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The Multipoint-based Hermite—Hadamard
Inequalities for Fractional Integrals with
Exponential Kernels

Zhengrong Yuan and Tingsong Du*

Abstract—This paper concentrates on addressing fractional
inequalities for exponential type convex functions. By means
of exponential-type convexity, we firstly establish Hermite-
Hadamard (HH) type inequalities for fractional integrals with
exponential kernels. Secondly, based on the discovered frac-
tional identity by separating [a, b] to n equal subintervals, and
the fact that the twice derivative in absolute value is exponential
type convex, we present multipoint-based HH inequalities,
which cover the trapezoid- and Bullen-type inequalities for
n = 1 and 2, correspondingly. During the period, some
numerical examples with graphs are provided to show the
validity of the deduced inequalities.

Index Terms—Convex functions, fractional integrals,
Hermite—-Hadamard inequalities, multipoint-based inequalities

1. INTRODUCTION

RACTIONAL calculus, the branch of calculus studying
integrals and derivatives of non integer order, has gained
increasing popularity and interest in recent years. Because
the classical calculus cannot model the entirety of real-world
phenomena, researchers have investigated various types of
fractional integrals. Riemann—Liouville (RL) fractional in-
tegrals [1], [2], [3], multiplicative-RL fractional integrals
[4]], k-RL fractional integrals [5]], Hadamard-type k-fractional
integrals [6l], conformable fractional integrals [7]], [8]], and
Katugampola fractional integrals [9]] are just a few of the
options available. These fractional operators are applied
in different disciplines such as the medical sciences [10],
physics [[L1]], economy [12], engineering sciences [13], etc.
For other applications associated with this topic, please see
[14], [15], [lL6]], [[17] and the references cited therein.
Recently, Ahmad et al. [18] introduced a class of fractional
integrals with exponential kernels for the first time. And
they used these integrals to prove the fractional variants
of Hermite-Hadamard (HH) type inequalities. Inspired by
the ideas of this article, the scholars explored various of
inequalities with the assistance of the fractional integrals.
For instance, considering the first- and second-order dif-
ferentiable functions, Wu et al. [19] studied the left and
right side of the fractional HH-type inequalities. Further,
Yuan et al. [20] deduced the parameterized fractional integral
inequalities, which unified the midpoint-, Simpson-, Bullen-,
and trapezoid-type inequalities. In Ref. [21], the authors gave
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some estimations of the upper bound of Ostrowski-type frac-
tional inequalities through convex functions. And Rashid et
al. [22] derived the fractional HH-, HH—Fejér- and Pachpatte-
type inequalities for exponentially convex functions. Making
use of the Mercer concept, Butt er al. [23] constructed
fractional versions of HH-, HH-Fejér-, and Pachpatte-type
inequalities for harmonically convex functions. In 2023,
Botmart et al. [24] addressed the midpoint- and HH-Fejér-
type inequalities via convexity and harmonically convexity,
respectively. By introducing the interval-valued fractional in-
tegrals with exponential kernels, Zhou et al. [25] established
the fractional integral inclusions. For more information about
fractional integrals with exponential kernels, one can refer
to [26l], [27], [28]], [29] and [30]]. In this study, we focus on
investigating the multipoint-based inequalities with relation
to fractional integrals having exponential kernels.

In 2021, Iscan et al. [31] presented the general integer-
order inequalities for functions whose first derivatives in
absolute value are convex. And the established inequalities
involve multiple points, which transform into the trapezoid-
and Bullen-type inequalities for the parameter n = 1
and 2, separately. For simplicity, we call these kinds of
inequalities as the multipoint-based HH inequalities. Based
on the multipoint-based HH identity proved by Iscan et al.
in Ref. [31]], Yildiz et al. [32]] further discussed integer-order
integral inequalities for s-convex functions. And Erden et al.
[33] constructed Newton’s like inequalities of integer-order
integrals including multiple points. Moreover, by means of
RL fractional integrals, Ekinci and Ozdemir [34]] considered
fractional variants of the multipoint-based HH inequalities
for once-differentiable convex functions. In 2023, utiliz-
ing functions whose second derivatives absolute values are
exponential type convex, Yildiz and Yergoz [35] obtained
multipoint-based integer-order inequalities. However, there
are comparatively few investigations regarding multipoint-
based inequalities for the class of twice-differentiable func-
tions, especially in the setting of the fractional integral opera-
tors. Taking inspiration from the foregoing work, it becomes
obvious that exploiting fractional integral having exponential
kernels in tandem with twice-differentiable exponential type
convex functions can yield new multipoint-based inequalities.

The paper unfolds as follows. We recollect preliminary
information for related concepts and fractional integrals
in Sec. In Sec. by leveraging fractional integrals
with exponential kernels, we prove the HH-type inequali-
ties for exponential type convex functions. In Sec. we
derive a fractional integral identity by separating [a,b] to
n equal subintervals. Taking advantage of the identity, we
establish multipoint-based fractional inequalities for twice-
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differentiable exponential type convex functions. Meanwhile,
we give examples to illustrate the obtained inequalities more
intuitively.

II. PRELIMINARIES

This section states some necessary definitions, theorems
and related fractional integral results, which are used in this
paper. Here and further, let / C R be a real interval and I°
be the interior of /. The definition of convexity is represented
as follows:

Definition 2.1: [36] A function g : I — R is said to be
convex, if

gtz + (1 —t)y) < tg(z) + (1 —t)g(y)

holds for every x,y € I and t € [0, 1].

The HH inequality, which is famous in scientific literature,
has a significant place in analysis mathematics. It is stated
that if g : I — R is a convex function on the interval I, then

a b a
(55) it o< 2220

holds for any a,b € I with a < b. This prominent inequality
gives estimates for the mean value of a continuous convex
function.

Bullen [37] proved the following inequality, which is
known as the Bullen’s inequality for convex functions,

bia/:g(r)d7< s {g(a;b> +g(a);g(b)] .

In [38]], Kadakal and Iscan proposed a class of exponential
type convex functions.

Definition 2.2: [38] A nonnegative function g : I — R is
said to be exponential type convex, if the coming inequality

gtz + (1 —t)y) < (' = 1) g(a) + (e = 1) g(y)

holds for every z,y € I and t € [0, 1].

In the same paper, they used this class of functions to
prove a variant of HH inequality.

Theorem 2.1: [38] Let g : [a,b] — R be an exponential
type convex function. If the function g € L! ([a,b]), then the
following HH-type inequality is given

1 a+b 1 b
2((3;—1)9( 9 )Sb—a/a Q(T)d’r
< (e—=2)(g(a) +g(b). (D)

Using the twice-differentiable functions, Alomari et al.
[39] presented the following identity, which is related to the
right part of HH inequality.

Lemma 2.1: [39]] Let g : I — R be a twice-differentiable
function on I°, where a,b € I with a < b. If the function
g" € L' ([a,b]), then the subsequent identity holds

a b
TGRSO N Y i

_ @ ;a>2 /01 t(1—)g" (ta+ (1 — t)b)dt.

To establish multipoint-based integer-order HH inequali-
ties, Yildiz and Yergoz [35] employed the equality below.

Lemma 2.2: [35] Assume that g : I — R is a contin-
uously differentiable function on I°, where a,b € I with
a < band n € ZT. If the function ¢g"” € L' ([a, b]), then the
coming identity is valid

n—1 1 g (nfi)]la#*ib 1 /b ( )d
E — ) . - g(T)ar
—~2n | 4g (w) b—a/,

:”_ (ba)Q/lt(l_t)

, 2n3
=0

Xg,,( plmiatib | () g (nmim a1 )dt. )

Ahmad et al. [18] proposed the following fractional inte-
grals with exponential kernels.

Definition 2.3: [18] Let the function g € L' ([a,b]) and
the order v € (0, 1). The fractional integrals with exponential
kernels, denoted by 7 g and Z;*_ g, respectively, are defined
as the coming expressions:

1 [* 1-—
Zigte) = oo (1w -0 atrin, o> 0

and

T2 g(z) = ;/b exp (1 ;O‘(T - :z:)> g(r)dr, z <b.

From Definition we can also readily observe that

b
g(m)dr.

i Z2g(e) = [ o(r)dn i Tt = [

Ahmad et al. [18] also established a fractional HH-type
inequality below.

Theorem 2.2: [18] Assume that the function g : [a,b] —
(0,+00) is convex. If the function g € L' ([a,b]), then the
subsequent inequality for fractional integrals with exponen-
tial kernels is obtained

g(a) +g(b)

a+b
I\
2

In the case of twice-differentiable convex functions, Wu
et al. [[19] proved the succeeding identity.

Lemma 2.3: [19] Let g [a,b] — R be a twice-
differentiable function on (a,b). If the function ¢’ €
L*([a, b]), then the following fractional integral equality can
be derived

11—«
2 (1 — e a2 (b-a)

) [Za+9(b) + I3 g(a)]

<

ﬁ (72, g(b) + T g(a)] — M
__(b=a?
B 2/)(1 — e—P)

1
X / (e*”t +e P _q e*p> g"(ta+ (1 —t)b)dt,
0

h
where 1—a

p= (b—a).

In 2021, Kadakal et al. [40] provided the improved power-
mean integral inequality.

Theorem 2.3: [40] Suppose that f and g are both real
functions defined on [a,b]. If ¢ > 1, and |f],|f]|g]? €
L*([a, b)), then the following inequality holds
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T)|dr

/|f

[ (Po-nisr)
| x (e niselee )qc}r)é
Sl (-l
|« (J — alfllgrlear) |

We conclude this section by reviewing the beta function,
which is defined by

1
B, v) = / 11— 17t v > 0.
0

III. FRACTIONAL HH-TYPE INEQUALITIES

With the assistance of fractional integrals with exponential
kernels, this section establishes the HH-type inequalities for
exponential type convex functions.

Theorem 3.1: Let g : [a,b] — [0, +00) be an exponential
type convex function. For o« € (0,1) \ {lj‘r;fa}, if the
function g € L!([a,b]), then one can acquire the following
fractional integral inequality

2 (e;— 1) ! (a ; b)

< 2(11 —e ) [I g(b) —|-1'§ig(a)]
g(a) + g(b)
< <I>1(p)f7 3)
where
1
2= e

(1 0) (7 =)

2e~F
X[+(02—p)(e—1)+2 }7,0750,1.

Proof: Using the property of the exponential type con-
vex function g, we have that

. (x;ry> < (eg _ 1) g(z) + (e% — 1) 9(y)-

Taking advantage of the change of variables = = ta+(1—t)b
and y = tb+ (1 — t)a, we get that

()50

n (e% - 1) gtb+(1—t)a). (4

Multiplying both sides of the inequality @) by e~**, and
integrating the resulting inequality with respect to t over

[0, 1], we obtain that
1—e” (a + b)
I g
TEERS

1
g/ e Pg(ta+ (1 —t)b)dt
0

1
+/ e Plg(th+ (1 —t)a)dt
0

_ L | e e g(u)du
b— + f: 6_%(“_“)g(u)du
o
= b—a [I§+g b) +I?_g(a)},

which yields that

1 a+b l1-a o
2(6% 1)g< 2 ) S 2(1—6_1’) [I(frg

This finishes the proof of the first inequality in (3).

For the proof of the second inequality in (3), we note that
if the function g is exponential type convex, then for every
t € [0, 1], we have that

g(ta+ (1 —t)b) <

(b) + I{fig(a)] .

(e =1)g(a) + (" = 1) g(0),

and

g(tb+ (1 —t)a) < (et - 1) g(b) + (617t - 1) g(a).

By adding the above two inequalities, we get that
g(ta+ (1 —t)b)) + g(tb+ (1 —t)a)
< (e + et =2) (g(a) + (b)) )

Multiplying both sides of the inequality (3) by e~**, and
integrating the resulting inequality regarding ¢ over [0, 1],
we obtain that

/01 e "lg(ta+ (1 =1)b)) + g(tb+ (1 — t)a)|dt

a 1e_pt el et —
<@ +90) [ e (el =2 ar
that is
(22 g(b) + I g(a)]
(PP Hp) (e =) —2e7 4 (02 —p) (e~ 1) +2
B PP —p
x (g(a) + g(b)). ©6)

Both sides of the inequality (6] are multiplied by SA=e=7)
simultaneously, and we acquire that
1—«

m [Ifj“+g(b) =+ Iz?f g(a)]

- (PP +p) (e —e"P) =2+ (p*—p)(e—1)+2
= 22 —1)(1—e7)
x (g(a) + g(b))-
Thus, the proof of Theorem [3.1]is completed. [ |
Remark 3.1: In Theorem [3.1} if we take o« — 1, i.e.,

16”)

p=1=2%(b—a) — 0, then we have that
I l—« 1
im =
as12(1—e?) 2(b—a)’
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and

lim ®4(p) = 2(e — 2).
p—0

Thus, the inequality (@) is transformed to the inequality (T).

The fractional HH-type inequality involving midpoint can
be represented as follows.

Theorem 3.2: Let g : [a,b] — [0, +00) be an exponential
type convex function. For a« € (0,1) \ {1J}’r;fa}, if the
function g € L*([a, b)), then the following fractional integral
inequality is given

< By 5 , (7
where
D2(p) = .
2P (p2—1) (l—e_g)
2(p271)e 572,0
o [ DAt A

Proof: Since the function g is exponential type convex
on [a,b], for x,y € [a,b], we have that

g (x;ry> < (e% - 1) g(z) + (6% - 1) 9(y).

For z = fa+ 25tb and y = 25
1

<a+b>
g
CElS
< Ea+72_tb + 21
=g ) B g B

Multiplying both sides of the inequality (§) by e 2, then
integrating the obtained result concerning ¢ over [0, 1], we

get that
2(1—e % +b
( )g<a )

1
o t 2—t
< e 2lg (a + b) dt

=ty 4 b we obtain that

a+ ;b> . ®)

2

B 2 fi)+b€ Ta G u)g(u)du ]
[ (u)du
2a -
= [I((l?b)g(a) +I(a+b)+g(b)]

2 (e;— 1) ! (a ; b)

l1—« o .
= m [ (2£2)~ g9(a) +I(¢12+b)+g(b)} .

This completes the proof of the first part of inequality (7).

To prove the second part of the inequality (7)), employing
the exponential-type convexity of the function g, for every
t €10, 1], it follows that

g (;a + 22_%) < (e% - 1) g(a) + (e; - 1) 9(b),

and

g <22ta+ ;b) < (e% - 1) g(a) + (e% — 1) g(b).

By adding the above two inequalities, we get that

Lo 220 g (2 tat by
I (%7 I\ 72 %"y

< (et + e = 2) (g(a) + 9(0)). ©)

Multiplying both sides of the inequality (9) by e’gt, and

integrating the resultant inequality regarding ¢ over [0, 1],

we acquire that
t t
=b)|dt
a+ 2 )]

/ ton 27 (2
A I\ 2 2 I\ 2

< o) + o) [ 8 (o 455t ) ar,

0

that is

o T 00 4 T a0

2

< 4(p*—1)e 2 —4p261;2p +2(p?—p)(e—1)+4
= 3
P —p
x (g(a) + g(b)).

Both sides of the inequality (I0) are multiplied by %

)

(10)

m\b

at the same time, and we have that
11—«
— | T* .. . _ + I b
21— e b [y 90+ Hegyr9©)
_2(pP et -2 4 (PP —p) (e = 1) +2
- 2(p2—1)(1—e"%)
x (g(a) + g(b)).
Thus, the proof of Theorem [3.2]is finished. [
Remark 3.2: In Theorem if we take o — 1, ie.,
p=1=2%(b—a) — 0, then we have that

I 11—« 1
im =
aﬁlQ(l—efg) b—a’
and

lim ®o(p) = 2(e — 2).

p—0

Thus, the inequality (7) changes into the inequality (T).

IV. MULTIPOINT-BASED FRACTIONAL INEQUALITIES

For twice-differentiable functions, this section firstly for-
mulates a fractional integral identity by separating [a,b] to
n equal subintervals. On the basis of the integral identity,
and the fact that the twice derivative in absolute value
is exponential type convex, we address multipoint-based
HH inequalities. In the meantime, numerical examples are
provided to show the validity of the deduced inequalities as
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well. Before giving the subsequent results, we introduce the
following notation:

Q:BZ (b—a)(l—a)7

a€(0,1), neZ",
n no

a <b.

We need the following lemma.

Lemma 4.1: Let g : [a,b] — R be a twice-differentiable
function on (a,b), n € Z* and i € N. If the function g” €
L'([a,b]), then the following identity for fractional integrals
with exponential kernels holds

1=0
n—1 (b _ a)2
iz: 2n2o(1 — e~0)
"l (e o—e ot —eelD

X/o [ xg" (tw(i) + (1 — t)w(i + 1)) } dt, (an

where
w(@) =a+ —(b—a),

and

Uy(Ty o, i) = I3+ g(w(i +

w

D) + I 41)-9(w(@)-

Proof: Considering the right side of the identity (TI),
we can write that

' (1+e2—e o — e—e(1-t)

/0 l: XQ’/(ﬁw(i) + (1 —tw(i+ 1)) :| dt

- { (1 +e ¢ -0t 6—9(1—1‘,)) ] 1
b—a ><g/ (toj(l) + (]_ — t)UJ(Z + 1))

ne ! (efet — efg(lft))
Ty a/o { xg' (tw(i) + (1 — w(i + 1)) } dt
B ﬁ (1=e7®) [9(w(i) + glw(i+1))]
_ e
(b—a)?

(et 4 e—e(-0)
xg(tw(i) + (1 —t)w(i + 1)) } dt.
(1 —t)w(i+1)

1
<[ [
0
Making use of the substitution x = tw(i) +
for the integral above, we get that

1
/ (e7et 4+ e g (ti) + (1 = t)w(i + 1))t
0
witl) [ _lmey
n e
_ d
b—a /wu) ( e R ) )g(x) '
no

= O [Zo i+ 1) + Ty 9(w()]

Putting the identity (I3) into the identity (T2)), we have that

/1 [ (1 +e @ —em0t _ 6_9(1_t)) ]
0

xg" (tw(i) + (1 — tw(i + 1))
n*o(l—e"?)
(b—a)?
g9(w(@)) + g(w(i+ 1))
X  1-a Ia( +9 g(w(i+1))
1—eme +Ia(l+1) Q(W(Z))

12)

(w(it+1)—x)

13)

(14)

Multiplying both sides of the identity by Wfﬂ,),
we obtain that

9(w(i)) + g(w(i+ 1))

% —117*2‘ Ifj‘(i)+g(w(i+ 1))
e~? +Ig(i+1)—g(w(z))
B (b—a)?
2n30(1 —e~2)
14+e @ _eg 0t _ e—@(l—t))

X /01 [ ig”(tw(i) +(1 - tw(i+1)) ] dt.

Consequently, we have that

1 9(w(i)) + g(w(i+ 1))
Z 5.y _l-a Ig(i)+g(w(i +1))
“— 2n T—e¢ _|_I£‘(i+1),g(w(i))

- Z 2n3 (1—e 9)
(1 fe 00t _ e*@(lft))
% /0 [ xg" (tw(i) + (1 — t)w(i + 1)) ] dt.

This completes the proof. ]
Remark 4.1: In Lemma [4.1] if we take o — 1, i.e., 0 =

w — 0, then we have that
1 — n
. _ 1
il N (15)
and
1 —0 _ p—ot _ ,—o(1-t)
lim ~ ¢ "~ ¢ ¢ — 24+t (16)
0—0 9(1 _ 679)

Thus, the equality (TT) reduces to the equality (2).
Corollary 4.1: Consider Lemma [{.1] we can get the

subsequent results.

(1) For n = 1, we have Lemma

(2) For n = 2, we have the coming Bullen-type equality for

fractional integrals with exponential kernels:

! [9<a;b> L 9@ ;g@]

1-a | Z89(55) + Zun)-9(0)
TAT—e D) | ATy 90 + T (4F)
__(b—ap?
8p(1—e2)

X { g /(/ta 1_+(b1 N t)aT>
+g" (552 + (1 -

which is a new Bullen-type identity.
For brevity, we will use the subsequent notation in the
sequel:

=(g: [0,),m)
Zzn[ )+ oleli+1) - T

In particular, for n = 1, we have that

2(g; [a, 0], 1)

= YOI [T ) 4 T ()],

U, (Z;a, i)} .

Volume 54, Issue 6, June 2024, Pages 1013-1025



TAENG International Journal of Applied Mathematics

and for n = 2, we have that

=(g;[a,b],2)

::% {g<a;b) L 9@ ;rg(b)}

1—a Ia+g( )JFIEYH-H;) ( )
41— e8) | ATy 90) + T3 g (45)

By means of Lemma 4.1} we derive the following multipoint-
based fractional integral inequality.

Theorem 4.1: Assume that all conditions in Lemma F.1]
are satisfied. For a € (0,1) \ {252 5o 1, if the function
|g”| is exponential type convex on [a, b], then the following
inequality is valid

=(g; [a, b],n)]|

n—1 —a 2 1 . ' , .
<§;§%Miiﬁgm(wmﬂ+W(w@+nm,un

where
1
Ar(o) = ————
0=
(20° + 0% — 0 2) e
x| = (e’ + %) e ( *)e |, 0#0,1.
+20% —0*—0+2
Proof: From Lemma [4.1| we deduce that
1Z(g; [a, b], n)|
n—1
(b—a)
< - @
- ; 2n3o(1 —e~2)
‘1_’_@9_6 ot _ p—o(1- t)‘ ]
x dt.  (18)
/{ x|g" (tw(i) + (1 = (i + 1)

Since 1 +e ¢ — e ¢ — =201 > ( for any t € [0,1],
and the function |g”| is exponential type convex on [a,b],
we acquire that

1 - - —o(l—
|1+€ 0 _ pg—ot _ p—o(1-1)
/0 [ x|g" (tw(i) + (1 = Hw(i + 1)) }dt

1 (1 +e @ —e 0t _ e*@(lft))
S/ XVJ—WWW@)
0 + (et = 1) |g" (w(i + 1))

Direct computation deduces that

1
/ (1 e @0t _ 67‘9(1775)) (et - 1) dt
0
1
0
1

] dt. (19)

/ (1 fe 2 —e 0 _ 679(14)> (6177: - 1) dt

o(1-0?)
o] (20" —o- 2)6 9—(9 +0%) et
- (g3 2) e+20° -0 —o0+2
A combination of the inequalities (1'1;8[), (19) and identity (20)
yields the desired result. Thus, the proof is done here. [ |

Remark 4.2: In Theorem if we take @ — 1, ie,
0= W — 0, then we have that
Ai(o) 17

lim ————— =

o—>0p9(l—e=2) 6

-0
] . (20)

21

Using the results and (21), the inequality is trans-
formed to

. /abg(x)dx

) (g @@)] + ¢ (@(i + D)),

Z_: — [9(w(i)) + g(w(i +1))] — 1

which is recorded by [35, Theorem 3.1].

Corollary 4.2: Consider Theorem (4.1, we can get the
following results.
(1) For n = 1, we have the subsequent fractional trapezoid-
type inequality:

(b—a)*As(p) [
2p(1 —e=r)

(2) For n = 2, we have the coming fractional Bullen-type
inequality:

1=(g; [a, b],

Dl < g" (@) +1g"®)]]-

=(g; [a, 0], 2)]
2 L
< OO B [y +aly (450) | +10701].
8p(1—e2) 2
where Aj(-) is defined in Theorem

To illustrate the result of Theorem .1 more intuitively, we
provide an example with graphs.

Example 4.1: Consider the function g(z) = 2*
on the interval (—oo,+00), the corresponding |g” (x
1222 + 2 is nonnegative convex. Due to the fact that every
nonnegative convex function is exponential type convex
function, see [38]], we know that the function |g” ()] is also
exponential type convex. If we take ¢ = 0,b = 1,n =1,
a € (0,1) \ {0.5}, then all hypotheses in T heorem (1] are
met. Obviously, we have 0= w

+ 22
| =

) = 1=a The left
part of the inequality (T7) can be recorded as

[L1(a)] =

(1—a)* (1767T>
N o { (17a* + 5a% — a? + 3a) et }

—470* + 370® — 1702 + 3a
The right part of the inequality can be written as

(1-a) (1—e1a°‘)A1(1;a)'

For variable « € (0,0.5) U (0.5,1), we plot the graphical
depiction of the functions L;(«), Ri(«) and —R;(«) in Fig.
respectively. It is not laborious to observe that —R; (o) <
Li(a) < Ry(a), which agrees with the outcome stated in
Theorem F.1]

With the aid of the Holder’s integral inequality, we propose
the succeeding theorem.

Theorem 4.2: Assume that all conditions in Lemma F.]
are satisfied. For p,q € (1,00) with p~1 + ¢! = 1, if the
function |¢g”’|? is exponential type convex on [a, b], then one

8«

R1 (O&) =
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0.8
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=
04 F
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Fig. 1: An example to the inequality in Theorem

can attain the following inequality

=(9; [a b} n)|
< Z
x [Ig (w(@)|? +1g" (w(i+ 1)) 7,

e—2)%

S=

(Ao, p))

Q=

(22)
where

1 —0 _ p—0ot _ o—o(1-t)\P
14+e @ —e @ —e?
A(p, :/( )dt7 0.
(e.p) = | s0—c2) 0 #

Proof: From Lemma [41] and the Holder’s integral
inequality, we deduce that

2(g; [a, b],n)]|

n—1

(b —a)?
= ; 230(1 — e 0)

x/ {|1+e e _¢ Qt_e*Q(lft)|

x|g" (tw(i) + (1 = hw(i + 1))

(b—a)
= ; 2n30(1 —e—2)

1
x(/ ’1+6797679t
</ |g// tw

Jat

_e—e(1-1)

1
P p
dt>
1

+(1—tw z+1))|th>q (23)

In accordance with the exponential-type convexity of |g”’|9,
we get that

/|g”tw

< lg"(w <>>\q/0 (e — 1) at

+1g" (wli + 1))|<1/0 (¢t — 1) dt
= (e =2)[lg" (W(@)|? + |¢" (w(i + 1))|7].

+ (1 —t)w(i+1))|"det

(24)

Noticing that 1+e~2—e~2 —e~2(1=%) > ( for any ¢ € [0, 1],
and applying the inequality (24) to the inequality (23)), we
obtain the desired outcome. Thus, the proof is completed. W

Remark 4.3: In Theorem if we take @ — 1, ie.,
0= W — 0, using the results (I3) and (I6), then
the inequality (22) turns into

- b
> g )+ 9(wti + )] - 5= [ salds

Br(p+1,p+1)

"(w(i + 1)1 7,

which is given by [35, Theorem 3.4].

We present the succedent theorem, which is related to the
power-mean integral inequality.

Theorem 4.3: Assume that all conditions in Lemma @]
are satisfied. For « € (0,1) igfa , if the function
|g"]9 is exponential type convex with ¢ € (1,+00), then
the following inequality is given

[=(gs . } )|
n-l 2 1 1
Z 1_6 el —e gy B2(@)' 7 (Au(e)”
=0
< [lg"

e

N+ 19" (w(i+1))]7] 7, (25)

where

o+oe % +2e? -2
4%

AQ(Q): ’ 97&0’

and Aq(p) is the same as in Theorem

Proof: Utilizing Lemma [.1] the power-mean integral
inequality, and the exponential-type convexity of |g”|?, we
have that

=(g; [a, } n)|

n—1

<3 g
3 —
02n (1 69)
14e@—e 0t _ 6*9(14”

X/o < |><|g”(tW(i)+(1—t)w(i+1))| )dt
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‘1 Le 0 g0t _ e—@(l—t)‘

(1wwu+1nﬁ)d4q

x|g" (tw (i) +
<"‘1 (b— a)?
T mPe(l—em?)
1 (1+e 0 _ g0t _ o 9(1*75)) a
ST (e Djetser ) o
0 + (e = 1) |g" (w(@)|?
1 -3
X [/ (1 +e 20t _ 6_9(1_t)) dt} (26)
0
Direct computation yields that
1
/ (1 +e?—e %~ e_g(l_t)) dt
0
-0 4 9e—0_9
_otoe Tce . 27)

4

Making use of the identities (20) and in the inequality
(26), we obtain the desired outcome. Thus, the proof is
accomplished. ]

Remark 4.4: In Theorem if we take o — 1, i.e.,
0= (=a)-a) — 0, then we have that

no

. Asx(p) 1
1m ——— = .
e—=0p9(1—e"9) 6

Using the results (I3), @I) and (28), the inequality (25) is

transformed to

(28)

which is presented by [35, Theorem 3.7].

Corollary 4.3: Consider Theorem [4.3] we can get the
following results.
(1) For n = 1, we have the succeeding fractional trapezoid-
type inequality:

=(g; [a, 0], 1))
D (aao)) (Ao
T 2p(1—er)

Q=

x [lg”(@)|? + 19" (b)]]

(2) For n = 2, we have the subsequent fractional Bullen-type
inequality:

12(g; [a, b, 2)]|
b ;
<ol (m(5) (4 (5)

(l9"@l+ g (25)]")
+ (o (=52)|" + 19" ®)17)

where A1 () and Ay(-) are the same as in Theorems [4.1|and
[.3] respectively.

With the help of the improved power-mean integral in-
equality, the following theorem is given.

Theorem 4.4: Assume that all conditions in Lemma F.T]
are satisfied. For a € (0,1)\ {23 55 b if [g”|7 is exponential
type convex with ¢ > 1, then the following inequality holds

=(g; [a, 0], n))|

5wt (4

=0

Q=

o (29

X ’9#0’17

—20°+50° + 0> —30+1

ole—1)*(e+1)?
(30° —0* —20° +40> — S0 —1)e
+ (0" +20% + 0%) !¢
X - ) Q # 07 17
—(0* =20+ %) e
+50° + 0" —20° 40" — 50 +1
and As(p) is identical to that in Theorem
Proof: In the light of Lemma [4.1] the improved power-
mean integral inequality, and the exponential-type convexity
of |¢”|%, we have that

14e@—e 0t _ 6*9(14”

T
></0 [ x|g” (tw(i) + (1 — t)w(i + 1)) d
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- Z 2n3 1 —e~ 9)
X { {/01(1 —t) (1 +e e —e o~ 679(172&)) dt}
[ etz
+ :/Olt (1 bee— et - e*@“*”) dt} o
[
—a)?
)

e—o(1—t) )dt] a }
n—1
(b
= ; 2n3o(1 — e9)
X { 1(

1

t(l+e2—e @ —

x|g" (ki) + (1 = (i + 1)’

13
{/ 1-t (1 +e?—e %~ e_g(l_t)) dt}
0

(1-1)
x (L4 e7¢—e et —eme(=h)

x Al ( (e - 1) Iq dt

x| xlg"(w(i+ 1))
+ (e = 1) |g" (w(@))]?

t(l+e¢—e o —eel=t) ‘

1 —t
+ / - 1) dt
0 X

Q=

x]g" (w(i + 1))
+ (e = 1) ]g" (w(@))]

" 17%
X / t (1 +eT@ et _ 6_‘9(1_t)) dt} } (30)
Lo
Direct computations yield that
1
/ (1—1¢) (1 +e?¢—e - 672(170) dt
0
1
= / t (1 +e e —e 9~ e_"(l_t)) dt
0
-0 90-0_9
—ere re - (31)
20
1
/ (1-1) (1 +e T —e 9~ 679(170) (" —1)dt
0
1
= / t (1 +e 2 —e @ e“‘-’“‘”) (el_t —1)dt
0
_ 1
ole—1)*(e+1)
(=30 +5¢" —¢* —30-1) e
+ (07 = 30° — 20%) e'7¢
X , (32)
+ (0% — 30® + 2@ e
—50°+50° +0* — 50 +1

and

1
/ (1—1) (1 +e T —e @~ 679(17'5)> ('t —1)dt
0
1
= / t (1 +e @ —e0 e_g(l_t)) (et — 1) dt
0

Ja]

1
oo — )2(Q+1)
(30° — 0" —20° +40> — Jo—1)e
+ (o* + 293 + 0?) el
X (33)
— (0" —20%+ %) e
+30° + 0" —20° — 40 — J0+1

Submitting identities (31), (32) and (33) to the inequality
(30), we obtain the desired result. Thus, the proof is accom-
plished. ]

Re(malil(( 4.5): In Theorem if we take @ — 1, ie,
_ (b—a)(1—«

0= P — 0, then we have that
) As(o) 131
lim —————=— -4 34
alpl—e0) 12 O G
and
A
T ICN S (35)

a—1g(l —ee) ‘Ti
Using the results (I3), (28)), (34) and (33), the inequality (29)

changes into

n—1 b

Z o 9060) + gl + 1)) —

-1 b—a =g
S o3
i=0

(131

g(z)dx

b—a

de) |g" (w(i) v
+ (3¢ — 91) |g” 1))|¢
(3¢ —33) lg"
-M”14@M(O+DW
which is provided by [35) Theorem 3.14].

Remark 4.6: The upper bound of the inequality (29) is
superior to that of the inequality Z3). In fact, by using
concavity of the function & : [0,400) = R, h(z) = 2°,0 <
s < 1, we can write the right hand-side of the inequality
as follows:

n—1

(b—a)® (Da(e))'"
;%ﬁg(l—e*@) 22 >

Q=

X

Belab gt 1) r
22248 g7 (i + 1))
_ ni _b-a? (82(0))' 77 (A1(0))
— 2n3o(1 — e9)
x [|g" (w(@)]9 + |g" (w(i + 1))|9] 7,

where we use the following fact that

Asz(0) + Aslo) = Ar(0).

Q=

»Q\»—l

(36)
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For a more intuitive comparison of the obtained bounds
in Theorems and we supply an example with tables
here.

Example 4.2: Consider the function g(z) = ¢?%e
(—00,400) for ¢ € (1,400), the corresponding |g" ()[4
e” is nonnegative convex, and the function |g”(x)|? is also
exponential type convex. If we take a = 0,b=1,n=1,q =
2 and o € (0,1)\{0.5}, then all hypotheses in Theorems [4.3| -
andare met. Obviously, we have p = w
meg to the fact that the left-hand side of the mequallty
is the same as that of the inequality (29), it can be
transformed into

z
q

on

| La(a)
B . 2(1 — )
= ‘2—1—26 (176_177&>
X /1 (6_1;W _FT%”) ezdx
0
B . 4(1 — )
i (Ba-2)2-a)(1-e5")

X [(2—@) (6% —1) + (3 — 2) (6% —elaa)]

where o # 2. The right-hand side of the inequality (23) in
Theorem [A.3] can be recorded as

7

(1 —&—e)% !
2(1 - a) (1 - e*l%‘)

() [ ()]

The right-hand side of the inequality (29) in Theorem #.4]
can be written as

o (Az(%ﬁ))é
201 — a) (1—6—%) 2
{ [As (152) + A, (152)]7 }
+[Ag (A2 =

“) +eds (15%)]

If we take oo = 1, then we have that ILQ ($)| = 0.094371,
|Ry (%)| =~ 0.117126, and |R3 ()| ~ 0.116926. Clearly,
0.094371 < 0.116926 < 0.117126, which shows that the
bound provided by the inequality is better than that given
by the inequality (23).

When the parameter « takes different values, we have the
following numerical results.

RQ(O() =

Rs(a) =

=

TABLE I: Numerical comparison of Theorem and The-

orem [4.4] for « € (0,0.5)
values of R2(«) values of R3(«
in Theorem 4.3|  in Theorem 4.4

values of o values of |La(a)|

0.1 0.055920 0.069685 0.069527
0.2 0.086816 0.107816 0.107623
0.3 0.099032 0.122868 0.122664
0.4 0.103846 0.128797 0.128589

From Tables [[ and [l we can clearly see that the values
on the left are less than the values on the right, which
corresponds to the theoretical results given in Theorems [.3]

TABLE II: Numerical comparison of Theorem and The-
orem [4.4] for o € (0.5,1)

values of Ra(«
in Theorem |4.3

values of R3(«

values of o values of |La(a)| in Theorem A4

0.6 0.106885 0.132539 0.132328
0.7 0.107345 0.133106 0.132895
0.8 0.107561 0.133372 0.133160
0.9 0.107650 0.133482 0.133271

and In particular, we observe that the values of R3(«)
are smaller than the values of Rs(«), indicating that the
inequality in Theorem gives a better approximate
estimate than the inequality in Theorem

For functions whose second derivatives are bounded, we
obtain the another estimative result below.

Theorem 4.5: Assuming that every condition involved in
Lemma is satisfied. If the function ¢” is bounded, i.e.,
m < g"’(u) < M for all u € [a,b] with m, M € R, then one
can receive the following inequality

m(b— a)? bl
2n29(1 — e~2) i1a,8,m)
M(b— a)?

< - 77
~ 2n2p(1 —e9)

where As(p) is the same as in Theorem
Proof: By using the change of variables, we have that

Az(0) < E(g

Az(0), (3D

11—« o ) .

[pp [Iw(i)+g(w(z +1))+ I3 w(i+1)~— g(w(z))}
1«

a(l—eo)

(i+1)
y /w i (e—%(w(i+1)—w) +e—1*Ta(x—w(i))> g(z)dx
w(7)
N e
Ca(l—ee)

=52 m-w(i) | o152 (w(it])

y /w(i+1) [ (
w(3)

xg(w(i) + w(i+1) — )

) ] dz

_ l-«a
- 2a(l—e9)
w(i+1)
X/ (e o=zt
w (i)

x [g(z) + g(w(i) + w(i+1) — z)] da.

Employing the identity transformation, we obtain that

(38)

(i) + 9(e(i +1)
L 2 0+ 1) + Ty 0()]

S 1—e0
= gleli) + g(wli+ 1)) = g
)]dm

/w(i+1 [ (e 1o (p—w(i)) +671?T“(w(i+1)*x)

X

w(d) [9(z) + g(w(i) + w(i+1) —z)]
11—«

" 2a(l—e0)
w(i+1)
y / (efl%’(%w(i)) n ef%w“m))

(4)
X { ) }d:c,

9(x) + g(w(i) + w(i+1) -

—g(w(i)) — g(w(i + 1)) 59
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where we utilize the following fact that Direct complication yields that,
w(i+1) w(i+1) (e—l%‘(x—w(i)) 4tz (wu+1>—x)) .
122 (g—w(i) 4 ,— 152 (w(i+1>—x)) d / , . x
/w(i) (e te . w(i) X (w(i) — z) (w(i+ 1) — z)
_ 2a(l—e79) _ 202
l—a (1-a)?
. . . b—a o 2c o
Since m < ¢’ (u) < M,u € [a,b], for 7 € [w(i),w(i + 1)], ol (1+e9)+ T (e7e—1)]. (43)

we obtain that
Employing the identities (39) and @3) into the inequality

w(i)Fw(i+1)—7 w(i)+tw(i+l)—7 .
/ mdu < / o (u)du (42), we obtain that
™ T m(b—a)? o+ pe 2 +2e7¢—2
SOt o Pl-e9)
< / Mdu, _ ]
T < g(w(i)) + g(w(i+1))
. . l1-a . .
which yields that  p— I+ 9(w(i+ 1)) + I3 1)~ 9(w(i)
m(w(i) +w(i+1) - 27) _Mb—a)? o+oet 42702
< g (i) +wli+1)—7) —g'(7) n e*(1—e7?)
< M(w(z) fw(i+1)— 27). (40) Consequently, we have that
m(b—a)®> o+ o0e ¢ +2e7¢—2
Integrating the inequality (40) with respect to 7 on [w(i), z], onz 2(1 — e
we obtain that -1y )
-«
<3 o o) + ol 1) - T T
/ m(w(i) +w(i+ 1) —27)dr ;2” L—e¢
@) < M(b—a)? o+ e 2+2e7°—2
< / )+w(i+1)—7)—g'(r)]dr - 2n? 0*(1—e79)
- 1) This completes the proof. ]
< M (w(i) + w(i + 1) — 27)dr, For displaying the result of Theorem [4.5] more intuitively,
w(i) we offer an example here.

Example 4.3: Let us consider the function g : [a,b] =
[1,2] = R defined by g(z) = 07 (1)”. Then, the function
M ) In Theorem 53 1 1 and a € (0,1), we have o —

) . . . n Theorem orn=1and a € , we have o =
< — — _
< 9(2) Jfg(w(z) + w(z +1) :1:) 9(w(@)) = g(w(i+1)) M = —2. The left side of the double inequality
< m(w(i) - z)(w(i+1) - z). @D "can be written as

m(b—a)? o+ pe 2 +2e7¢—2

(w(i) — ) (w(i + 1) — ) g"(z) = ()" is bounded on [1,2] with m = 1 and M =

Multiplying the inequality by Qs (a) = )
_% e Tt (m=w(®) 4 o= 7% (w(i+1)—a) and (@) 2n? 0*(1—e~0)
integrating the resultant inequality with respect to = on . (a2 + Oé) e s =3+
[w(i),w(i +1)], we have that - 8(1 — a)? (1 B 67%)
- m(l—qa) The right side of the double inequality is as follows:
—e0
2a(1<'+61) : = (@2-0(0) | o= 152 (@(i+1)-2) Qu(a) = MO0 ooe trae
w(? —=a i — =2 (w(i+1)—=z = :
)1, - M
w(i) x(w(i) —x) (w(i +1) — ) (0 + ) e~ =302+ a
l-«o = e :
< — S —a)2(l—e""<
~ 2a(l—e79) 41 -a) (1 € )
. /w(i+1) (671;(1 (@) | o- 152 (i+1)7x)> The middle part of the inequality can be recorded as
w(e 1-
) 5ot 23(0) = gy - p—
y { 9(@) + g(w(i) +w(i+ 1) — x) ] & SI2”  a(m2)a (1-e'5)
~gle(i)) — glei + 1) : N
M1 -o) X / (6_1?7(}(2_93) + e_kTa(w_l)) (2> dx.
— 2a(l—e79) !
itD) o152 (a—w(i) In Fig. [2| we drgw funct.ions Ql(a), 0y () and Q3(«) for
« / e 52 (@it 1)) do. (42) € (0, 1), respectively. It is obvious that ; (o) < Q3(a) <
w(i) i ' Q5 (), which is consistent with the result given in Theorem
X (w(i) — ) (w(i+1) —z) 3)
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Fig. 2: An example to the inequality (37) in Theorem

V. CONCLUSIONS

In the setting of fractional integrals with exponential
kernels, the HH-type inequalities for exponential type convex
functions are presented here. And then, a fractional integral
identity by separating [a, b] to n equal subintervals is proved,
from which we construct multipoint-based HH inequalities
in the case of twice-differentiable functions.

Following the ideas and methods presented in this paper,

the

researchers can address similar inequalities using other

types of fractional integrals, like the k-fractional integrals
with exponential kernels [41], and interval-valued fractional
double integrals with exponential kernels [42], which is a
new direction in future researches.
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