0.61] 0.77 0.79
4 [0.35, 0.61] 0.77 0.79

that B = (%T,EBI,%F) is an ISB-NSI of K .
Theorem 4.3. Every ISB-NSI of K is an SB-NSI of K.

Proof: Let B = (%T, B1,B ) is an ISB-NSI of L. If
we put 1 = 0 in (30), then we obtain

Br(p1) = rmin{Br((pr - (0-p1)) - u1), Br(ur)}

= Tmin{%T(m “uy), %T(ul)}v

Br(p1) > min{Br((p1-(0-p1)) -u1),Br(ur)}
> min{Br(p1 - u1), Br(u1)},

Br(p1) < maz{Br((pr-(0-p1)) -w1), Br(u)}
<maz{Bp(p1-u1), Br(u)},

for all p1,ty,u; € K. This shows that B = (%T,%I,%F)
is an SB-NSI of K. ]

The following example shows that the converse of Theo-
rem 4.3 is not true in general.

Example 4.4. Consider a BCK-algebra K = {0,1,2,3} as
given in Table IX. _

Let us define an SB-NSS B = (B1,B;,Br) in K as
shown in the Table X.
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TABLE IX
BCK-ALGEBRA

0 1 2 3

0 0 0 0 0

1 1 0 0 1

2 2 1 0 2

3 3 3 3 0
TABLE X

SB-NEUTROSOPHIC SET

K | Interval-valued grade Grade of Grade of
of membership indeterminacy non-membership
0 [0.35, 0.87] 0.49 0.77
1 [0.19, 0.53] 0.11 0.95
2 [0.55, 0.87] 0.49 0.77
3 [0.19, 0.53] 0.11 0.95

It is easy to check that B = (%T, B, Br) is an SB-NSI
of IC, but it is not an ISB-NSI of K because of the following
reasons

[0.55,0.87] = B (2)
1) -2),Br(2)}

Br(1) =[0.19,0.53] <
= rmin{Br((1- (3
B(1) = 0.11 < 0.49 = B(2)

=min{B;((1-(3-1))-2),B:(2)},
%F(l) =0.95>0.77 = %F(2>
=maz{Br((1-(3-1))-2),Br(2)}.

Theorem 4.5. If IC is an implicative BCK-algebra, then every
SB-NSI of K is an ISB-NSI.

Proof: Assume K is an implicative BCK-algebra and
B = (Br, B, Br) is an SB-NSI of K. Utilising Definition
4.1 and Equation (13), we obtain

Br(p1) = rmin{Br(p1 - u1), Br(w)}

= Br(p1) = rmin{Br((p1 - (v - p1)) - u1), Br(ur)},
B1(p1) = min{Bs(p1-u1), Br(w)}

= B1(p1) > min{Br((p1 - (v1-p1)) - w), Br(w)},
Br(p1) <max{Br(pr-w), Br(u)}

= Br(p1) < maz{Br((p1- (t1-p1)) - w), Brw)}.

It follows that B = (‘%T, B;,Bp) is an ISB-NSL of £. H
Corollary 4.6. In K, every ISB-NSI is an SB-NSSA.

Corollary 4.7. Let B = (B, B, Br) be an ISB-NSI of K.
Ifp1 <ty in K, then Br(p1) = Br(v1), Br(p1) > Br(v),
and Br(p1) < Bp(vy) i.e., Br and By are order-reversing
and B are order-preserving.

Theorem 4.8. If B = (By,B;,Bp) is an ISB-NSI of K
and

®(0) = {p1 € K | Br(p) = Br
Br(p1) =Br(0)}.

Then ®(0) is an implicative ideal of K.

(0),B1(p1) = B1(0),

Proof: Let py,t; € K such that (py - (v1-p1)) - us,u1 €
®(0). Since B = (B, B, Br) is an ISB-NSI of K, we
have

rmin{Br((p1 - (e1 - p1)) - w), Br(ur)}
= rmin{B7(0), B7(0)} = B (0),
min{Br((p1 - (v1-p1)) -w1), Br(wr)}
= min{B1(0),B,(0)} = B(0),
maz{Br((p1 - (v1-p1)) w),Br(u)}
= max{Br(0),Br(0)} = Br(0).

% (p1) =

Br(p1)

v

Br(p1)

IN

On the other hand, we know from Equation (16) that
B7(0) = Br(p1), Br(0) = B1(py), and Br(0) < Bp(p1)
for all p; € K. Thus, Br(p1) = Br(0), Br(p1) = B;(0),
and B (p1) = Br(0). This implies p; € &(0). Obviously,
0 € 6(0). Therefore, &(0) is an implicative ideal of . M

Theorem 4.9. An SB-NSS B = (Br,B;,Br) of K is an
implicative SB-NSI of K if and only if the non-empty sets
UBr;[l1,12]), U(Br;m), and L(Br;n) are implicative
ideals of K for all m,n € [0,1] and [l1,12] € [I].

Proof: The proof of the theorem follows a similar
approach to the proof provided in Theorem 3.16. [ |

Theorem 4.10 (Extension property for ISB-NSI). Let M =
(MT,M], MF) and B = (sBT,sB[,%F) be two SB-NSIs
of K with the condition that M(0) = B(0) and M C B
i.e, Mr(0) = B7(0), M(0) =B,(0), Mp(0) =Bp(0),
and Mr(p1) < Br(p1), Mi(p1) < Br(p1), Mr(p1) =
%F(pl)fOF all p1 € K.

If M= (MVT,MI,MF) is an ISB-NSI of K, then so is
B.

Proof: To prove that % is an ISB-NSI of K, it is
sufficient to show that for any m,n € [0,1] and [I1, 5] € [I]
the level subsets U(Br;[l1,12]), U(B;m), and L(Bg;n)
are either empty or an implicative ideals of K. If the level
subset U(Br; [l1,12]), U(Br;m), and L(Bp;n) are non-
empty then

UM [l 1o]) # ¢, UMz
( UMT;[l1,1]) CUDBT; 11, 12])
and

m) # ¢, LIMp;n) # ¢,

) . In fact, if

UMp;m) CUEB;mM)
L(Mp;n) C L(Br;n)

P1 iu MT' [llaZQ]) p1 € U(M[;m)

= Mr(p1) = [l1, l2] = Mi(p1) =m

:%T( 1) [l1,l2] ’ :%IOJI) >m

= p1 € U(Br: [l 15) = p1 €U(Br;m)
p1 GL{(MF;n)

= p1 € L(Br;n)

By hypothesis M = (/WT,MI,MF) is an ISB-NSI
of K. By the Theorem 4.9, the non-empty level subsets
UMT;l1,12]), U(M;m), and L(Mp;n) are implicative
ideals of KC, for any m,n € [0,1] and [l;,ls] € [I]. By
Proposition 2.7, U(Br; [l1,12]), U(B;m), and L(DBg;n)
are implicative ideals of K. It follows again from Theorem
4.9, that B = (B, B, Br) is an ISB-NSI of K. [ ]

and
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Theorem 4.11. An SB-NSI B = (%T,%I, Br) is an ISB-
NSI of K iff the following conditions hold

= %T(pl “(t1-p1))

Br(p1)
Br(p1) > Br(pr- (t1-p1))

) for all py,vq € K.
Br(p1) < Brlpr- (t1-p1))

(€2
Proof: Suppose that B = (%T, B1,Br) is an ISB-NSI
of KC. Put u; = 0 in Equation (30). Then, we obtain

Br(p1) = rmin{Br((p1 - (x1-p1)) - 0), Br(0)}
=By (p1 - (11 p1)),
Br(p1) = min{B((p1 - (v1-p1)) -
=B1(p1 - (v1-p1)),
Bp(p1) < maz{Bp((p1- (v1-p1))-
=Bp(p1- (v1-p1)),
for all p1,v; € K. _
Conversely, assume that B = (Br,B;,Bp) satisfies Con-
dition (31), for all py,t; € K. Since B = (B, B, Br) is
an SB-NSI of C,
Br(p1) = Br(ps - (v1-p1))
= rmin{Br((p1 - (v1-p1)) - w), Br(ur)},
Br(p1) > Br(p1- (v1-p1))
>min{Br((p1 - (v1-p1)) - w
Br(p1) <Bp(pr-(v1-p1))

0),8:(0)}

0),Br(0)}

):Br(w)},

<maz{Br((p1 - (v1-p1)) -u1), Br(uw)},
an ISB-NSI of K iff the following condition holds
Br(p1) < maz{Bp(u1), Br(w)}

By Theorem 4.3, B = (B, B, Br) is an SB-NSI of K. It
Br(p1) <Bp(pr-(v1-p1) < maz{Bp(w), Br(v)}
If we take p; = 0 and u; = v = p; in (32), then we can

) < uy, it follows
from the hypothesis

for all py,tq1,u; € K. Therefore, B = (%T,%I,EBF) is an
ISB-NSI of K. |
Theorem 4.12. An SB-NSSA B = (Br,B;,Br) of K is
(p1-(v1-p1)) 1 <w=
Br(p1) = rmin{Br(uy), Br(w)}
Br(p1) > min{Br(uy),B(w)} (32)
Sfor all py,t1,uy,0 € K.
Proof: Assume that 8 = (%T, B, Br) is an ISB-NSI
of K. Let p1,t1,u1,10 € K be such that (p1-(v1-p1))-w < 1.
follows from Theorem 4.11 and Lemma 3.7, that we have
Br(p1) = Br(pr - (v1-p1)) = rmin{Br(ur), Br(r)}
Br(p1) > Br(p1 - (v1-p1)) = min{Br(w), B (w)}
for all p1,tvy,uq,t0 € K. _
Conversely, assume that B = (Br,B;,Br) is an SB-
NSSA of K and satisfies the Condition (32).
obtain %T(O) = %T(pl), %](0) > sB[(]Jl), and SBF(O) <
B(pp) for all p; € K.
Since (p1 - (v1-p1)) - ((p1- (v1-p1)) -
Br(p1) = rmin{Br((p1 - (t1-p1)) - w), Br(w)}
Br(p1) = min{Br((p1- (v1-p1)) - ur), Br(ur)}
Br(p1) <max{Br((p1-(t1-p1)) - w), Br(u)}

for all p1,t1,u; € K. Therefore, B = (%T,‘BI,%F) is an
ISB-NSI of K. [ |

Theorem 4.13. Let B = (B, B, Bp) is an SB-NSI of K.
Then the following are equivalent

(a) B is an ISB-NSI.

( %T(Pl) = Br(pr - (v1-p1)) )
(b) 1(p1) > Br(pr - (v1-p1)) | forall pr,vy € K.
Br(p1) < Bp(pr- (v1-p1))
7(p1) = Br(pr - (v1-p1))
(©) ( r(p1) = Br(pr - (v1-p1)) ) Jor all py,t, € K.
Br(p1) =Br(p1 - (t1-p1))
Proof: (a) = (b)
Let B = (B, B, Br) is an ISB-NSI of L. Put u; =0 in
Equation (30), we obtain
By (p1) = rmin{Br((p1 - (v1 - p1)) - 0), B (0)}
=Br(pr - (v1-p1)),
Br(p1) = min{B((p1 - (v1-p1))-0),B(0)}
=Br(p1 - (v1-p1)),
Br(p1) < max{Br((p1- (v1-p1))-0),Br(0)}

= Br(p1-(v1-p1)),

for all p1,v; € K. Hence, the Condition (b) holds.
(0) = (c)

Observe that for all py,t; € K, p1 - (1 - p1) < p1. Using
Corollary 4.7, we have B (p; - (t1-p1)) = Br(p1), Br(p: -
(t1-p1)) = Bs(p1), and Bp(p1 - (v1 - p1)) < Bp(p1).

It follows from (b) that %T(pl) = %T(pl : ( pl)),
B1(p1) = Br(p1-(vi-p1)), and Bp(p1) = Br(p1-(vi-p1)).
Hence, the Condition (c) holds.

(c) = (a) _

Since B = (B, B, Br) is an SB-NSI of K, we have

%T(pl (v1p1))

. rmin{%T((m “(t1-p1)) - w
Br(p1 - (v1-p1))

> main{Br((p1- (t1-p1)) -
Br(pr - (v1-p1))

<maz{Bp((p1- (t1-p1))-

), Br(u1)},
), Br(ui)},

ur), Br(w)},

for all p1,v1,u; € K. Using (c) we obtain

Br(p1) = rmin{Br((p1 - (e1 - p1)) -wr), Br(ur)}
Br(p1) > min{Br((p1 - (v1-p1)) - w1), Br(w)}
Br(p1) <mar{Br((p1- (v1-p1)) - w1), Br(w)}

for all pi,v;,u; € K. Obviously, B satisfies By (0) 3=
%T(pl), %](0) > %[(pl), and %F(O) < ‘Bp(pl) for all
p1 € K.

Therefore, B = (%T, B;,Br) is an ISB-NSLof L. H

Theorem 4.14. Every ISB-NSI B8 = (%T,%I,EBF) of K

satisfies
( Br(pr- (pr-t1)) = Br(er - (11 1)) )
(33)

Br(pr-(p1-t1)) > Br(ve - (v1-p1))
Brp1-(p1-t1)) < Bp(er- (t1-p1))

Sfor all p1,v1 € K.
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Proof: In K, by utilising Equations (2), (7), (1), and (8),
we obtain

p1-(p1-t) <m
=t -p1 >t (pr- (1))

=t (vr(pr-(p1-t))) <vi- (v p1)
= (p1-(vr- (1 (p1-v1))) - (pr-vr) <er-(va-p1)
= (pr-(pr-v1)) - (e (pr-(pr-t1))) <vr-(v1-p1)
It follows from Corollary 4.7,
Br((pr - (p1 - t1)) - (v (pr (p1-t1))))
s YBT( (t1-p1))
Br((p1 - (p1-t1)) - (v (pr- (p1-11)))) (34)

> By(vr - (vr - P1))
Br((pr-(p1-t1)) - (v1- (1
<Bp(rr- (e - Pl))

~(p1-11))))

Since B = (B, B, Br) is an ISB-NSI, we have
Br(p1 - (p1-t1)) = rmin{Br(((p1 - (p1 - v1)) - (v1 - (p1 -
(p1-71)))) - 0),Br(0)}
= Br(pr-(p1-v1)) = Br((pr-(p1-v1)) - (vr-(p1-(p1-t1))))
= Br(vr - (v -p1))s

“(p1-11)) - (v

Br(p1-(p1-t1)) > min{Br(((p1 “(p1-(pr-

t1)))) - 0),B7(0)}
= Br(pr-(p1-t1)) > Br((pr-(pr-v1)) - (vr-(p1-(p1-v1))))
> Br(v - (v1-p1)),
Br(pr-(p1-v1)) <max{Br(((p1-(p1-v1)) (v (p1- (p1-
t1)))) - 0),Br(0)}
= Br(pr-(p1-t1)) <Bp((pr-(p1-v1))- (tr-(p1-(p1-t1))))

<Bp(tr - (t1-p1)).
Hence, the result is proved. [ |

Theorem 4.15. Let J C K and B = (%T,%I,%F) be an
SB-NSS in IC defined as

T [7717772]7 lfpl cJ
% =
7(p1) {[0,0], otherwise

%[(lh) _ {ma lfpl € \7

0, otherwise

%F(pl) _ {n7 lfpl S \7

1, otherwise

Where n1,m2,m € (0,1] with n1 < 1z and n € [0,1). Then
the following are equivalent

(i) B = (Br,B;,Bp) is an ISB-NSI of K.

(i1) J is an implicative ideal of K.

Proof: (i) = (i1)
Suppose B = (%T,‘BI, B ) is an ISB-NSI of K. Let p; €
T, Br(0) > Br(p) = [n1,m2] = Br(0) > [n1,m2) =
0e J. Let P1,t1,U GNIC such that (pl (tl pl)) weJ
and u; € J. We have Br(p1) = rmin{Br((p1 - (v1-p1)) -
w), Br(w)} = rmin{[n, na], 01, m2]} = [n1,m2) and so
p1 € J. Hence, J is an implicative ideal of /.
(#1) = (1) _

Let py € K. If py € J, then Br(p1) = [n1,m2], Br(p1) =
m, and Bp(p1) = n. Since 0 € J, we have Br(0) =
(11, m2], B1(0) = m, and B (0) = n. Therefore, Br(0) =
Br(p1), Br(0) = Bs(p1), and Bp(0) = Bp(p1). If p1 ¢

J, then Br(p1) = [0,
Therefore,
B1(0) = [n1,72] - [0,0] = Br(p1) = Br(0) = Br(py)
Br(0)=m>0=B1(p1) = Bs(0) > B;(p1)
Br0)=n<0=Br(p1) = Br0) < Br(p1).
Therefore,
Br(0) = Br(p1),
for all p; € K.
Let p1,vi,u; € K If (pr-(v1-p1)) wy € Jand g € J,
then p; € J and so
By (p1) = [, m2] = rmin{[n1, na], (1, m21}
= rmin{Br((p1 - (v1 - p1)) - w1), Br(w)},
Br(p1) =m = min{m,m}
min{B((p1 - (v1-p1)) -
Br(p1) =n =mazx{n,n}
=maz{Bp((p1 - (v1-p1)) - w), Bp(u)}.
If any one of (p1 - (v1 - p1)) - uy and uy is contained in J
say (p1-(v1-p1))-u1 € J, then
Br(p1) = 0 = rmin{[m,n2], 0,0]}
= rmin{Br((p1 - (v1-p1)) -1
Br(p1) > 0=min{m,0}
=min{Br((p1 - (v1-p1)) W
= maz{n, 1}
=maz{Bp((p1 - (v1-p1)) - w), Bp(u)}.
If (py - (v1-p1)) w1 ¢ J and uy ¢ 7, then

0], Br(p1) = 0, and Bp(p1) = 1

B7(0) > Br(p1), Br(0) < Br(p1)

ur), Br(u)},

), Br(u1)},

), Br(w)},
Br(p) <1

B (p1) = 0 = rmin{[0, 0], [0, 0]}
= Tmin{%T((pl “(v1-p1)) 'ul)»%T(ul)}v
Br(p1) > 0=min{0,0}
= min{B((p1 - (v1-p1)) -u1), Br(w)},
Br(p1) <1 =maz{l, 1}
=maz{Bp((p1 - (v1-p1)) w), Bp(u)}.
Therefore,
Br(p1) = rmin{Br((pr - (v1 - p1)) - u1), Br(w)}
B1(p1) = min{Br((pr- (v1-p1)) -u1), Br(ur)}
Br(p1) < max{Bp((p1 - (v1-p1)) - w), Bp(u)}
for all py,v1,u1 € K.
Hence, B = (Br1,B;,B ) is an ISB-NSI of K. [ ]

Corollary 4.16. Let 7 C K and B = (Br,B;,Br) be an

SB-NSS in IC defined as

- [17 1]7 lfpl S J
B =
7(p1) {[0,0], otherwise
]-7 lfpl S ‘-7
B -
1(p1) {O, otherwise

07 lfpl S ‘—7
B -
#(p1) {1, otherwise

Then the following are equivalent
(1) B = (Br,B1,Br) is an ISB-NSI of K.
(ii) J is an implicative ideal of K.

Volume 54, Issue 5, May 2024, Pages 815-830



TAENG International Journal of Applied Mathematics

V. COMMUTATIVE SB-NEUTROSOPHIC IDEAL The following example illustrates that the converse of the
(CSB-NSI) Theorem 5.3 may not be true.

Definition 5.1. Let K be a BCK-algebra. An SB-NSS B =  Example 5.4. Consider a BCK-algebra K = {0,a,b,c,d}
(B7, B, Br) in K is called a CSB-NSI of K if it satisfies g5 defined in Table XIII.
(16) and

TABLE XIII
BCK-ALGEBRA

(CSB-NSI 1) B (p1 - (t1 - (v1-p1)))
= Tmin{%T((pl Sty - Up), %T(ul)}v
)

0 a b c d

(CSB-NSI 2) %1(]31 . (tl . (tl - P1 0 0 0 0 0 0

> min{Br((p1-t1)-u1),Br(ur)}, S T o o

(CSB-NSI 3) %F(pl . (tl . ('Cl . pl))) b b b 0 0 0

<maz{Br((p1-t1) w),Bp(n)}, cllellellclo]lo

Sor all py,t1,u7 € K. dffdffdlffd]c]| O

Example 5.2. Consider a BCK-algebra K = {0,a,b,c,d} ~
as given in Table XI. Let B = (B, B, Br) be an SB-NSS in K as defined in
Table XIV. It is normal to check that B = (Br, B, Br) is
TABLE XI

BCK-ALGEBRA TABLE XIV

SB-NEUTROSOPHIC SET

0 a b c d
0 0 0 0 0 0 K | Interval-valued grade Grade of Grade of
a a 0 0 0 a of membership indeterminacy non-membership
bl lolls o 0 [0.7,1] 1 0.1
a [0.5,0.8] 0.5 0.2
c c a c 0 c
allalallalallo b [0.2,0.5] 0.2 0.3
c [0.2,0.5] 0.1 0.3
Let us define an SB-NSS B = (B1,B;,Br) in K as d [0.2,0.5 01 0.3

shown in the Table XII. It is normal to check that B =

TABLE XII an SB-NSI of K. Since

SB-NEUTROSOPHIC SET

Br(b-(d-(d- b)) = Br(b)

. Ime()rtYill:svrill;l:r(ihgi;ade indi;::f;izgcy nonﬁggrsz;fship = [0'2’ 0'5] = [0'7’ 1] = %T(O)
0 038, 1] 1 02 = rmin{Br((b-d)-0),B7(0)},
a [0.5,0.7] 0.8 0.4 Brb-(d-(d-b))) =B1(b)
b [0.4,0.6] 0.6 0.6 =0.2<1=29;(0)
c [0.3,0.5] 0.4 0.8 = min{B;((b-d)-0),B(0)},
d [0.1,0.3] 0.2 1 Bpr(b-(d- (db))) :%F(b>
_ =0.3>0.1=%5(0)
(Br,B1,Br) is a CSB-NSI of K. =maz{Bp((b-d)-0),Bp0)},
Theorem 5.3. In a BCK-algebra K, every CSB-NSI is an B
SB-NSI of K. B = (B, B, Br) is not a CSB-NSI of K.

Proof: Let B = (%r,B;,Br) is a CSB-NSI of K. If  Theorem 5.5. Let B = (Br, By, Br) be an SB-NSS of K.
we take t; =0 in (CSB-NSI 1), (CSB-NSI 2), (CSB-NSI 3)  Then, 8 = (Bp, B, Br) is a CSB-NSI of K if and only if
and utilising Equations (5) and (6), then it is an SB-NSI and the following condition holds

Br(p1 - (0-(0-p))) = Tm%n{%T((Pl 10) ), Br(u)} Bor(or - (t1- (01 p1) = Br(pr 1)

= Br(p1) = rmin{Br(p1 - w), Br(w)}, Br(pr- (e (t1-p1)) > Br(pr - 1) (35)
Br(p1-(0-(0-p1))) =min{B;((p1-0)-u1),Br(u1)} Bp(py- (vr-(v1-p1))) < Br(pr-t1)

= B(p1) = min{B(p1 - w1), Br(u1)}, forall pr.v, € K
Br(pr - (0-(0-p1))) < max{Bp((pr-0) - w), Br(u)} e _

= Bp(p1) < mazx{Bp(p: - u1), Bru)}, Proof: Assume that B = (Br1,B,Bp) is a CSB-NSI

_ of KC. If we set u; = 0 in equations (CSB-NSI 1), (CSB-NSI
for all py,t1,uy € K. Therefore, B = (B, B;,Br) is an  2), and (CSB-NSI 3), then we obtain the Condition stated in
SB-NSI of K. B (35).
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Conversely, suppose that B = (%T,%I,%F) is an SB-
NSI of K that satisfies the Condition (35). Then

(vi-p1))) = Br(pr-v1)
= rmin{Br((p1 - 1) -
(t1-91))) > Br(p1-v)
> min{B;((p1-tv1) Wy
(v1-p1)) < Br(p1-v1)
< max{Br((p1-t1) W

%T(pl JCE
w), Br(w)},
Br(py- (o1
), Br(u1)},
Br(pr- (o1
), Br(u1)},

for all py,t1,u; € K. Therefore, B = (%T,%I,‘BF) is a
CSB-NSI of K. [ |

Theorem 5.6. In a commutative BCK-algebra, every SB-NSI
is a CSB-NSIL

Proof: Let B = (B, B, By) is an SB-NSI of a
commutative BCK-algebra K. Using Equations (8), (9), (12),
and (15), we derive

((p1 - (va - (1 -p1))) - ((p1-v1) -w)) -y
= ((p1- (v1 - (v1-p1))) ~ur) - ((p1 - 1) - wa)
< (p1- (1 (v1-p1))) - (p1-v1)
=(p1-(p1-v1)) (v1-(v1-p1)) =

That is, ((p1 - (v1- (v1-p1))) - ((p1 - v1) - u1)) < uy for all
p1,t1,u; € K. According to Lemma 3.7, we have

%T(pl (v (10 p1)))

= rmin{Br((p1 - t1) - w1), Br(n)},
Br(p1- (v (v1-p1)))

> min{Br((p1-t1) - ur), Br(ug)},
Bp(p1 - (v1- (v1-p1)))

<max{Br((p1-t1) - u1), Br(u)}.

(B, B, Br) is a CSB-NSI of K. n

Theorem 5.7. An SB-NSS B = (Br,B;,Br) in K is a
CSB-NSI of K if and only if, for any m,n < [0,1] and
[l1,12] € [I], the non-empty sets U(Br;|l1,12]), U(DB1;m),
and L(Br;n) are commutative ideals of K.

Therefore, B =

Proof: The proof of the theorem follows a similar
approach to the proof provided in Theorem 3.16. [ |

Theorem 5.8. Given J is a_commutative ideal of a
BCK/BCl-algebra K. Let B = (Br,B1,Br) be an SB-NSI
of K defined by

T [7717772]7 lfpl S \7
% =
7(p1) {[0,0]7 otherwise
m, ifpr € J
% =
1(p1) {O, otherwise
n, ifped
% =
#(p1) {1, otherwise

Where n1,m2,m € (0,1] with n1 < 1z and n € [0,1).
Then B = (Br,B;,Br) is a CSB-NSI of K such that
UDBT; [, me]) = T, U(B;m) =T, and L(Br;n) = J.

Proof: Let py,vi,uy € K If (pr - v) -y € J and
u € J, then (py - (v - (v1-p1))) € J, and so

(t1-p1))) = [m,m2]

= rmin{[n1, n2], (1, m2]}

= rmin{Br((p1 1) - w

1 (v1-p1))) = m =min{m,m}
=min{Br((p1-t1) - w1), Br(u)},

Br(py - (t1-(v1-p1))) =n =max{n,n}

= maz{Br((p1-v1) w1), Br(u1)}.

%T(pl : (t1

), Br(u1)},
Br(pr- (v

If any one of (p; -v1) - u; and uy is contained in J, say
(p1-v1)-wy € J, then By ((p1-v1)-u1) = [m, na), Br((p1-
t) cu) = m, Bp((pr ) -w) = n, Br(w) = [0,0],
B(u;) =0, and Br(uy) = 1. Hence,

Br(pr - (1 (v1-p1))) = [0,0]

= rmin{[n1, 2], [0, 0]}

= rmin{Br((p1 - t1) - u1), Br(ur)},
< (r1-p1))) >0 =min{m,0}
=min{B((p1-v1) - u1), Br(w1)},
“(v1-91))) <1 =maz{n,1}
=maz{Br((p1-t1) w),Br(u)}.

Br(pr - (t

Br(pr- (v

If (py-v1)uy ¢ J and uy ¢ 7, then %T((plfl)-ul) =
Br((pr-vi)w) =0, Bp((pr-v1)w)=1,Br(w) =
Br(u;) =0, and B (uy) = 1. It follows that

Br(py- (v (t1-p1))) = [0,0]
= rmin{[0, 0], [0, 0]}

= rmin{%T((pl ct1) - up), %T@'l)}a

Br(py - (1 (v1-p1))) > 0=min{0,0}
=min{Br((p1-t1) - w1), Br(u)},
Brpr- (v (vr-p1))) <1 =max{l, 1}

=mazx{Br((p1-t1) w1),Br(u)}.

It is obvious that

Br(0) = Br(p1),Br(0) > Br(p1), Br(0) < Br(p1)
for all p; € K. Consequently, B = (%p By, B ) is a CSB-
NSI of K. Clearly, we also observe that U(Br; [n1,72]) =
J, U(B;m) =7, and L(Bp;n) =J. [ |

A mapping X : K — Y of BCK/BCl-algebras is called a
homomorphism if A(p;-t1) = A(p1)-A(ry) forall py, vy € K.
Note that if A : £ — ) is a homomorphism, then A(0) = 0.

Consider a homomorphism A\ :  — ) in a BCK/BCI-
algebra.

For any SB-NSS B = (Br,B;,Br) in Y, we introduce
a new SB-NSS 8> = (B},%)},%8)}) in K. This induced
SB-NSS defined by B2(p1) = Br(A(p1)), B)(p1) =
Br(A(p1)), and Bx(p1) = Br(A(p1)) for all p; € K.

Lemma 5.9. Let A : K — Y be a homomorphism of a BCK
/BCI-algebras. If an SB-NSS B = (B7,B;,Br) in Y is
an SB-NSI of ), then the corresponding induced SB-NSS
B = (%%,%1 ,B7%) in K is also an SB-NSI of K.
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Proof: For any p; € K, we have

B7(0) = Br(A(0)) = B1(0) = Br(A(p1)) = B (p1),
B7(0) = Br(A(0)) = B1(0) > Br(A(p1)) = B7(p1),
B7(0) = Br(A0)) = Br(0) < Br(A(p1)) = By (n1)-
Let p1,t; € K, then
B2 (p1) = Br(A(p1))
= rmin{Br(A(p1) - A1), Br(A(e))}
= rmin{Br(A(p1 - t1)), Br(A(r))}
= rmin{B7(p1 - t1), B(v1)},
B (p1) = Br(Ap1))
> min{B(A(p1) - ( )) By (A(v1))}
= min{B1(A(p1 1)), Br(A(r1))}
= min{B7(p1 - 1)7%?(&)}7
B (p1) = Br(A(p1))

< maz{Br(A(p1) - A(t1)), Br(A(t1))}
= mar{Br(A(p1-t1)), Br(A(t1))}
= maz{Bp(p1 - t1), Br(t1)}.

Therefore, B* = (B2, B}, B2}) is an SB-NSI of K. |

Theorem 5.10. Let A\ : K — Y be a homomorphism of
a BCK/BCl-algebras. If an SB-NSS B = (B7,B;,Br)
in Y is a CSB-NSI of ), then the induced SB-NSS B =
(B2, B2, B%) in K is a CSB-NSI of K.

Proof: Assume B = (‘%T,EBI,%F) is a CSB-NSI of
V. According to Theorem 5.3, B = (Br,B;,Br) is an
SB-NSI of ). Consequently, by applying Lemma 5.9, we
assert that B* = (B}, B7},B}) is an SB-NSI of Y. For
any pp,t; € KC, we have

%%(Pl (er - (v1-p1) = Br(A(pr - (v (1 p1))))
= Br((Ap1) - (Ar1) - (A(¥1) - A(p1)))))
Br(A(p1) - Ar1))
= Br(A(pr-t1)) = B(p1 - 1),
B (p1 - (v1- (v1-91))) = Br(A(pr - (v1- (v1 - p1))))
=Br((Ap1) - (A(v1) - (A(v1) - A(p1)))))
> Br(A(p1) - Alr1))
=B(A(p1-11)) = ‘B?(Pl 1),
Bp(pr- (v (01 91))) = Br(A(pr- (e1 - (v1-p1))))
=Br((Ap1) - (A(r1) - (A(r1) - AMp1)))))
< Bp(A(p1) - A1)
=Br(A(p1-1)) = %F(Pl - ty).
Hence, according to Theorem 5.5, B = (%%,‘B;‘,‘B)‘) i
a CSB-NSI of . [ |

Lemma 5.11. Let A : K — Y be an onto homomorphism of
BCK/BCl-algebras, and let B = (B, By, ‘BF) represent an
SB-NSS in Y. If the induced SB-NSS B> = (B, B}, B))
in KC is an SB-NSI of K, then 6 = (EBT7%1,%F) is also
an SB-NSI of .

_ Proof: Suppose that the induced SB-NSS B* =
(B2, B7,9B%) in K is an SB-NSI of K. For any element

a in Y, there exists p; € K such that A(p;) = a. Thus,

Br(0) = Br(A(0)) = B2(0)
= %%(Pl) = %T(A(pl)) = %T(a)7
B1(0) = Br(A(0)) = B7(0)
> B7(p1) = Br(A(p1)) = Bi(a),
Br(0) = Br(A(0) = B(0)
< By (p1) = Br(A(p1)) = Br(a).
Let a,b € Y. Then A(p1) = a and A(r;) = b for some

p1,t1 € K. Therefore,

Br(a) = Br(A(p1)) = B(p1)

= rmin{ B (p1 - v1), By (t1)}

= rmin{Br(M(p1 - 1)), Br(A(t1))}

:rmm{%T()\( ) (1)), sBT(/\( 1))}
(a-b),Br(b)},

%I(Pl)
1-t), B7(n)}
(p1-71)), Br(A(v1))}
(1) - A(v1)), Br(A(r1))}

1(0)},
%A(lﬂl)
p1-t), By (v)}
(p1-11)), Br(A(r1))}
(1) - Ar1)), Br(A(v1)}
F(b)}.

(B, B, Br) is an SB-NSI of V. n

= rmm{%;p

Bi(a) = Br(A(p1)) =
> min{B) (s
= min{Br(A

= min{Br(A

=min{B(a-b),B

=Br(Ap1)) =

< maz{B7

= max{Br

%F(a

~

(b

(A
= maz{Br(A
=maz{Br(a-b),B

Therefore, B =

Theorem 5.12. Let A : KK — Y be an onto homomorphism of
BCK/BCl-algebras, and let B = (B, B, BF) represent an
SB-NSS in Y. If the induced SB-NSS B> = (B2, B}, B))
in K is a CSB-NSI of K, then B = (%T,%I,%F) is also a
CSB-NSI of .

Proof: Assume that the induced SB-NSS denoted by
B = (B, B}, By) in K is a CSB-NSI of K. According
to Theorem 5.3, B* = (B3, B}, B3) is an SB-NSI of V.
Consequently, by applying Lemma 5.11, we assert that B =
(B7,B,Br) is an SB-NSI of ).
For any a, b, c € ), there exists p1,t1,u; € K such that
A(p1) = a, M(r1) = b, and A(uy) = c. It follows that,

Br(a-(b-(b-a)))
=%T((A( 1) - (Alen) - (A(xr) -
A(pr - (v1 - (v1-p1))))

1 (v (v p1)))
%T()‘(pl “t1))
) = %T(a'b%

A(p1)))))

~ o~
‘CF

A(p1)))))
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> B3 (p1-t1) = Br(A(p1 - 1))
=B1(A(p1) - A1) = B(a-b),
Br(a-(b-(b-a)))

=Br((A(p1) - (A1) - (A(r1) - A(p1)))))
=Br(Ap1- (v1-(v1-p1))))

=B (p1 - (v1- (v1-p1)))

< By(p1-t1) = Br(Ap1 1))
=Bp(A(p1) - A(v1)) = Br(a-b).

Hence, according to Theorem 5.5, B = (B, B;,Bp) is a
CSB-NSI of ). [ |

VI. CONCLUSION

In this study, we discussed in detail the concepts of com-
mutative SB-neutrosophic ideals, positive implicative SB-
neutrosophic ideals, and implicative SB-neutrosophic ideals,
exploring their properties and characteristics. Through our re-
search, we have provided valuable insights into these theories
to highlight their essential characteristics and functions in the
larger field of neutrosophic theory. Our results contribute to
a deeper understanding of these algebraic structures, which
can provide a platform for new research and applications in
different fields.
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