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Bipolar Complex Fuzzy Interior Ideals in
Semigroups

P. Khamrot, A. lampan, T. Gaketem

Abstract—In 2022, Rehman et al. presented bipolar complex
fuzzy sets and proved the properties of bipolar complex fuzzy
ideals in semigroups. In this research, we give the concept of
bipolar complex fuzzy interior ideals in semigroups. We prove
the basic properties of bipolar complex fuzzy interior ideals and
study the relationship between bipolar complex fuzzy ideals and
bipolar complex fuzzy interior ideals in semigroups. Finally,
we characterize a semisimple semigroup in terms of bipolar
complex fuzzy interior ideals.

Index Terms—BCF sets, BCF ideals, BCF interior ideals,
semisimple

I. INTRODUCTION

HE THEORY of bipolar complex fuzzy sets is an exten-
sion of bipolar fuzzy set. The complex fuzzy set is a tool
for dealing with uncertainty and complex information. It is
studied in the structure of real number positive, negative and
imaginary numbers positive, negative with generalizations of
bipolar fuzzy set.
The concept of fuzzy sets by Zadeh in 1975, [1]. After that
it has applications in several areas like medical science, im-
age processing, decision-making method, etc. After, Kuroki
[2] studied fuzzy subsemigroups and types fuzzy ideals in
semigroups. Jun and Song [3] present fuzzy interior ideals in
semigroups. In 1994 Zhang [4] developed the notion of fuzzy
set go to bipolar fuzzy sets whose membership degree range
is enlarged from the interval [0, 1] to [—1, 1], and used them
for modeling and decision analysis. In 2000, Lee [5] used
the term bipolar valued fuzzy sets and applied it to algebraic
structures. The theory of complex fuzzy sets interesting by
Ramot et al. [6]. Tamir et al. [7] studied the complex fuzzy
set in structure cartesian by transforming the range from the
unit circle to the complex plane. Al-Husban [8] discussed
complex fuzzy groups. Hu et al. [9] developed the complex
fuzzy set in othogonality and application to signal detection.
The complex intuitionistic fuzzy soft sets introduced by
Kumar and Bajaj [10]. Moreover, research in types bipolar
fuzzy ideals, such as Kang [11], studied bioplar fuzzy sub-
semigroups in semigroups. Chinnadurau and Arulmozhi [12]
discussed the bipolar fuzzy ideal in orederd I'-semigroups,
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Khamrot and Siripitukdet [13] explained generalized bipolar
fuzzy subsemigroups in semigroups. Gaketem and Khamrot
[14] studied bipolar weakly interior ideals in semigorups.
Mahmood [15] introduced bipolar soft set. Gaketem et al.
[16] expand cubic biploar fuzzy subsemigroups and ideals in
semigroups. Recently, Rehman et al. [17] presented bipolar
complex fuzzy sets and bipolar complx fuzzy ideals in
semigroups.

In this study, we give the concept of bipolar complex fuzzy
interior ideals in semigroups and investigate the properties
of bipolar complex fuzzy interior ideals in semigroups. The
remainder of this paper is organized in the following. In Sec-
tion 3, we study the relationship biploar complex fuzzy ideals
and biploar complex fuzzy interior ideals in semigroups. In
Section 4, we characterize a semisimple semigroup in terms
of bipolar complex fuzzy interior ideals. The conclusion are
presented in Section 5.

II. PRELIMINARIES

In this topic, we literature review some basic definitions
and theorems of semigroups, fuzzy sets, bipolar fuzzy sets,
and bipolar complex fuzzy sets, which will be helpful in the
next topic. This paper will denote a semigroup by §.

By a subsemigroup of § we mean a non-empty subset &
of § such that 82 C 8.

A non-empty subset K of § is called a left (right) ideal of
T if R C R (RF C RKR). By an ideal R of § we mean a
left ideal and a right ideal of §. A subsemigroup & of § is
called an interior ideal of § if FRF C R. A regular of § if
for each h € §, there exists » € § such that h = hrh. A
left (right) regular of § if for each h € §, there exists r € §
such that h = rh? (h = h®r). An intra-regular of § if for
each h € §, there exist r,t € § such that h = rh2t.

A semisimple § if for every h € § there exist r,t,e,d € §
such that h = rhtehd.

For any h; € [0,1], ¢ € F, define

il = etk
We see that for any hq, he € [0,1], we have
h1 \Y h2 = max{hl, hg} and h1 A\ hQ = min{hl, hg}

A fuzzy set w of a non-empty set § is a function w : § —
[0, 1].

Definition 2.1. A bipolar fuzzy set (shortly, BF set) w on §
is an object having the form

w = {(§ w’ (h),w™ (h) | h € F},

where wP : § — [0,1] and WV : F — [-1,0].

and A h; = inf{h;}.
i€F i€F

Remark 2.2. For the sake of simplicity we shall use
the symbol w = (F;w? W) for the BF set w =
{@w(h),wN (h) | heFh
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Definition 2.3. [/8] A BF set w = (F;w?
called a

(1) BF subsemigroup on § if wf (h1ha) > w? (h1) AwP (hs)
and W™ (hihsy) < W (h1) V w™(he) for all hy, hs € F.

(2) BF left (right) ideal on § if w¥(hihy) > wP(ha)
(wP(hlhg) Z wP(hl)) and WN(hth) S wN(hg)
(wN(hth) < wN(hl)) for all hl,hg € §. A BF set
w= (F;w?”,wl) on §F is called a BF ideal on § if it is
both a BF left ideal and a BF right ideal ob §.

(3) BF interior ideal on § if w = (F;wl,w?) is a
BF subsemigroup on §, w'(hihohs) > wP(hy) and

N(h1h2h3) S wN(hg) fOi" all hl, hg, h3 € S

wh) on § is

Definition 2.4. [17] A bipolar complex fuzzy set (shortly,
BCF set) wf! on § is an object having the form

Wil = {(F,wP(h) = wBP(h) + w!P(h),wN(h) =
WEN(R) + wIN(R)) | h € F}, is called the positive
supportive grade and negative supportive grade respectively,
where W I F —10,1], and BN WV  F — [-1,0].

Remark 2.5. For the sake of simplicity we shall use the

symbol W = (F;wf W) = (F; WFP 4w !? WEN 41wV
for the BCF set w = {(F,wBF (h) + 1w!P (h), wlN (h) +
N(h)) [ h € §}

Definition 2.6. [17] A BCF set wf'! = (F;w? W) =
(F;wB 4+ w!P WEN 4+ 1wINY on F is called a BCF
subsemigroup on § if for all hy,hs € 3,

(1) wP(hlhg) > wp(hl) AN WP(hQ) = whP hlhg)
WP (hy) A wBP(hy) and w'P(hihe) > w!P(hy)
UJIP(hQ)

(2) wN(hth) < OJN(hl) \ wN(hg) =
wRN(hl) V wRN(hg)
wIN(hQ) .

Definition 2.7. [17] A BCF set wf! = (F;w? W) =
(T wB + wl? BN 1+ 1wINY on F is called a BCF left
(right) ideal on § if for all hy, hs € 5,
(1) w(hiha) > w”(ho)(w" (h1hs)
wRP(hth) Z wRP(hg)
(W (hih2) > WP (hy))
and wlp(hlhg) > wlp(hg)( IP(h1h2) Z wIP(hl))
(2) wN(hihy) < wN(h)(WN (R1he) > WN(M)) =
RN(hth) < wRN(hg)( RN (hlhg) Z WRN(hl)) and
w™N (hihz) < W (ho) (W™ (hih2) > WV (h1)) .

A BCF set ™ = (F;wf, wlV) = (F; 0B +w!f N +
w!™N) on § is called a BCF ideal on § if it is both a BCF
left ideal and a BCF right ideal on §.

Next, we review the definition of the characteristic bipolar
complex fuzzy function.

Let & be a non-empty subset of §. The characteristic
bipolar complex fuzzy set (shortly, CBCF set) %/ =

> wp(hl)) =

FxEAN) = @EEAEF + odP BN + oK) is defined
as follows:
14+ if heg
jo P
+ h) =
X (h) {0+L0 if h R,
11— if hef
RN IN
4+t h) =
X F o (h) {0—|—L0 it bR

for all h € § and x B!
fuzzy set.

is a characteristic bipolar complex

In the following theorem, we give a relationship between
a subsemigroup (left ideal, right ideal, ideal) and the BCF
function which is proved easily.

Theorem 2.8. [17] Let & be a non-empty subset on §. Then
R is a subsemigroup (left ideal, right ideal, ideal) of § if and
only if xB' = (F x5 xN) = @ x 2+ &0 x BV + oY)
is a BCF subsemigroup (left ideal, right ideal, ideal) on §.

Definition 2.9. [17] A BCF set wf'! = (F;w? W) =
(F; Wi + 1P WBN 4+ wWINY on § with w,m € [0,1] and
0,0 € [—1,0]. Define the set

(1) PP + wl® (rn) = {h € § | wPP(h) >
m,w!T(h) > n} is called positive (7,n)-cut of a CBF
set of §.

() N@™ + ™ (0,0)) = th € § | wPN(R) <
0,w'N (h) < o} is called negative (9, 0)-cut of a CBF
set of §.

(3) PN (W™ + w!?, (w,n)), (™ + w!?, (0,0))) =
P(whF + wl!? (m,1)) N N (BN + 1wV (o,0)) is
called ((w,n), (0,0))-cut of a CBF set on §.

In the following theorems, we give a relationship be-
tween a subsemigroup (left ideal, right ideal, ideal) and the
((w,m), (0,0))-cut of a BCF set which proved easily.

Theorem 2.10. [I7] A BCF set wf'l = (F;wf V) =
(T Wl + 1wl WBN +1wINY is a BCF subsemigroup (left
ideal, right ideal, ideal) of a semigroup § if and only if
the non-empty subset PN ((wff + 1w!? (7,n)), (W +

N (0,0))) is a subsemigroup (left ideal, right ideal,
ideal) on § for all w,n € [0,1] and 0,0 € [—1,0).

Next, we study intersection and product of BCF sets as
deﬁne.
Let wff = (F;wf, wlV) =
and wRI (30, 9N) =
are BCF sets of §. Define

(1) @MNyf(h) = wh?

(S’ RP+Lw1P RN+LW N)

(57 wRP +L¢IP 7\pRN +L'¢IN)

(R)APTE(R), w!P(h) AT (R)

and N (R)VYEN (h), WIN(R)VyIN (h) forall h € F.

() 1) 3 6I(R) = LR () < P (), wIP(R) <
V1P (1) and W (h) = 9N (1),

WIN(h) >IN (h) for all h € F.

(B) @ PP = (Frwl o P WV o yV) =
(§; WP 0 RP 11T P opIP (BN G BN 4 ()TN g INY
where; (whP o PP () =

Vo AW (k) AYRP (o)} if Ap # 0
(k,0)€EA, (wIP o
0 if Ay, =0,
Vo {w'P (k) AP (o)} if An #0
PIP)(h) = { (ko)eAn
0 if Ah = (Z),
) -
A AN (k) v RN (o)} if Ay #0
(k,0)€AR
0 if Aj, =0,
(W™ ° I (h) =
A AN (k) VTN (o)} if Ay #0
(k,0)€EA}
0 if Ay =0.

Obviously, the operation © is associative [17]. For h € §,
define Ay, := {(k,0) € § x§ | h = ko}.
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Next, we study equivalent conditions are important proper-
ties for BCF subsemigroups of semigroups which are shown
in the following theorems.

Theorem 2.11. [17] A BCF set w® = (F;wf V) =
(F; wB +w!? WEN 4+ 1wINY is a BCF subsemigroup of §
if and only if WP @ W < W,

III. BIPOLAR COMPLEX FUZZY INTERIOR IDEALS

In this part, we give the concepts of bipolar complex fuzzy
interior ideals in semigroups and we study important proper-
ties of bipolar complex fuzzy interior ideals in semigroups.

Definition 3.1. A BCF subsemigroup w™ = (F;w? ) =

(F; wB 4 1w!? WEN 4 1wINY) on § is called a BCF interior

ideal on § if for all hi,ho, hs €,

(1) wP(hlhghg) > wP(hg) = wRP(h1h2h3) > wRP(hg)
and wlp(hlhghg) Z wIP(hg)

(2) wN(hihghs) < wN(hg) = W (hihohs) < W (hy)
and wIN(hthhg) § wIN(hg).

The following example is a BCF interior ideal of a
semigroup.

Example 3.2. Consider a semigroup (§,-) defined by the
following table:

UL T -
Q Q2 QR
[SERSEIN U SH AN
Q0o Qo
QO U X

A BCF set w™ = (F; 0P, w) = (§; w0 + 1P Wl +
w!NY in § as follows:
WP 4P BN 1IN = {(a, (0.7 + 10.8,-0.6 —
10.7)), (b, (0.4 + 0.6, —0.5 — 10.6)), (¢, (0.6 + 10.7, —0.5 —
10.6)), ((d,0.34:0.5, —0.3—¢0.5))}. By routine calculation,
Wi = (F;wf W) = (F Wi + w!P W 4 1wN) is a
BCF interior ideal of § .

Theorem 3.3. Every BCF ideal of a semigroup § is a BCF
interior ideal of §.

Proof: Let w™ = (Fwl W) =
w!? BN 4+ wINY) be a BCF ideal of § and
let by, hy € F. Then w = (F; Wi +1w!f WEN + 1wl is
a BCF left ideal and BCF right ideal of §. Thus,

(1) wP(hlhg) > wP(hg) = wRP(hlhg) > wRP(hg) and
w!P(hihs) > WP (ha),

(2) wN(hth) < wN(hQ) = wRN(hth) < wRN(hg) and
wIN(hlhg) S WIN(hQ).

Hence,

(1) wP(h1h2> > wP(hl) A wP(hQ) = wRP(hth)
wRP(hl) A wRP(hQ)

and wlp(hlhg) > wIP(hl) A\ wIP(hQ),

(2) U.}N<h1h2) < wN(hl) V wN<h2) = wRN(h1h2> <
wRN(hl) V wRN(hg) and

wIN(hlhg) S (JJIN(hl) V wIN(hQ).

This show that wf! = (F;wf,w?) = (Fwff +
wl P wBN 4+ wINY is a BCF subsemigroup of §.

Let hq, hs, hg € §. Then,
(1) wP(hihohz) = wP(hi(hoh3))

U.}P(hz) = wRP(hlhghg) =

(FwhP +

%

> wP(hghs) >
whF (hy(hahs)) >

RP(h2h3) > OJRP(]’LQ) and wlp(hlhghg) =

IP (hy(hah3)) > wlf (hahs) > w!P (hs),
R

w
w
(2) w (hlhghg) wN(hl(thg)) § wN(thg) S
wN(hz) = Ww N(hlhghg) = OJRN(hl(thg)) <
wRN(hzhg) < WRN hg) and
wIN(hthhg) = OJIN(hl (hghg)) S wIN(thg) S
wIN(h2) .
Therefore, wf = (F;wl, W) = (F;WBF + w!f WEN +
w!N) is a BCF interior ideal of F. |

Remark 3.4. In example 3.2 we can show that the converse

of the above theorem is not true in general.

Consider w?F + 1! (bd) = Wi + w!f(d) = 0.3 + 0.5

and wBN + 1IN (bd) = WY + 1wV (d) = —0.3 — 10.5.

Then,

(1) wP(bd) = wP(d) = 0.3 # 0.4 = WP (b) = Wi (bd) =
wlP(d) = 03 # 04 = wBP(b) and w'F(bd) =
w!P(d) = 0.5 # 0.6 = w!P(b).

(2) wV(bd) = wN(d) = -03 £ —05 = WV () =
wEN(bd) = wBN(d) = —0.3 £ —0.5 = WM (b) and
wIN(bd) = wIN (d) = —0.5 £ —0.6 = WV (b).

Thus, W™ = (F;w? W) = (F; WP +w!? WY 4+ 1wIN)

is not a BCF ideal of §.

The following theorem shows that the BCF interior ideals
and BCF ideals coincide for some types of semigroups.

Theorem 3.5. In regular, left (right) regular, intra-regular,
and semisimple semigroup, the BCF interior ideals and BCF
ideals coincide.

Proof: Let w™ = (Fwl,wV) = (Fuwlf +
w!? BN + 1wIN) be a BCF interior ideal of a regular
semigroup and let hi, he € §. Since § is regular, we have
there exists k& € § such that h; = h1kh,. Thus,

(1) wP(hlhg) = wP((hlkh1)h2) = wP((h1k‘)h1h2) Z
wP(hl) = wRP(hlhg) = wRP((hlkhl)hg) =
wRP((hlk)hlhg) 2 WRP(hl) and

RN((hlk)hth) S wRN(hl) and
IN(hth) = (JJIN((hlkhl)hz) = wIN((hlk)hth)
wIN(hl).

Hence, w? = (F;wf,w™) = (§; w0 + 1w Wl 4+
w!N) is a BCF right ideal of §. Similarly, we can prove that
W = (FwP, W) = (FwhP + w!P, Wi + 1w is a
BCF left ideal of §. Thus, wf! = (§F; W’ + w!?f WV +
w!N) is a BCF ideal of §.

Similarly, we can prove the other cases also. ]

The following theorems are basic properties.

wIP(hlhg) = wIP((hlkhl)hg) = WIP((hlk)hlhg) Z
UJIP(h )

(2) wN(]'Lllhg) = wN((hlkh1)h2) = wN((hlk)}th) S
wN(hl) = wRN(hlhg) = wRN((hlkhl)hg) =

IN

Theorem 3.6. Let R be a non-empty subset on §. Then R is
an interior ideal of § if and only if XB = (F;xE,xK) =
(3 XBE 4+ oxEP X BN 1\ INY is a BCF interior ideal of §.

Proof: Suppose that R is an interior ideal on §. Then

K is a subsemigroup on §. Thus by Theorem 2.8, ng =

@ xhoxR) = @ExEF + o Y + o) is a BCF
subsemigrup of §. Let hy, ho, hg € §.

If hy € R, then hihohg € K. Thus, 1 + 11 = ngp(hg) =

X.{%P<h2> = Xgp(hlhgh;),) = Xép(hlhzhg) and —1 — 1 =
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BN (hy) = xE¥(ho) = xBN(hihohs) = xE¥ (hihahs).
Hence,
(1) Xﬁ(h1h2h3) > xE(ha) = xBF(hihohs) > xBEP(ho)
and x§* (hihahs) > X (ho )
(2) X} (M h2h3) < xq (R ) = X§" (hihahs) < x§ (hs)
and X (hlhghg) < ( )
If hy ¢ &, then 0 + .0 = xg(h ) and 0+ 0 = x¥ (h2).
Thus,
(1) Xq(hthhB) > xG(ha) = x&F(hihahs) > x 3P (ko)
and X (hlhgh ) Z X{;(P(hg),
(2) Xa (h1h2h3) < x§ (he) = x @ (hihahs) < x 3N (he)
and Xﬁ (hlhghg) éN(hQ)
Hence, x 7' = (& x5, xq) = & x &7 +oxd” x@V +ox§Y)

is a BCF interior ideal of §.

Conversely, suppose that xBI = (F;xE. 1Y) = (& xBF +

LXRP,XQN + LX N) is a BCF interior ideal of §. Then

= FxXTN) = @B 4+ oD BN + o B s

a BCF subsemigroup of §. Thus by Theorem 2.8, & is a

subsemigroup of §.

Let hy,ho,hs € § and hs,€ K. Then 1 + 11 = Xg(hg) =
&7 (ha) = X (ho) and =1 — 11 = xJ (h2) = x&" (h2)
IN(hy). By assumtion,

(1) x&(hihohs) > xE(ha) = x &7 (hihahs) > x 3 (he

and X%P(hlhghg) Z X{ip(hg)

(2) xx (h1h2h3) < Xa (hz) = X3 (hihahs) < X3V

and Xﬁ (hlhghg) < X.R (hg)

Thus, h1hohs € K. Therefore, R is an interior ideal on §. W

Theorem 3.7. A BCF set wf! = (F;wP W) = (F; w0l +

wl P WBN + 1wINY is a BCF mtertor ideal of a semi-
group § if and only if the non-empty subset PN ((w?F +
w!? (m,m), (WEN + w!¥ (0,0))) is an interior ideal of
§ for all m,n € [0,1] and 0,0 € [—1,0].

Proof: Let wfl = (Fwl W) = (Fwhl +
wl P wBN + 1wIN) is a BCF interior ideal of §. Then
I = (FwP o) = (FwlP + w!P w4 1wV
is a BCF subsemigroup of §. Thus by Theorem 2.10,
PN (WP + 1w, (,m)), (@™ + 1™, (0,0))) is a sub-
semigroups of §.
Let hy, ha, hs € §,m,n € [0,1] and p,0 € [-1,0].
If hs is an element of PN (Wi +w!? | (m,n)), (WY +
N (0,0))), then wff(hy) > m,w!f(hy) > n and
Wi (hy) < 0,w™ (hy) < 0. By assumption,
(1) wP(h1h2h3> > wP(hQ) = wRP(h1h2h3) >
and wlp(hlhghg) > wlp(hg)
(2) wN(hthhg) < wN(hg) = WRN(h1h2h3) <
Thus, element

and (.L)IN(hthhg) S wIN(hg).
w!? (m,7)), (@ +w!™, (o,0))).

~—

(h2)

WRP(hQ)
wRN(hg)

hihohs is an of PN(wFF +

Hence, PN ((wff + 1w!? (7, 7)), (W + 1w, (9,0)))
is an interior ideals of §.
Conversely, suppose that PN ((wEP +

P (7,m), (WEN 4+ 1w (9,0))) is an interior ideals
of §. By assumption, PN ((wf¥ + P (7, 7)), (W +
N (0,0))) is a subsemigroups of F. Thus by Theorem
2.10, Wl = (F; w0 + 1w WY 4+ 1w™V) is a BCF
subsemigroup of §. Let hy,ho,hs € F,m,n € [0,1] and

0,0 € [—1,0]. By assumetion, hjhghg is an element
of whl = (Fwl’ + w!P WiV + 1wIN). Thus,
wRP(h1h2h3) Z ™ = RP(hg), wIP(hthhg) Z

n = whiP(hy), W (hihohs) < o = whiN(hy)
and wIN(hthhg) < g = wRN(hg). Hence,

RI _ (S;wP wN) = (3; WBP TP RN LwIN) is a
BCF interior ideal of §. [ |

Some equivalent conditions are important properties for a
CBF interior ideal of a semigroup which are shown in the
following theorem.

Theorem 3.8. A CBF set w''l = (F;wl,w?) = (F; w0l +

wl P wBN 4+ 1wINY is a BCF interior zdeal of § if and only
lwaI ©whl < whl and FR © wF © R < wPN where
gRI — (3'7 S’P,SN) — (SRP-I-LgIP,SRN-i-LSIN) is a BCF
set of §.

Proof: Assume that w! = (F;w? W) = (F;wh +
w!? WiN 1wV is a BCF interior ideal of §. Then w’! =
(Fwh W) = (FwB + w!P WwEN 4+ wN) is a BCF
subsemigroup of §. Thus by Theorem 2.11, w? @ wf! =<
Wkl
Let h € §. Then (§* © wh!
3 (1)

If Ay, = 0, then it is easy to verify that, (F% o w*f’) o
S;RP(h) < wRP(h), (SIP OwIP) osIP(h) < wIP(h) and
(SRNOWRN)OSRN(}L) 2 wRN(h), (%vINowIN)O%IN(h) 2
wIN(h).

If Aj, # (), then

(SRP ° wRP) ° SRP(h)
=V A{E™ ow™)(k) AF"(0)}

(k,0)€Ap
{(SRP o wiP) (k) AT (0)}
( \)/A {81 (u) AW (1)} AFE (0)}
Vo {IAWRP(B) ALY

K
= {V
O} <V Aw(uto)}

(k, n (u,t)EA
_ \/ {wRP

(k,0)€Ap (k,0)€AR
= wlf(h).

@ FV)(h) = (F™ ow™) o

V
(k,
=V

V

)
0)€EA
(k,0)€An
0)€A

Q

Thus, (F7F o wfP) o FRP(h) < wRF(h). Similarly, we can
show that (F'F o w!P) o FIP(h) < w!P(h). And
(3RN o wRN) ° SRN(h)
= A AG™ ow™) (k) vVF™(0)}
(k,0)€A}
= AN { A ) ve™ (@)} vE™(0)}
(k,0)€AL (ut)EAy
= AN { A {(-1ve(t)}v-1}
(k,0)€AL (u,t)EA
= A {™®}= A A{w™(uto)} =w™N(h).
(k,0)€EA} (k,0)€A}
Thus, (F7Y o wfN) o FEN(R) > wWEN(R). Slmllarly, we
can show that (F'% o w!/™) o FN(h) > w!N(h). Hence,
FPN @ Whl @ FPN < (PN

Conversely, suppose that w’ © w! < wWR! and
N 0w © FPN 2 wPN . Let hy, hy € 3.
Since wf ©® wf! < W we have W = (Fwlr +
wl P wBN 4wV is a BCF subsemigroup of §, by Theo-
rem 2.11.

Let hy,hs, hs €
gRP ° wRP) o SRP(hthhB) <
SIP o wIP) o Slp(hlhghg) S wIP(hthhg),
SRN o OJRN) o %RN(hthhS) > wRN(h1h2h3) and
SIN o wIN) o SIN(hthhg,) Z wIN(hthhg). ThllS,

$. Then by assumption,

wRP(hthhg),

S~~~ ~
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RP(hyhahg) > (FEF o wlP) o FEP (hihohs)

= Voo G 0w (k) AT (0)}
(k,0)EAR hohy

= Vo { VWAt ()} AT (0)}
(k,0)€EAR hong (ut)EAL

= vV {V {1Ad® @)A1
(k,o)eAhthh,S (u,t)EAL

= Voo {0} > WP (h).

(k,0)€An  hohy

Hence, wf** (hyhohsz) > wh
that wIP(hthhg) > wI ( )

Therefore, w® (hihohz) > wP(hy) = wF
wRP(hg) and wIP(hlhghg,) > OJIP(hQ).

P(hg). Similarly, we can show

P(hyihohg) >

wRN(h1h2h3) < (SRN o wRN) o SRN(hlhghg)

= A G ow™ (k) v F(0)}
(k,0)EAR hohy

= A LA F () v ()} vET (o)}
(k,0)€EAR hohy (ut)EAL

= A A {F1ve™(lv -1}
(k,0)€EAR hohy (ut)EAR

= A AW ®)} < W (ho).

(k,0)€EAR  hohy

Hence, w™ (h1hohs) < wBN(hy). Similarly, we can show
that wIN(hthhg) < wIN(hz).
Therefore, w™ (hihohz) < wiV(he) = Wi (hihghs) <
wRN(hg) and wIN(hlhghg) < UJIN<h2>.
Consequently, w?® = (F;wl, W) = (Fwlf +
wl P wBN 4+ wINY is a BCF interior ideal of F. ]
The following theorem is an important property for an
equivalent of a BCF interior ideal of a left (right, intra-)
regular semigroup.

Theorem 3.9. For any left (right, intra-) regular semigroup
T Wi = (Fw?P W) = (F w0l + w!f Wl 1wl s
a BCF interior tdeal of § if and only iwaI © whil = Wi
and 1 © Wil @ R = Wil

Proof: Assume that w! = (F;w?, W) = (F;wh +
w!? BN + 1wINY) is a BCF interior ideal of § and let
h € §. Since § is left regular, there exists r € § such that
h = rh? = r(hh) = (rh)h = (r(rh?))h = (rrhh)h =

((r2)hh)(rh?) = (r2hh)(rhh). Thus,

(WRP o wRPY(h) = \/ {wBP(k) AwRP(0)}
(k,0)€EA

= \% {wRP (k) AwhP(0)}

(k,0)€A (211 (rn)
> (WP (r2hh) A WBP (rhh)) >
— wRP(h).

RP o ,RP)(h) 2 wRP(h) Similarly, we can show
IP(h). And

{w (k) v wi™ (o)}

= A {w™ (k) v w™ (o)}
(k,0)€EA (211) (ki)

< (WBN(r2hh) v WEN (rhh))

< wEN(R) VBN (R) \ = BN (h).

Hence, (W™ owfN)(h) < WiV
that (w'™ o wWIN)(h) < WIN(R).
Therefore, w! © wf! = W,
Since Wi = (Frwf W) = (Fwl + w!P W +
w!N) is a BCF subsemigroup of §, we have wf! @ wfif <

wiP(h) A WBF (R)

Hence, (w
that (w!?

(Wi ow

(h). Similarly, we can show

W by Theorem 2.11. Thus, w’ @ w?! = W, Since § is
left regular, there exists © € § such that h = rh? = rhh =
r(rhh)h. Thus,

(%«RP o WRP) ° 3«RP(h) — ( \)/A {(gRP ° wRP(k))
k,0)EA}
NS (0)} = Voo G 0w (k) AT (0)}
(k,0)EA (rhh)h

> (FBE o wBP)(r(rhh)) AFEP (B
= (FRF o WP (r(rhh)) A1 = (FEF o
Voo {3%(k) AWl (0)} =
(k,0)€EA(rhn)
=1 AwlP(rhh) = B (rhh > WB ().

W) (r(rhh))
RP () N B (rhh)

Hence, (7 owfP) o FRP (h) > wfP(h). Similarly, we can

show that (F'F o w!P) o FP(h) > w!P(h). And

(SRN owRN) o&RN(h) — . {\A {(SRN OwRN(k‘))

IR (G 0w (k) VE®Y (o)}

k,0)€EA.(rhn)n

< (5 0w (r(rhh)) V 37N (h)

= (N 0w N)(r(rhh)) v -1 = (F* BN (r(rhh))

= A {F (k) VN (o)} < )V wiF (rhh)
(k,0) €A (rhR

=-1V w;%N()rhh) = wiN(rhh) <w

(
N (h).
Hence, (§%N o wf™N) o FEN(h) < wBN(h). Similarly, we
can show that (F'N o wI™N) o FIV(h) < w!™(h). Hence,
TR @ Wl © ! - wf!. By Theorem 3.8 we have §%/ ©®
RI ® S‘RI < wB Thus SRI ©® wh! ® gRI e
For the converse, it follows from Theorem 3.8.
Similarly, we can prove the other cases also. ]
Some equivalent conditions are important for a BCF
interior ideal of semisimple and regular semigroups.

RN)

Theorem 3.10. Let § be a semisimple semigroup. If w! =
(Fwh W) = (F Wl + w!? [ WwBN +1wN) is a BCF
interior ideal of §, then Wl @ Wi = BRI

Proof: Assume that w! = (F;w?, W) = (F;wh +
w!? WBN + 1wINY) is a BCF interior ideal of § and let
h € §. Since § is semisimple, there exist 7, ¢,e,d € § such
that h = rhtehd. Thus,

W owf)(h) =\ {w (k) AP (0)}
(k,0)€A

V {wi (k) AwF(0)}
(k,0)EA(rht)(ena)
(WBP (rht) A wBP (ehd)) > WP (h) A WRF(h)
wit?(h).

v

RPY(h) > wBF(h). Similarly, we can show
P (h

wIP)(h) > w ). And
wty(h) = A\ {o™ (k) VW™ (0)}
(k,0)€Ap,
{wf™ (k) v w™(0)}
(k,0)EA(rhty(ena)
< (WEN(rht) vV wBN (ehd)) < BN (R) v WEN (R)
= wiN(h).

(WhN o

wBN (R). Similarly, we can show
IN(h). Therefore, wf! © w?l -

Since W = (F;wP W) = (Frwlf + w!f N +
w!N) is a BCF subsemigroup of §, we have w?! @ wf! <
Wi by Theorem 2.11. Thus, w’ @ wf = WEL, ]
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Theorem 3.11. Let § be a regular semigroup. If w'! =
(Fwh W) = (F 0wl + w!P [ WwBN +1wN) is a BCF
interior ideal of §, then §% © wf! @ FH = Wi,

Proof: Assume that w! = (F;w? W) = (F;wh +
wl? wBN 4+ 1wIN) is a BCF interior ideal of § and let
h € §. Since § is regular, there exists » € § such that
h = hrh = (hrh)rh = h(rhr)h. Thus,

(S:RP o wRP) ° S;RP(h)
= ( \)/A {(FF 0w (k) AT (0)}
k,0)EA}
V {(F7F 0w (k) AT (0)}
(k,0)E€EAL(rhryn
> (F% 0 WP (r(rhr)) A FRF (h)
= (P o wfP)(r(rhh)) A1 = (FEF o whP)(r(rhh))
Voo T (R) AW (0)} > FP(r) Awr (rhh)
(k,0)€EA (rnn
=1A wR};(rf)Lh) = wBP(rhh) > WB ().

Hence, (77 o wff) o FRP(R) > wRF(h).
Similarly, we can show that (§/* ow!P)oFIF (k) > w!P(h).
And

(S:RN o wRN) ° SRN(h)
= ( /)\ ) {@™ 0w (k)) v T (0)}
k,0)EA}
A {0 wiN(k)) vEN(0)}
(k,0)E€EAL(rhryn
< (FEP o BN (r(rhr)) v FEN(R)
= (FEN o BN (r(rhh)) V =1 = (FEN o wBN)(r(rhh))
oo Q {8 (k) v Wi (0)}
k,0)€EA, (rhh
< &RN(T)(\/ o;Rp(rhh) = -1V wiN(rhh) = BN (rhh)
< whN(h).

Hence, (FFV o wfN) o FEN(h) < wBN(h). Similarly, we
can show that (F'N o w!™N) o FN(h) < w!™(h). Hence,
F @ wh! © FBL = wh! By Theorem 3.8 we have '/ ©
wlil @ FR < W Thus, % © Wil @ FH = WRI, [ |

IV. CHARACTERIZE SEMISIMPLE SEMIGROUPS IN TERMS
OF BIPOLAR COMPLEX FUZZY INTERIOR IDEAL AND
BIPOLAR COMPLEX FUZZY IDEALS.

In this topic, we will characterize a semisimple semigroup
in terms of BCF interior ideals and BCF ideals.

Lemma 4.1. If w7 = (F;wf W) = (Fwff +
wl P WBN 1+ w!NY is a BCF right ideal and %! =
(& 0P, 0N) = (F0RF + wplP RN 4 pIN) is a BCF
left ideal of F, then W™ @ YT < WFT N PRI,

Proof: Assume that w! = (F;w? W) = (F;wh +
wl? WBN 4+ 1wINY) is a BCF right ideal and ¢f =
(3507 0N) = (§:0RP 4+ ! RV 4 V) is a BCF
left ideal of § and let h € §.

If Aj, = 0, then it is easy to verify that, (w?F oy ®F)(h)
(WP A QFP)(R), (@I o pTP)(h) < (P A pIP)(h) 2
(W 0 pIN)(h) > (W v pFN)(R), (WY 0 V) ()
(WIN vV YINY(h). If Ay # 0, then
(W o) (h) V {wF (k) AT (o)}

(k,0)€EA}
< " \)/A {wi (ko) A1 (ko) } = whF(h) AYTP ()
,0)EAR

— (WRP AYRF)(h).

IV 2 IA

Hence, (wff o 9 BP)(h) < (wFF A BP)(h). Similarly,
we can show that (w!? o !P)(h) < (W!T AIT)(h). And

(W opf™M)(h) = A {w (k) v ¥T (0)}

(k,0)€Ap
> N Aw™(ko) vy (ko)} = W™ () v 41N (R)
(k‘,O)EA;L

= (@FN VRN ) (h).

Hence, (w®V o V) (h) > (WBN v BP)(h). Similarly,
we can show that (w!™ o p!N)(h) > (W™ v V) (h).
Thus, (w? o pPN)(h) < (WP A PN (R).
Hence, w?! @ B < Wl N ypf, [ ]
This theorem is a tool of characterizations semisimple in
terms of BCF interior ideals.

Theorem 4.2. [17] Let R and £ be a non-empty subsets of
S. Then
(2) X&' NXg = Xgne

Lemma 4.3. [19] For a semigroup §, the following state-
ments are equivalent.

) Every interior ideal 8 of § is idempotent,

) Every ideal & of § is idempotent,

) For any interior ideals & and £ of §, RN £ = KL,

) For any ideals R and £ of §, RN L = KL,

) For any interior R and any ideal £ of §, RN £ = RE,

) For any ideal & and any interior ideal £ of §, RN L =
RE.

The following theorem shows an equivalent conditional
statement for a semisimple semigroup.

Theorem 4.4. Let § be a semigroup. Then the following are

equivalent:

(1) § is semisimple,

(2) Wt ewl =Wk, for every BCF interior ideals w™ =
(5P w0) = (F1 0P + 1wl WY 1 1IN) of 5
(3) Wl ® whl = WRL for every BCF ideals w™ =
(F;wh W) = (F; 0l + w!P wBN 4wV of F,

(4) wB @il = RINYRI for every BCF interior ideals
WRL = (FwP, W) = (F WP + w! P wBN 4 V)
and WP = (F:P ) = (FORP + TP BN ¢
W) of 3,

(5) Wl @ Yt = W N YR for every BCF ideals
WRL = (F:wP W) = (FwBP 4wl P BN 4 I N)
and PR = (§; 7 + b P RN 4 pIN) of 5,

(6) wB @il = WRI NI for every BCF interior ideal
WBL = (F:wP W) = (FwBP 4wl P BN 4 I N)
of § and every CBF ideal % = (F;9f ¢N) =
(§; 0 + P, N + 1) I) of 3,

(7) Wil @™ = WB N YRI for every BCF ideal w™ =
FwP, W) = (FwlP + 1wP WY 4 WIN) of §
and every BCF interior ideal V™ = (F;9f V) =
(&P 4wt P PN 1) of §.

Proof: (1) = (2) Suppose that w? = (F;wf W) =

(T Wi + 1wl P WBN + 1wV is a BCF interior ideal of §.

Then, by assumption and by Theorem 3.10, w’! © W =

Wi,

(2) = (1) Let & be an interior ideal of §. Then by

Theorem 3.6, xq' = (¥, x5, x§ ) = (Fx&" +oxi” x§V +

txEY) is a BCF interior ideal of §. By supposition and
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Lemma 4.2, we have xZF(h) = (xEBF o xEP)(h) =
xa (h) =1, xg(h) = (x§ oxg")(h) = xg" (h) =11

And x@V(h) = (x§V o xgM)(h) = x§V(h) =
A () = (R o AN (h) = XV (h) = 1. Thus, h € 8.
Hence, 82 = f. By Lemma 4.3, we have § is semisimple.
(1) = () Let wf = Fof,wb) = Fol” +
LwIP,OJRN + LwIN) and le — (s’,(/JP,wN) — (%" ,(/)RP +
wpTP BN 1 19pIN) be BCF interior ideals of §. Then by
Theorem 3.5, wf! = (F;wf, W) = (F; WP+ WEN +
LwIN) and ,(/}RI — (S;wP’¢N) — (3;¢RP + L?/JIP,ll)RN +
1pIN) are BCF ideals of §. Thus, by Lemma 4.1, wf! ©
YR < R A R
Let h € §. Then there exist r,t,e,d € § such that
h = rhtehd. Thus,

(WP o R P)(h) =
-V

(k,0)€EA(rht)(eha)
> (WP (rht) AP (ehd)) > (WP (h) ApBRF (h))
~ (@7 A WP (h).

VWA )
{wP (k) A $FP(0)}

Hence (wff o ) (h) > (wBP A BF)(h). Similarly,
we can show that (w!¥ o IP)(h) > (WI¥ AIF)(R). And

@WNou™m) = A V() VN (o))
A WP (k) VRN ()}

(k,0)E€EA(rht)(ena)

< (WBN (rht) V RN (ehd)) < (wBN (h) v $RP (h))

= (WP VRN (1),

Hence, (w0 BN (h) < (WBN v pBN)(R). Similarly, we
can show that (W™ o)V (h) < (WIN vIN)(R). It implies
that, w® © B > Wi N YPL Therefore, w! @ i =
wRI N wRI.

(4) = (1) Let & and £ be interior ideals of §. Then by
Theorem 3.6 X = (8, x5 xa) = (& X3+ x G +
) and X&' = (F,xExd) = @Gl + oV +
txWN) are BCF interior ideals of §. By supposition and
Lemma 4.2, we have
Xag (h) = (g™ o xg™M)(h) = (RN A xgM)(h) = 1,
Xie(h) = (g oxg)(h) = (" A x&”)(h) = ¢1. And
Xiig (h) = (g™ o x@)(h) = (g vxgM)(n) = —1,
Xge(h) = (xg¥ o xg™)(h) = (xg" vV xgV)(h) = —ul.
Thus, h € KL. Hence, RN £ = KL. By Lemma 4.3, § is
semisimple.

(1) = (6) Let w¥ = (F;wf,0) = (Fwh’ +
LwlpvaN + L(AJIN) and wRI = (37¢P,¢N) = (Sa @DRP +
TP BN 4 9)IN) be a BCF interior ideal and a BCF ideal
of § respectively. Then 7?1 = (F; P V) = (F;¢RF +
P BN 4 pIN) is a BCF interior ideal of §. Thus by
(4), wRI ©® wRI — wRI ) ¢Rl.

(6) = (1) Let R, £ be an interior ideal and ideal of
§ respectively. Then by Theorem 3.6 and 2.8, y&/ =
(8 x5 XR) = @xg" + o xg™ + o) and xJ =
(X5 xY) = @& xBP + 0B BN +0x ) is a BCF inte-
rior ideal and BCF ideal of § respectively. Then by Theorem
33, xd' = @ x&xd) = FExE” + o x @ + o)
is a BCF interior ideal of §. Similarly, from (4) = (1), we
have § is semisimple.

So, (1) & (3), (1) & (5) and (1) < (7) are Straightfor-
ward. ]

V. CONCLUSION

In this paper, we give the concept of bipolar complex fuzzy
interior ideals in semigroups. We investigate the properties
of bipolar complex fuzzy interior ideals and between relation
interior ideals and bipolar complex fuzzy interior ideals.
Additionally, we find conditions bipolar complex fuzzy ideals
and bipolar complex fuzzy interior ideals coincide. Finally,
we characterize a semisimple semigroup in the bipolar com-
plex fuzzy interior ideal. In the further, we study bipolar
complex fuzzy bi-ideals in semigroups or algebraic systems.
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