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Quantile Regression for Single-index
Varying-coefficient Models with Missing
Covariates at Random

Xiaobo Ji, Shuanghua Luo*, Meijuan Liang

Abstract—This paper studies the single-index varying-
coefficient quantile model with missing covariates at random.
Firstly, some estimators of index parameters and their corre-
sponding linkage function are given by using the inverse proba-
bility weighting method for missing data in two cases including
parameter estimation and non-parametric estimation for the
single-index varying-coefficient quantile regression model. In
particular, the latter case focuses on the study of both known
and unknown probability functions. Secondly, the established
estimators are proved to be asymptotic normal under some
suitable regularity conditions. Finally, the simulation studies
are conducted to demonstrate the finite sample performance of
the proposed method.

Index Terms—quantile regression, inverse probability
weighting, missing covariates at random, single-index varying-
coefficient model.

I. INTRODUCTION

S an important semi-parametric model with index
items, single-index varying-coefficient model (SIVCM)
is proposed firstly by Xia and Li [1]. This model immediately
attracted the attention of many scholars upon its proposal.
This is because of its two main advantages: one is that it has
the explanatory power like some parametric models, another
is that it can avoid the curse of dimensionality.
The SIVCM follows the general form:

Y = nT(aTX)G + ¢, (D

where Y is the response variable, X € RP and G € R% are
p-dimensional and d-dimensional covariates, respectively.
n(-) = (), ,ma(-))T is a d-dimensional unknown cof-
ficient function vector, and « is the p-dimensional unknown
parameter vector. Generally, the first component of G always
be taken as 1. And for the sake of identifiability [2], we
assume that ||| = 1 and the first component of « is positive.
The ||-|| denotes the Euclidean norm, and ¢ is a random error
independent of (X, G).

Model (1) is so flexible that statistical inference about
it has received lots of attentions in literatures. For example,
Xue and Wang [3] discussed SIVCM by empirical likelihood
method. Huang, et al [4] proposed a procedure for model
structure selection in the framework of the SIVCM. Zhao, et
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al [5] discussed a robust and effective estimation procedure
for SIVCM by combining minimum average variance esti-
mation (MAVE) with exponential squared loss. Other work
about SIVCM can be seen in [6]-[7].

However, the models mentioned above based on mean
regression are not robust against the outliers. Koenker and
Bassett [8] proposed quantile regression that can effectively
overcome the impact of outliers and non-normal error.
Recently, Kuruwita [9] disscussed the variables selection
of the single-index quantile regression model with high
dimensional covariates. And Xu, et al [10] considered the
single-index quantile regression under left truncated data.
For more work about single-index varying-coefficient quan-
tile regression (SIVCQR), see [11]-[13].

In addition, missing data is a common issue in social,
economic and biomedical studies. To overcome the impact
of missing data on estimation results, scholars have proposed
some methods such as complete case (CC) analysis, inverse
probability weighting (IPW), imputation methods and so on.
For model (1) with missing data at random, there have been
many researches to concern the estimation for this model by
using the inverse probability weighting (IPW) methods. For
example, Zhao [15] discussed the estimation of model (1)
and used IPW to construct a weighted estimator for the index
parameters with missing covariates. Song, et al [16] investi-
gated the robust variable selection for SIVCM and adopted
the IPW method to eliminate the potential bias. We also can
get robust estimation based on IPW in other models with
missing data, such as [17]-[19]. Thus, this paper will adopt
IPW to handle the single-index varying-coefficient quantile
regression model (SIVCQRM) with missing covariates at
random.

In this paper, parameter estimators and non-parametric
estimators are proposed for the SIVCQRM with random
missing covariates by using several methods including quan-
tile regression (QR) with known selection probability, non-
parametric quantile regression (NQR) and parameter quan-
tile regression (PQR) with unknown selection probability,
and their asymptotic properties are established under some
regularity conditions. Further, the finite sample performance
of the proposed method are demonstrated by the simulation
studies.

The rest of this paper is organized as follows. In Section
II, QR based on IPW utilizes local linear methods, kernel
estimation and maximum likelihood estimation respectively
under different conditions of SIVCM to obtain the corre-
sponding nonparameter estimators and parameter estima-
tors. The asymptotic properties of established estimators are
proved in Section III. The simulation studies are conducted
to demonstrate the finite sample performance of the proposed
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method in Section IV. The article is briefly discussed and
summarized in the Section V.

II. ESTIMATION

Let V; = (Y;,G;)T. Assume that X; is missing at random,
which means the selection probability

P = 1Y, X3, Gi) = P(0; = 1|Vi)) =7 (Vi) ,  (2)

where §; = 0 if X; is missing, otherwise §; = 1.
Theoretically, when selection probability function 7 (-) is
known the QR estimators of & can be defined as

. RN T, T
& = argmin oY —n' («
||au:1,a1>o; (Vi)

if (-) is known, where p,(v) = v(T — I(y<q)) = TV —
vy <o) is the loss function.

Suppose that {z;,g;,y;}"_; are independent identically
distributed samples from (X,G,Y). For k = 1,2,--- ,d,
7k (+) can be approximated linearly if 7)(-) is unknown. When
t in a neighborhood of oTx;,

n(ex;) = mi(t) + mi(t) (" 2 — t)
=aq + bk(aT:r,; —t),

where ay, = nx(t), by = 0. (¢). Then the objective function
in (3) can be rewritten as

> —p-(yi —agi — bgi(a"z; — 1))
T
xJ(

a*x; —t
h )7

where a = (a1,a2, -+ ,aq), b = (b1,ba, -+ ,bg), J(-) is
the kernel function and h is the bandwidth. By averaging ¢,
one can get the empirical approximation of (4)

d n 51
ZZ?T(VZ y; — ag; — bg;a (i

j=11i=1

—z;))wij,  (5)

where
Jp(@Tz; —alx;))

Wij = ,

Jn(aTz; —aTzy)

NSE

~

1

Jn(:) = J(-/h)/h.

Then it follows form (3) and the above formulations that the
quantile regression estimator of SIVCM is defined by

arg min ZZﬂf{/

[|ee||= 1a1>0j 1i=1

(&,4,b) =
4t — by 6)

X pr(yi — T; — x5))

OZTIZ’i — OéTl‘j

),

when selection probability function  (-) is known.
However, the selection probability function 7 (-) is often
unknown in many cases. Thus it is necessary to estimate
the function 7 (-). We often use nonparametric smoothing
estimation approaches to estimate the unknown selection

x J(

probability function. As a common method, the Nadaraya-
Watson estimator of 7(v) can be defined as

M:

0; L}L( i U)

; (N
Lh(‘/z — ’U)

>
—
<
~
I
<.

M:&

1
where Lp(-) = L(-/h)/h is a kernel function, and h is the

bandwidth. Hence the NQR estimator with 7 (v) is defined
as

.
Il

d n

. 0;
arg min ZZ A

[lee||=1,t1 >0 j=1i=1

(an,an,by) =

8
x pr(yi — ag; — bgia” (z; — x;)) ®

OKTJZZ‘

- Oéij )
h )
where ¢ is called NQR estimator of o with 7(v).

On the other hand, nonparametric estimation may en-
counter the curse of dimension when the dimension of Vj is
too high. As a result, the parameter method can be used to
get the estimator of 7(+). Supposing that 7(v) = n(v,w) for
function 7(-,w), where m(-) is a known function, and w is
an unknown parameter. Assume

x J(

exp(vlw)

1+ exp(vTw)’ ©)

m(v,w) =

when 7(v,w) is specified correctly, the estimator & can be
obtained by maximum likelihood estimation (MLE). Then
the PQR estimators of SIVCM can be defined as

d n

. d;
arg min ZZ (Vi)

llall=1,01>0 525 ;=4

(Gp,ap,bp) =

10
x pr(yi — agi — bga” (z; — x;)) (10)
T T
Q" T, — O Ty
J
)
where ép is called PQR estimator of « with w(V;,@). The

objective function in optimization problems is convex, and
the resulting PQR estimators are uniquely defined.

III. ASYMPTOTIC PROPERTIES

The asymptotic properties will be established in this sec-
tion for the proposed estimators. Above all, some regularity
conditions will be introduced in the following.

Al. The kernel J(-) is a symmetric density function with
finite support.

A2. In a neighborhood of «g, the density function of
a’ X is positive and uniformly continuous for «. Further
the density of ag? X is continuous and bounded away from
0 and oo on its support.

A3. no(+) is a continuous function which has bounded
second derivative.

A4. The model error € has a symmetric distribution with
a positive density f(-).

A5. A;(t) is non-singular for all ¢ €  and C} is positive
definite.

A6. The selection probability function 7(v) is positive and
has a bounded continuous second derivative on the support
of (Y,G).

A7. The MLE @ of w is root-n consistent and satisfying
the regularity conditions of asymptotic normality.
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Conditions (A1)-(AS5) are standard conditions and is com-
monly used in quantile regression, see Wu[20]. And (A6) is
a indispensable condition for analyzing missing data , (A7)
is a regular condition for MLE.

Lemmal[21]. Assuming that A, (s) is convex and can
be expressed as s7Vs + Uls + C,, + ryps, where V is
symmetrically positive definite, U,, is randomly bounded,
C,, is arbitrary, and r,s approaches 0 with probability for
every s, then the least of A,,(s) is c, only o0,(1) away from
the minimization of %STVS +UTs+C, is ay = =V 71U,

Lemma2[22]. Let (X1,Y7),- -, (X,,Y.,) be independent
and identically distributed (i.i.d) random vectors, where the
Y;’s are scalar random variables. Suppose that E|Y;|* < oo
and sup,, [ |y|*¢p(z,y)dy < oo, where f(-,-) represents the
density of (X,Y"). Let J(-) be a bounded positive function
with a bounded support, satisfying the Lipschitz condition.
Then

sup |~ —2)Y; — E[Jn(X; —2)Y]}

Z {Jn(X
= O,(In* (1/h) / Vnh)),

as n?"1h — oo fore < 1— s~

Let F'(-) and f(-) be the cumulative distribution function
and density function of model error respectively. Using f(-)
to represent the marginal density function of T = ol X.
We select J(-) as the symmetric density function, denoted
as pu; = [tIJ(t)dt, v; = [t7J?(t)dt. The asymptotic
normality of /) = 7(t; h, &) and & are stated in the following
theorems.

Theorem 1. Assume 7(v) is known and conditions
(A1)-(A6) hold, if n — oo,h — 0 and nh — oo, then
for any interior point ¢,

1

Vah{i(t; h, &) — 1o (t)
— N(0,%(¢)),

1
- 577(/)’(t)ﬂ2h2}

where B(t) = “TUST A ()7 Ag(1) A (1),
E{GZG;ZWT = t}, and Al(t) =
Proof Note that

vnh{n(t; h, &) —no(t)}

+ vnh{n(t; h,ap) — no(t)},
where 7j(; h, ) is a local linear estimator of 7)9(-) when
the parameter o is known. vnh{n(t; h, &) — H(t; h, ap)}
can be proved as o, (1). The details are given below.
For given t,

Ao(t) =
E[f(0|G, T)G,GT|T = 1].

di
N(t;h, &), 7 (t;h,&)) = arg min
(At h,8), 7 (1:h,4)) = axgmin 3|
x pr{yi —a’gi — b gi(a"x; — 1)}
x Jp(aTz; — 1),
n 51

(7i(t; by ), ' (E5 b, o)) = argmlnz

@b) = (Vi)

x pr{y; —al'gi — bl g;(afz; — 1)}
X Jh(aOTxi —t),

In the following, some signs are introduced,

w* = Vnh{ij(t; h, &) — no(t), h(i (t; h, &)

= (1)},
= Vnh{i(t; h, ag) — no(t), h(7 (t; h, o)
— ()},
yi =y —mo(t) g — {p ()} g: (@ s — 1),
vt =y —mo(t) gi — {mo (1)} gi(ag xi — 1),

I =Jn(@Ta; —t), I =
= {gi,g:(&"z; — t)/h},
G = {gi, gi(od x; — t)/h},

and then w* and W** minimize

Jh(agxi —t),

pi(w) =3 =0yt — G
25 b

and

Vi) = Y bt 0 = ) =

i=1

respectively. ¢ (w) and ¢}*(w) are convex with respect to
w, further, they both converge point by point to their con-
ditional expectation, the quadratic approximation is easily
deduced. Then by using Lemma 1, we can obtain

$r(w) = =

2wTS*w + W Tw + 0,(1),

1
vyt (w) = Sw S w + Witw + 0,(1),

where

R f%(twmw( ; Mfwv, )

W= Z

NGrJS

[ )

Wy = Z

G**J**

and ¢ (0]t) is the second derivative of

= E(p:(y —no(t) + m)[T" =1)

with respect to m evaluated at m = 0.

Assume the first derivatives ¢’ (m/|t) and the second deriva-
tives ”'(m|t) of @(m|t) with respect to m exist. Then
v € [-M,M], and M is a real number which makes
[-M, M] involve the support of K(-).

Due to the [23] and Lemma 1, @* that minimize ¢} (w) can
be expressed as

vt = _{S*}ilwn* + 0;0(1)7

p(mlt)

w can be got same as

’LI}** — *{S**}ilwn** + 0p(1).
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Then we have

1
S Wn* _ Wn**
w W S*(
1 n

— e YL WDGIT — PG )

i=1

ZpT yOGHT; = pr(yi )G,

) +op(1)

y;* has the same sign as y; a.s. when
& = aol| = Op(n~1/2).
For some r > 0,
< —r{S"} T HE{ (0 (47))?
X (GI T =GP TG = G )Ty
x ({53 H7T
= O B{(G}J} = Gi* ")
<07 =G
O(o(1)) = o(1),

/—\

ko

which means F(w* — @w**) = o(1). Then we can obtain
(w* —w*™*) = E(w fw**)+op(1) = 0,(1) due to the first
two terms. So (w* — w**) = o0,(1) and Vnh{i(t; h, &) —
7(t; h,ap)} = 0,(1). Then we need to prove that

—~

Vnh{i(t; hyog) — no(t) —
— N(0,%(1))-

1
§n6’(t)u2h2}

The details are given as follows.
Let w** = v/nh{(a—no(t))T, h(b — ny(t))*}T and w** is
the minimizer of the following formulation

n

Z p pT (i +1i —Ay)

=1

T(Ez +n)] i
where H; = (gi,gi(af x, t)/R)T, A; = w**H;/v/nh,
Ji = J((ao x; —t)/h), i = g (agwi)gi — 15 (H)gi —

(6 ()" (g — t)gi-
By referring to the identity

_p‘r< )

/{1(u<s) — Tu<oyyds,

pr(u—v)
= _U(IOT

where @, (u) = 7 — I(y<0). Then ¢, (w**) can be rewritten

as
V(@) = th1n (@) + Yo, (0™),
where
1 < 6;J
n = s AZ Is —ry) — Tl
¢1 ( ) nh ; ﬂ-(‘/z) [ ( z< 7) ]
s T
wzn :Zﬂ'(lV: /I(Ez< ri+s) I(E <_7"i)}d5
=1 0
It is easy to get
TS 4 —kk — ko
van(0*) = 0 5 B(5,)@7)7 4 0,(1),

_ 1 - . Trr. 7.
S, = — ;f( |G, TYHT H; J;(t),

and
GGT 0
Bsw = B0 | 7 o | m
=S.
Thus,
Yanl) = 5 S (00" (@) + 0y(1).

It follows from the convexity Lemma [23] that, for any
compact set, the quadratic approximation to ¢, (@w**) holds
un1formly for w** in any compact set, which generates

= —le(t)Sf1
1 n
X — Z JlHl[I(EZS—n) —

T| 4+ 0,(1).
o 1+ 0p(1)
At this point, S is a quasi-diagonal matrix.

Vnh(i(t) — no(t) = —f7" (t) A1
X \/% ; JiGi[I(siS—m) -

So we can acquire
EVARGH(E) ~ o (0)] = 7 (w)pah?,
Var[Vnh(i(t) =m0 (t))]

=TT ) Ag () Ay ()
fr(t)
The proof has been finished.
Theorem 2. Under the same conditions as in Theorem 1
and assuming that 7(v) is a smoothing function of v and
m(v) > ¢ > 0, we have

Vnh{in (t; h, 6y )
— N(0,%2%(¢)),

()~

7]+ 0p(1).

—mo(t) — 7 ()ah}

where
* _ UOT(I - T) —1 A% —1
¥r(t) = 7]%( ) A1 (1) Ag(D)AL(t) ™,
A1) = Eﬂ<) T = 1)
1—7(V;) B
Ar() T AG ()AL
< A (H)TPE[GGT|T = t) Ay ()t
= Ai(t) M Ag(H) AL ()"
Proof Let

by = Vah{(an —n0(t))", h(bx —15()) "}

Similarly to the proof of Theorem 1, we have

=PI, WN + 3, (WN),
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where
1 & 6idi
* Wy = e T L,
wln N nh;ﬂ_(%) N [( <—r;) }
n A*
(SZ‘Jz °
* — I
an(IUN) P ﬂ_(‘/z)/(; [ (E <—r +S)
_I(e,<—r,1)]d8
Let

Hei<—ri+s) = L(ei<—rplds,

and ¢35, (wy) = Yo (wn) + B (wy). It is easy to get that

AT
\/L Z O /0 z Hei<c—rits) = Le,<—rp)]ds
= Op( )
Because of the fact that
sup|7(v) — 7 (v)] = o(1),
it following the above formulations, Bj(wn) = op(1).

Similarly to the proof of Theorem 1, we can prove that

Vih(ay —no(t)) = —f7 () A1 (1)~

X [Leig—rs) = 7]+ Op(1).

Let

wln

(5 <-r;) — T]-

By the proof of Theorem 2 in [18], we can obtain

wln

Gillie,<—ri) — 7]

-
1 0iJ; 7T(Vi)
" ek ; (V)
X E[(I(Eiﬁfm) - T)Gl“/;] + Op(h2>
= ¢fn,1(t) + wrn,Z(t) + OP(hQ)’
where E(¥5,,(t)) = 0 and E(¥5, 5(t)) = 0. In addition,

by completing some calculations, we can obtain

var(91, (1)) =

Vo d; 2
fT(t){E(ﬂ'(V;) [I(Ez‘S*Ti) - T}

1—=(Vi)

x G:GI|T =t) - E|
X E(GzT[I(&iS*Ti) - THVi)®2‘T - t]}

+o(1).

Then ¥5,, , < N(o, ”07(1( )T) A} (t)). Following [17], we can
get

VCLT(’I; 1n,2 = w;n,2|X7 G)

2 n

q 0iJ; T
<L et F ) — Flcx
< T2 SO mps{ Pl )~ Flew)
= 0p(1)

1=

Based on above results, it follows that %, (t)
N(0, 270 T)A*( t)). By Slutsky’s theorem,

fr(t)
T % Tk d UOT(l B T) *
Vin(t) = B[], (8)] = N(0, ————A5(¢)).
fr(t)
By Lemma 2, we can get
1 « P
% ;5“]2[](575_741) — T}Gz —
1 n
E[% ;(si‘]i[](&‘if—m) - T]Gl = O (hz) .
Since =175 — 7y = op(l), then
1
710 n
\/7 1
X [I(sis—m - T]Gi
1 < 1 1
+ — 6;Ji = —
7 2w~ ww)

Thus, we can show that

o 0= eI

(h2).
Following above proof and Theorem 1, Theorem 2 is proved.

Theorem 3. Assuming 7(v) > ¢ > 0 is with an unknown
parameter w, based on (A1)-(A7), we have

ViR {ip(t:  ap) — m(®) — 7 (Oh’)
- V(0,5 (1),

where
A ()T AG (D A1)
< A ()T EIGGT T = t] Ay ()7
= A ()P Ag() Ay (1),
*k _ UOT(l ) 1 g%k —1
() = ) — AT AT () Au(t)
A5 () = Bl = GGIIT = 1) — 9 A7,
QO = E[(1 - n(Vi, )G VA|T = 1],
A= EIVTVir (Vi1 m(Via T 1.
Proof Let
wp = Vnh{(ap —no(t))", h(bp — (1)) }".
Then
w;*(ﬂ<m7w , W nh Z ’/T ,L T
X [I( i<— ,1) — ]
" ING
el

X [I(aiSfTHrS) - I(EiS*H)]dS
= Yiawp + Yo, (wp),
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where

1 &8s
rx _ S HGl < — ),
in /’flh p 71-(‘/2 w) G [ (ei<—7i) T]

n 7. ATT
@;Z(WP) = Z TI'(V, L:J) /O [I(EiS*THrS)

Let

Kok _ - 5i<]i(7r(‘/ivw)_7r(‘/i7®))
By (wp) = (Vi) (Vi )

X [I(EiS*THrS) - I(EiS*Ti)]dS'
Then 3% (wp) = on(wp)+ B*(wp). Based on MLE the-

ory and the proof of Theorem 2, we can prove B}*(wp) =
op(1). Similarly we get that

Vah(ap — no(t)) = —ffl(t)Al(t)”\/%
n 0;J;
X Z 71'(‘/;,(:}) Gi[I(EiS—H) - T)]
+0,(1).

Denote 7’ (V;,w) = grad(V;,w), then

7 (Vi @) — (Vi) = m(Vi @) (1 — 7(Vir)
X Vi(@& — w) 4 0,(n~?),
V(@ —w) = Elr’ (Vi,w)®? 7!
y \}ﬁ;w’(vi T (6 — 7V, ).

Let

n

idi
w

~ 1 é
¢1n(wP) \/7% ;:1 ’/T(‘/i; [ ( i< z) T)]

)

According to the above functions, we have

1 0;Ji(m(Vi, ) — w(Vi,w))
VoD DR
X Gi[I(aig—m) - 7)] =+ Op(l)
1 & 6
= Vi 2 7o)
3 1 0;Ji(1 — w(V;,w)) ,
VoD D A R
X [{(&:S*m) - T)Jvz(‘:" —w)+ Op(l)
= Yin1(wp) — Ui, o (wp) + 0p(1).

Gi [I(E'i§_7'i) —7)]

Note that 7/(v,w) = 1 — 7(v,w). Then we have

n

1

Vil =) = 2 D2 i = (Vi) A
Since
7wk o ’U()T(]. - T)

Val'( 1n,1(wp)) - fT(t)

d;

X E(W(Vi ) G.GT\T =1),
T sk _ UOT(l - T)
Var(wln,Q(wP» - fT(t)

x Qf BV Vir(Vi,w)
x (1 =m(Vi,w))] +o(1),

cov(Vin 1 (wp), i (wp)) = W

x Qf BV Vir (Vi,w)(1 = (Vi w))] + o(1),

then
~ _wor(1—7) 0; AT
Vaf(¢1n(wP)) - fT(t) E(’/T(V; w) Gle |T t)
B vo7(1 —7)

AR Ye YA 4T T - W

x (1 =7 (Vi,w))] + o(1).

Similar to the proof of Theorem 2, Theorem 3 follows.
Theorem 4. Assuming conditions (A1)-(A6) hold, if n —
00, h — 0 and nh — oo, then

V(@ —ag) = N(0,7(1 — 7)C71CoC Y,
where & can be &, &y and ap,

Co = E[(X — E(X|ag X))ny(ag X)"
x GG my(ag X) (X — B(Xag X))"],

C1 = E[f(0]X,G)(X — E(X|of X))np(ad X)
x GiGT i (aF X)(X — E(X]af X))T).

Proof Let 4 = y/n(& — ap). Then ¥ is the minimizer of
the following criterion

where s; = —ﬁg(&g$i)gi + &fgl + B;giagxij, Tij = Xj —
Ij.
Thus,
1 d n 5
Qn(7) = E(@n(7)) — —= Y —=
S
x [wijpl (i = si)wi;b] g

— wi; Elp} (ei — 53)]aib] gi] + 0p(1),
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and
d n (5
E[(Qn(7)] = E— pr(e; — 8;
[ ] ; ;[ v )[
L ¢ r
- ﬁV zi5b5 9i)] — Elpr (i — silwij
d n
= [Ep-(yi — 13 2:lv6 xi = 75 1) gs
j=11i=1

d n
=D Epe(yi — (V" wilvg xi = g @) s
j=1i=1
1 .
+ %(’YTZ”Z)]‘ gi)wlj]
1 d n
=== D e — si)wish; giwi;
j=1i=1
1 - ;
+ %’YT Z Z 2f(0|X, G)mijb?gig?
j=11i=1

X l}ijZ?;.wm + op(1).

As a result, we can acquire

d n
1 .
Qn(y) = —*\/EWT E E (e — 5:)xib] giws;
j=11i=1

d n
1 T 1T T
+ %’Y ZZQ}C(O‘X, G).szb] 9i9;

j=1i=1
X bjmiTjwij’y + Op(l).

In the root-n consistency assumption, p/ (¢; — s;) has similar
asymptotic distribution of p’ (e;) given @; and b;. Thus, the
theorem can be proved.

IV. NUMERICAL STUDIES

In this section, several simulation examples are given to
assess the performance of the proposed methods.

In numerical studies, we use the kernel function J(z) =
0.75(1 —22)I(|z)<1). and it follows from the cross validation
method that the optimal bandwidth A, is selected.

We conduct a small simulation study with n = 100 and
the data is generated from the following model

Y = (XTOéQ)G + (E - ET(E))7

where ¢ is the model error and E.(¢) is the 7 th quantile
of &, ag = (a1, a2, a3)” = (2/3,1/2,1/3)T. The covariate
vector X = (X7, Xo, X3)7 is a three-dimensionals standard
normal variable. The correlation between X; and X; is
%‘27]‘7 i,j = 1,2,3. X; is the missing value and another
covariate vector G is generated from a standard normal dis-
tribution. In the following simulations, we considered three
error distributions: N (0, 1), ¢(3) and x?(2). All simulations
are performed with 500 replicates based on the following
selection probability function:

P(8; = 11X, Gy) = pRleoteiXatwa Xy ten)

1+exp(wo+wi Xo+tw2 X3+w3G)’

where w = (wo,w1,ws2,ws) = (—1,0.3,0.8,0.1). The average
missing rates are approximately 31% when the quantile point
are set as 0.25, 0.5 and 0.75.

There are four different estimation methods for the above
cases: least square method (LS), quantile regression (QR),
quantile regression method under nonparameter estimation
(NQR) and parameter estimation (PQR). In these cases,
standard deviation (SD) and the mean square error (MSE)
of parameter vectors are calculated and simulation results
are given in the following tables. Using the same selection

TABLE 1
ESTIMATORS OF SD AND MSE ON 7 = 0.25
Dist Methods T MEAN SD MSE
(%} (e %) a3 o1 a2 a3 Q1 a2 Q3

N(©,1) LS 0.5 0.669 0.505 0.334 0.090 0.091 0.087 0.008 0.008 0.008
QR  0.25 0.676 0.502 0.333 0.132 0.133 0.120 0.018 0.018 0.014
PQR 0.25 0.667 0.503 0.330 0.035 0.034 0.030 0.001 0.001 0.001
NQR 0.25 0.668 0.499 0.333 0.038 0.035 0.037 0.002 0.002 0.002
t(3) LS 0.5 0.672 0.496 0.328 0.158 0.162 0.145 0.025 0.026 0.021
QR 0.25 0.678 0.499 0.324 0.155 0.152 0.144 0.026 0.023 0.021
PQR  0.25 0.665 0.504 0.333 0.040 0.040 0.034 0.002 0.002 0.001
NQR 0.25 0.665 0.485 0.345 0.307 0.312 0.367 0.094 0.097 0.135
x3(2) LS 0.5 0.672 0.507 0.333 0.166 0.170 0.172 0.028 0.030 0.030
QR 0.25 0.667 0.497 0.339 0.215 0.232 0.212 0.046 0.054 0.045
PQR 0.25 0.666 0.502 0.331 0.066 0.060 0.050 0.004 0.004 0.003

NQR 0.25 0.653 0.490 0.357 0.370 0.369 0.370 0.006 0.006 0.006

TABLE 11
ESTIMATORS OF SD AND MSE ON 7 = 0.5
Dist Methods T MEAN SD MSE
(e %} o a3 Qaq Q2 a3 a2 a3

N@©,1) LS 0.5 0.669 0.505 0.334 0.090 0.091 0.087 0.008 0.008 0.007
QR 0.5 0.669 0.503 0.335 0.104 0.107 0.105 0.011 0.012 0.011
PQR 0.5 0.667 0.502 0.333 0.029 0.029 0.026 0.001 0.001 0.001
NQR 0.5 0.668 0.499 0.333 0.041 0.040 0.042 0.002 0.002 0.002
t(3) LS 0.5 0.672 0.496 0.328 0.158 0.162 0.145 0.025 0.026 0.021
QR 0.5 0.678 0.496 0.326 0.135 0.135 0.120 0.018 0.018 0.014
PQR 0.5 0.666 0.502 0.333 0.033 0.035 0.028 0.001 0.001 0.001
NQR 0.5 0.679 0.489 0.313 0.229 0.231 0.240 0.052 0.053 0.058
x%(2) LS 05 0.672 0507 0.333 0.166 0.170 0.172 0.028 0.029 0.030
QR 0.5 0.672 0.502 0.338 0.189 0.206 0.192 0.036 0.042 0.037
PQR 0.5 0.664 0.504 0.332 0.059 0.054 0.046 0.004 0.003 0.002

NQR 0.5 0.669 0.498 0.334 0.066 0.067 0.066 0.005 0.005 0.004

probability function and the same sample size, and we can
observe that SD of QR, PQR and NQR which are in different
quantile points are mostly lower than those of LS. The
estimation effect is better under different distributions. The
MSE of LS is slightly better than QR method only under
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TABLE III
ESTIMATORS OF SD AND MSE ON 7 = 0.75

Dist Methods T MEAN SD MSE

a1 a2 as al a2 a3 a1 a2 as

N(©,1) LS 0.5 0.669 0.505 0.334 0.090 0.091 0.087 0.008 0.008 0.008
QR  0.75 0.668 0.506 0.330 0.117 0.112 0.116 0.014 0.013 0.014

PQR 0.75 0.667 0.500 0.336 0.037 0.033 0.032 0.001 0.001 0.001

NQR 0.75 0.665 0.501 0.331 0.049 0.046 0.043 0.002 0.002 0.0018

t(3) LS 0.5 0.672 0.496 0.328 0.158 0.162 0.145 0.025 0.026 0.021
QR  0.75 0.670 0.500 0.331 0.156 0.159 0.151 0.024 0.025 0.023

PQR 0.75 0.667 0.503 0.332 0.040 0.040 0.034 0.002 0.002 0.001

NQR 0.75 0.665 0.504 0.332 0.051 0.052 0.053 0.003 0.003 0.003

x2(2) LS 0.5 0.672 0.507 0.333 0.166 0.170 0.172 0.028 0.0289 0.030
QR  0.75 0.666 0.508 0.342 0.226 0.229 0.224 0.051 0.052 0.050
PQR 0.75 0.668 0.502 0.331 0.068 0.061 0.053 0.005 0.004 0.003

NQR 0.75 0.671 0.496 0.336 0.072 0.073 0.074 0.005 0.005 0.006

standard normal distribution from above tables. However,
the outcomes of QR and PQR are superior to those of the
LS in other distributions. Hence, a more robust estimation is
provided by the quantile regression in most scenarios, and
parameter estimation is better than non-parametric estima-
tion in small sample experiments.

V. CONCLUSION

This paper considers quantile regression estimation of
single-index varying-coefficient model with covariates miss-
ing at random. The IPW method is used to handle missing
covariates. Using different estimation methods to estimate
selection probabilities. Numerical simulation results show
that methods can achieve good results under different error
distributions. And the properties of the large sample estima-
tor and linkage functions are proved.
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