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Computational Investigation on Flow of Nanofluid
past an Exponentially Stretching Surface using
VHPM
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Abstract—The theory of nanoliquids has revealed several
fundamental properties, including a significant increase in
thermal conductivity over the base fluid. In this study, we
analyzed the nanoliquids two-dimensional laminar boundary
layer flow over an exponentially stretching surface. Suitable
variables are applied to simplify the nonlinear partial
differential equations (PDEs) into ordinary differential
equations (ODESs). The resulting equations are analytically
solved by using the variational homotopy perturbation method
(VPHM),and the graphical representation obtained with the
help of the expressions for momentum, temperature, and
concentration are evaluated for specific estimates of the
dimensionless parameters, specifically the Lewis number(Le),
Brownian motion parameter (Nb), thermophoresis parameter

(Nt), Prandtl number (Pr), of suctionand injection
parameters.
Index Terms— Brownian motion, bvp4c, Exponentially

Stretching Surface, Nanoliquids, Thermophoresis

NOMENCLATURE
a Stretching rate (S™1)
c Concentration (kgm™3)
C, Fluid wall concentration (kgm™3)
Co Ambient concentration (kgm™3)
Cra Skin friction coefficient (=)
Dy Brownian diffusion coefficient (m? s=1)
Dy Thermophoretic diffusion coefficient (m?s=1)
f(m)  Velocity similarity function (-)

g(m)  Temperature similarity function (—)
h(n)  Concentration similarity function (—)
'3 Characteristic of the surface length

Le Lewis Number (—)

Nb Brownian Motion parameter (—)

Nt Thermophoresis parameter (—)

Nu,  Nusselt number (—)

Pr Prandtl number (-)

Sh, Sherwood number (-)

Re,,  Reynolds number (-)

v, Suction/injection parameter (-)
U,  Velocity of the sheet (m s™1)
w, v Velocity components (m s~1)
x,4  Cartesian coordinates (m)
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é Suction and injection velocity

9 Viscosity(Nsm™2)

Pt Density(kgm™1)

(pc)n, heat capacitance of the nanoparticles (J kg~*K ™)
(pc) s heat capacitance of the nanofluid (J kg~*K ™)

a Thermal diffusivity (m? s=1)
n Similarity function (-)
\ Kinematic viscosity (m?s~1)

I. INTRODUCTION

Recently, nanoliquids have seen a surge in usage for various
industrial applications. They have some nanomaterials in
them. Water, engine oil, and ethylene glycol are common
substances that have a low heat conduction capacity and so
inhibit heat transfer. In contrast, metals such as copper and
aluminium are very conductive to heat. Therefore, the
conduction heat transfer (HT) in the fluid suspension is
enhanced by the thermal conductivity of the solid particles.
Choi and Eastman [1] presented the concept of nanoliquids.
The convective flow of a viscous fluid over a plate that
moves under the assumption of nanoparticles was studied by
Jalili et al. [2]. Patil et al. [3] investigated the Williamson
nanoliquid flow over a rough conical surface as a function
of time-varying nonlinear convection. They have noticed
that the distance between the nanoparticles and the wall
enhanced the thermophoresis. The MHD pair-stress hybrid
nanoliquid flow traverses through aporous medium with
viscous dissipation, as scrutinized by Mahesh et al. [4].
Alzahrani et al. [5] found that the flow of hybrid nanofluid
passes through a flat plate. The consequences of Soret and
Dufour's convection flow of Maxwell hybrid nanofluid were
examined by Rauf et al. [6].

Numerous stretching surfaces of varying geometries and
stretching paces have been studied for their significance in
fluid mechanics. The effects of significant nonlinear
convection on a nanofluid's flow over a stretching sheet (SS)
were investigated by Rawat et al. [7]. Verma et al. [8]
performed the unsteady mixed convective nanoliquid flow
through an expanded SS with porous medium. The three-
dimensional Maxwell nanofluid flow through porous
medium past a SS was inspected by Wang et al. [9]. The
magnetohydrodynamics  nanofluid  flow over an
exponentially SS was numerically investigated by Amjad et
al. [10]. Jawad et al. [11] explored the convection of a
Maxwell nanoliquid in a linear porous SS. The nonlinear SS
of a Carreau nanofluid flow with thermal radiation was
delved into by Alrehili [12]. Eswaramoorthi et al. [13]
investigated the water-based nanoliquid flow over a heated
SS.
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The HT of the boundary layer flow past a SS has become a
trending subject in fluid mechanics because of its numerous
applications in advanced industry and technology, which are
utilized in polymer extrusion materials, copper wire
drawing, artificial fibres, hot rolling, etc. More recently,
immense research in convective heat transfer nanoliquids
has played a significant role in various industrial processes.
Negi et al. [14] analyzed the flow of a nanoliquid over a SS
at the stagnation point, where there is no surface mass flux.
The mixed convection in nanoliquid flow over a porous
medium was explored by Sedki [15]. He noticed that the rate
of HT improved as the porous medium was reduced in
thickness. The HT of viscoelastic nanoliquid flow over a SS
was probed by Alrehili [16]. He discovered that larger
Brownian diffusion parameters or smaller Lewis’s
parameters led to an immense rise in nanoparticle
concentration. Saidulu and Reddy [17] performed the HT in
micropolar flow along a SS. They observed that the
concentration rises as the magnetic parameter rises. The HT
of second-grade fluid flowing over a vertical Riga sheet was
scrutinized by Shatanawi et al. [18]. They uncovered that an
increase in the boundary layer's concentration reduced mass
transfer due to thermophoresis. Guled et al. [19] inspected
the HT effects of MHD flow with suction and injection over
a SS. The HT of Casson nanoliquid flow past a 3D Riga
plate was probed by Loganathan et al. [20]. Divya et al. [21]
scrutinized the non-Fourier HT analysis through a Riga plate
with a heat sink or source. They observed that the HT
gradient rose with improved values of the suction or
injection parameters. The mixed convection of Williamson
nanoliquid flow with Cattaneo-Christov HT was explored by
Eswaramoorthi et al. [22].

The goal of this research is to examine the influence of
Brownian motion and thermophoresis on the HT when a
nanoliquid flows in a laminar 2D boundary layer past an
exponentially sized SS. Suitable variables are applied to
simplify the nonlinear PDEs into ODEs. The resulting
equations are analytically solved by using the Variational
Homotopy Perturbation Method (VHPM) [23-26] and the
graphical representation obtained with the help of MATLAB
bvp4c. Graphs are utilized to examine the relationships
between modifications in these crucial components and the
resulting variations in the temperature, concentration, and
velocity profiles. A few more cutting-edge research reports
in fluid mechanics are seen in refs. [27-31].

Il. BAsIC FLOW THEORY

Let consider the steady 2Dboundary layer flow of
incompressible nanoliquid over an exponentially stretching
sheet. Assumed that the sheet and its normal is taken from
the axis of xand y in Cartesian coordinates. In the direction
of x, the velocity of a SS is defined as Uw=Uo e*/ Vat 4¢=0.
Where £ is a characteristic of the surface length, Uo is the
constant velocity characteristic of the surface. The
governing system of equations representing the steady form
as:
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Figure 1: Flow model.
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we present the subsequent similarity transformations
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By using the above transformation, equations (2),(3) and (4)

transforms PDE into following ODE problems
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Where, Nt =Dy (pc)“” (=
Le = L,Pr =2

Dp a
The physical significance of this problem is local skin

frictioncoefficient, Nusselt number(Nu,) and the Sherwood
number (S4,) which are defined as
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Re = U, /v is the Reynolds number, and Re, = U,x/v is
the local Reynolds number.

111. VARIATIONAL HOMOTOPY PERTURBATION
METHOD (VHPM)

As a means of elucidating the core principles underlying the
modified variational iteration method, we can use the
generic differential equation as an example.

Lu+ Nu = h(x)

Here, h(x) denotes the forcing term, L is a linear operator,
N is a nonlinear operator, and We can construct a correction
function using the variational method in the following

manner.uy .1 (x) = un, () + [ A(u)(Lun (W) + Nuy (1) —
h(u))d (1)

WhereA is a Lagrange multiplier. The subscript n denotes
the nth approximation, and f is a restricted variation. The
homotopy perturbation method is now used,

i P f = Ug(x)
n=0 o
=p fo AW (Zﬂ P"L(y)

£y p“N(un>> du — f A hGo)dp,
n=0 0

Which is the variational iteration approach and Adomain's
polynomials can be coupled to generate the variational
homotopy perturbation method (VHPM). Solutions of
varying orders can be found by comparing pairs of identical
powers of p.

IV. SOLUTION OF VARIATIONAL HOMOTOPY
PERTURBATION METHOD

For VHPM [23-26] solutions, the initial conditions are
fom) =1-n, —e”

To Solve the equations (7), (8) and (9) by using VHPM,
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Applying the VHPM, we get,
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Comparing the coefficient of like powers of p, we get
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Numerical Process

The numerical solution of equations (7), (8) & (9) are
satisfies the boundary conditions equation (10)
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Velocity Profile:

vy=0.5
0.9 vy=0.75
0.8 V=1
vy=1.25
0.7 V=15
0.6
< 05
0.4
0.3
0.2
0.1
0
0 1 2 3 4 5 6

Figure 2: Effects of the v,, in the velocity profile
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Temperature Profile:
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Figure 3: Effects of v,,, on Pr = 3,Nb = 0.5, Nt =

1.5, Le = 1.
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Figure 4: Effects of Nb,on Pr =4, Nt = 1.5, Le =
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Figure 5: Effects of Nt,on Pr = 1,Le = 1,Nb =
0.01,v, = 0.25
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Figure 6: Effects of Pron Nb = 0.5,Nt = 2,Le =1, v, =
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Figure 7: Effects of v,,, on Pr = 0.7, Nb = Nt = 0.5,Le =
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Figure 8: Effects of Nt, on Pr = 0.7, Nb = 0.5, Le =
1,v, =0.2
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Figure 10: Effects of Le, on Pr =1,
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Figure 11: Effects of Pr,on Nb = 0.5,
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Figure 12: Effects of Nt on heat transfer coefficient
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Figure 13: Effects Nb on mass transfer coefficient at
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Figure 14: Effects of Nt on mass transfer coefficient
Le =30

Table. 1. Comparison values of reduced Nu, and Sh, for

various Pr values

Pr Makinde & Aziz Present results
[32]
Nu, Sh, Nu, Sh,
1 0.0789 1.5477 0.0789 1.5477
2 0.0806 | 1.5554 | 0.0806 1.5554
5 0.0735 | 1.5983 | 0.0735 1.5983

V. RESULTS AND DISCUSSION

In the present section, we examine the 2D laminar boundary
layer flow of nanoliquid over an exponential SS. The
transformed ODE’s equations (7) — (9) are solved
numerically by using bvp4c method. The effects of physical
parameters for momentum, heat and mass profiles such as
Lewis number (Le), Brownian motion parameter (Nb),
thermophoresis parameter (Nt), Prandtl number (Pr),
suction and injection parameter (v,,). As depicted in Figure
(2), the acceleration increases when enhancing the suction or
injection parameter.

The effectsof suction or injection (v,,), Brownian motion
(Nb), thermophoresis (Nt) parameters and Prandtl number
(Pr) on temperature profiles are portrayed in Figure (3) —
(6). In figure. 3, It is observed that the hotness of the liquid
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enhances due to the higher range of the suction or injection
(v,,).Figure 4 and 5 illustrate, respectively, the impact of Nb
and the Nt on the temperature profile. In this situation,
temperature is a function that grows as a function of both
constants. The temperature has to go up in order to see an
improvement in these factors.The Nb is responsible for the
generation of micro-mixing, which in turn improves the
thermal performance of the base liquid. In addition, the
Nb of nanoparticles is a process of nanotechnology guiding
their thermal performance at both the nanoscale and the
molecular stage. Nboccurs when determining the
classification of nanofluids based on the size of the
nanoparticles, which can have an effect on the parameters of
heat transfer. When the sizes of the particles tend towards
the nanoscale scale, Brownian motion of the particles and its
impact on liquids in the surrounding area play a significant
role in the transmission of heat. whereas it declines the
Prandtl number. Physically, the decrease in the temperature
profile is a consequence of a fact that, as the Prandtl number
improves thermal diffusivity reduces (See Figure. 6).

Figure (7) — (11) draws the consequences of suction or
injection (v,,), Brownian motion (Nb), thermophoresis (Nt)
parameters and Lewis number (Le) on concentration profile
(h(n)). From Figure.7 it is noticed that the h(n) enhances
for the rise in suction or injection parameter (v,,). Figures 8
and 9 depict, respectively, the effect of Nt and Nb on the
h(n). As depicted in these graphs, nanofluid constants exert
opposite effects on the nanoparticle volume fraction profile.
By increasing the Nt, the concentration of nanoparticles and
their associated boundary thickness increase. However, as
the rate of Nb increases, the h(n) values tend to decrease.
Physically, an increase in the Nt constant results in an
increase in the Nt energy, which indicates that nanoparticles
are moving from heated to cold areas; consequently, the
nanoparticle volume fraction increases. In addition,
increasing the Nb reduces nanoparticle diffusion into the
liquid regime away from the surface; consequently, the h(n)
in the boundary layer decreases.

Figure 10 and 11 shows the enhancement in h(#n) for higher
values of Prandtl number (Pr) and Lewis number (Le).
Physically, particles are accelerated away from the field
zone and the liquid in the boundary layer is warmed due to
the Brownian motion. Thus, the concentration is shown to
decrease. The contrast between the local Nusselt number for
(Nt) is depicted in Figure. 12, It is uncovered that the HT
decrease when the values of Nusselt number increases.
Figure (13) — (14) shows the consequences of Sherwood
number for different values of Lewis number (Le =
10 &30) inNt.From this figure it is seen that the mass
transfer decrease when the values of Ntincreases.Table. 1
compares the Nusselt number and Sherwood number current
flow with the earlier reference [32], which we observed in a
unique validation.

V1. CONCLUSION

Examining the impact of Brownian motion and
thermophoresis on the heat transfer (HT) in the boundary
layer was essential for analysing the laminar two-
dimensional boundary layer flow of a nanoliquid past an
exponentially SS. The following is a concise summary of
the results of the analysis. An increase in the suction

parameters causes an increase in the fluid flow;
nevertheless, an enhancement in the suction parameters also
has a rising tendency to raise the temperature and
concentration profiles. Both Nt and Nb constants exhibit an
opposite effect on the concentration as well as the mass
transfer rate. Intensifying the Nt has a positive effect on the
concentration as well as the thermal and boundary layer
thicknesses.
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