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Some Insights into the Power Method

Pravin Singh, Shivani Singh and Virath Singh

Abstract—In this paper, the power method is discussed in
mathematical detail with respect to the convergence, analysis,
numerical computations and multiplicity. Deflation as well
as avoiding deflation are described for symmetric positive
definite matrices. Variations of the power method are discussed.
Projections are applied to some distributions of the spectrum.

Index Terms—Power method, eigenvalues, projections, defla-
tion.

I. INTRODUCTION

HE spectrum of a matrix determines its eigendecompo-

sition which reveals much about the associated linear
transformation. Methods such as those due to Lanczos,
Arnoldi and Leverrier, amongst others, have been studied
extensively to obtain the spectrum [3]. Amongst all methods,
the QR algorithm is the gold standard to determine the
spectrum. A pioneering classic text on the computation of
eigenvalues is by Wilkinson [12]. However, there are cases
where only the dominant and least dominant eigenvalues are

needed. For example, the condition of a symmetric linear
)/\\Tlv
eigenvalue and Ay the least dominant of the matrix associ-
ated with the linear system. The power method is a simple
yet effective method to compute \; and \y. However, with
some simple adaptation, it can be used to determine other
eigenvalues as well. The convergence rate can be speeded up,
if the need arises. However, there is much more to the power
method, that we examine in this treatise. The PageRank is
calculated using the power method to determine the principal
eigenvector of the Google matrix [6]. The power iteration is
still used as part of more efficient techniques like Krylov
methods and the QR method. Householder attributed the
power method to Miintz in 1913 [4]. A parametric power
method has recently been proposed in [1] and is promising,
but only for certain distributions of the spectrum. The power

k
iteration using (-)> has been shown to be faster than the

traditional power method in [8], as the rate of convergence
2k
depends on ’/A\—f and is especially useful when |§—f| is close

to unity, for not very large matrix dimensions. A modified
power method has been applied in Nuclear Physics and is still
a subject of current research [9]. Bounds on the eigenvalues
of preconditioned matrices are invaluable as illustrated in
[13]. The authors in [11], surprisingly used the power and

system is determined by , where \; is the dominant
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the inverse power method to determine outer bounds for
irreducible positive definite matrices.

II. THEORY

It is well known that Hermitian matrices are unitarily diag-
onalizable and that their eigenvalues are real. Let A € R™*"™
be Hermitian with N < n distinct eigenvalues {)\l}f\il We
denote the algebraic multiplicity of A\; by m; and assume
that they satisfy the descending arrangement

[A1] > A2 > [Ag| > - > [An—1| > | AN
The corresponding orthonormal eigenbasis of A is given by
S:{UZ|Z:17 2a 7N7]:1a 2a 7mi}'

We shall refer to \; as dominant to \;, whenever |\;| > | ).
We call the tuple ()\;, u}) the (4, j);, eigenmode. Sometimes
we omit the superscript j if we are focussing on one
eigenvector and simply refer to the mode as the ¢;;, mode.
Define the subspaces

J N
S; = @N(A—)\il) and §; = @N(A—)\J)7

i=1 i=j

where N(A — )\;I) denotes the nullspace of A — ;I with
dimension m;.

Theorem 1: Let A € R™"*™ be Hermitian with spectrum,
o(A), satisfying \; > A1, 1 =1,2,--- ;N — 1. Then

ANv—k S (AX,x) < A, X E€ESN_p, X2 =1 (D)

with equality holding on the left hand side of (1) when x €
N(A —Xy_¢I) and on the right hand side when x € N(A —
AI). Also

An < (A%, X) < Mgty X € Sppr, X2 =1 (2)

with equality holding on the left hand side of (2) when x €
N(A — AnI) and on the right hand side when x € N(A —
Ap+1D).

Proof: We shall only provide a prove for inequality
(1), since the proof for inequality (2) follows in a similar
manner. The eigendecomposition of A as given by the
spectral theorem [7] is

N
A=) \G; 3)
=1
where
G; =) ul(u) (4)
j=1

are the orthogonal projectors onto N(A — )\;I) along the
range R(A — \;I), with the property that G;G; = 0;; G,
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where d;;, denotes the Kronecker delta. Furthermore, I =
N

> G;. Now, for x € Sy_j, and ||x[|2 = 1 implies that

N—Ek

X = ZGZ*X.

=1

Taking the inner product (x, x), we get

Hence, the inner product (Ax, x), yields that

(Ax, x) <Z)\Gx ZGx>

i=1

Ai(Gix, G;x)

= )\i<GiXa X>. (5)

and

If x € N(A — An_iI), then
x=Gpy_iX
and the inner product (Ax, x),
(Ax, x) =

= )\N,k<x, X>

(AN—kGN_kX, X)

= AN-k
If x € N(A — M\I), then
x = Gi1x
and the inner product (Ax, x),
(Ax, x) = (M G1x, x)
= >\1<Xa X>
= A1

We note that, when k£ = 0 in (1) and (2) that,
)\N <AX X> < )\17 ||X||2 = 1 SN == 51

Furthermore, we observe that span{S}, S; and S; are A and
A — A1 () € R) invariant subspaces.

Let u be a normalized eigenvector of A with corresponding
eigenvalue )\, and let G be a normalized perturbation of order

N L
¢ of u. Therefore . = ‘\’/'% where (ut, u) = 0 and
ut|lz = [[allz = 1 (Note that it only suffices to consider

perturbations perpendicular to u).

Theorem 2: If u is a normalized eigenvector of A with
corresponding eigenvalue A, and if G is the normalized
perturbation of order € of u. Then the corresponding per-
turbation in X is O(g?).

Proof: Taking the inner product of Au with @, we get

A= (Aq, 1) (6)
_ {(Au+eAut, u+eut)
N 14 &2
A+ 2eA(ut, u) +2(Aut, ut)
B 1+¢e?
M1+ %) + ((Aut, ut) — \)e?
B 1+¢2
= A4 0O(?). @)

|
Theorem 3: Let A be a symmetric matrix with dominant
eigenvalue A\; and G; be the corresponding projector onto

N(A — A\I). Then ‘2—: converges linearly to G with
1

Proof: For the ky, power of matrix A, we get
N
-3xe
i=1

N
= MG+ ) MG,
=2
Let

A\ F
:Z (M) Gi, (8)
1=2

then (8) is a spectral decomposition of the matrix e;. Hence,
the spectrum is given by

() ) ()

k
and |leg|l2 = i—f < 1. It follows that, limy_, o [l€x|]2 =
0 and e, — 0. Furthermore, we get ”ﬁ";:ﬁlb = i—f . So
convergence is linear with asymptotic error constant i—f
The latter is sometimes referred to as the convergence rate.
|
If A is replaced by A™ i Jin Theorem 3 then the convergence
is linear at the rate &
III. THE POWER METHOD
Consider the iterative process
AXk,
X), = — % €R” ©)
[ Axp—1[2
where ||xgl|2 =1 and Gixg # 0.
Then taking the limit as k£ — oo, we get
AkXO
Xk = Tpo (10)
[[A¥xql2
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Fig. 1. Error vs € for Example 1

and by Theorem 3
)\’quXO
[A1¥]|Gaxol[2

It follows that in the limit as k — oo,

X — :uleN(A—)qI).

AXk — )\1111

and A
( Xk )P N )\1
(Xk)p

where (xj), denotes the p;, component of xj such that
Ixk]lco = |(Xk)p|. For k large enough, we write

) u; + euy
=% = ———nt

where ¢ — 0 as k — oo so that
(A(u; +eui))y
(w1 +euy),
(A1u; +eAuf),
(w + Eull)p
5(Auf')p
(u1)p
5(“%)1)
(u1)p
= A1+ 0(e).
Since (Axy, xi) = A1 +O(e?) by theorem 2, it follows that
the Rayleigh number (Axy, xj) is a better approximation to
A1 than (12).
Example 1: Consider the matrix

A = (1)

AL+

1+

12)

8 4 4 1
4 8 1 4
A —
4 1 8 4
1 4 4 8
where \; = 17 and u = w; = [3, 3,3, 3]". We choose
ut =ui =[-4,1, -1, 1]" and plot the errors el = [A— |

obtained from equations (6), e2 = |\ — 5\1| obtained from
equations (11), versus ¢ in Figure 1. The linear and quadratic
dependence on ¢ is clearly seen from the blue and red plots,
agreeing with equations (12) and (7), respectively.
Algorithm 1: power(A)
1: choose x¢ € R" randomly, ||xgl/2 = 1.

2: for k=1to K do

3: x; = Axg

4: X1 = H:ﬁ

5. if ||x1 — x|z > ¢ then
6: X0 = X1

7. else

8: A1 = <AX1,X1>

9: u; = X1

10: stop

11:  end if

12: end for

13: return u=u, A =\

It is necessary to scale the iterates in step 4 to prevent
numerical overflow.

Shifted iteration

Given p € R one may determine the eigenvalue of A furthest
away from p by applying the power method to A —pl. This is
particularly useful for positive definite symmetric matrices,
when the average of the eigenvalues is skewed towards A;.
This allows the determination of the smallest mode (Ay, uy)
by avoiding inverse iteration. In this case it is indeed true that

trace(A) trace(A)
T AN > A T

where the latter two expressions are the first and second
dominant eigenvalues of
trace(A)
A. - TI.
Thus the power method on the latter matrix will yield the last
mode. Let us find the optimal value of p, such that \; —p >
Aiv1 —p, i =1,2,..., N — 1, with the requirement that the
asymptotic error constant satisfies
Ay — A
2P 2
AM—p A
We have the following cases that restrict the values of p:
(a) p € (—00,0) contradicts (13),
(b) p € (A2,00), then Ay — p is dominant,
() pe (%, A2), then Ay — p is no longer the second
dominant eigenvalue.

13)

Thus, for any p € (0, W], results in a smaller asymptotic

error constant. However, f(p) = Af—:i decreases on this

Py
interval, thus the optimal value is given by p = w It is
obvious that to use this result, reasonable approximations of
An and As are required. In other words, with this value of
p, the power method using A — pI will converge faster than
the power method using A, to the first mode.

Example 2: Consider the matrix

7 4 3 1

4 8 0 3
A=1[3 09 6 5]/,

2 4 6 10 7

1 3 5 7 11

where A\; = 24.406875 to six decimal digits. Figure III
illustrates the convergence for values of p = 0,5.2,9. The
red curve clearly indicates that the optimal value of p for
convergence is p = 5.2, which is obtained from the exact
eigenvalues Ay and Ay. The values of p = 9 is obtained
from LC%A).
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Fig. 2. Error vs € for Example 2

IV. INVERSE ITERATION

In this section, we assume that Ay _; is dominant to Ay.
It is clear that the power method applied to A~! will yield
the dominant eigenvalue of A~!, equivalently the reciprocal
of the least dominant eigenvalue of A. Thus we are able to
recover the N, eigenmode and the corresponding rate of

convergence is ‘ /\iﬁ -|.
Algorithm 2: Inverse iteration

1: choose xg € R™ randomly, ||x¢]|2 = 1.
2: for k=1to K do

3:  solve xg = Axy for x4

4: X1 = ‘Xil‘l

5: if ||X1 — X()HQ > ¢ then
6: X = X1

7. else

8: AN = <AX1, X1>

9: uy = X1

10: stop

11:  end if

12: end for

Inverse power iteration is more costly than the power
method due to the solution of a linear system at step 3,
however, a LU decomposition can minimize this cost.

Inverse shifted iteration

If an approximation Mo to an eigenvalue )\, is known
then the inverse power method on A — I yields the least
dominant eigenvalue of A — 5\kI, namely A\, — S\k. The closer
A iS to Ay, the faster the convergence. Such approximations
to \g (especially A1, Ay) are found in the literature [10].
However, if the eigenvalues are clustered near Ay then it is
likely to converge to the wrong eigenmode, unless A is a
very good approximation to Ag.

Example 3: For the matrix of Example 2, Ay = 0.903405
correct to six decimal places. Fig. 3 shows that inverse shifted
iteration on A — I converges after one iteration, compared
to a plain inverse iteration.

V. DEFLATION

We may determine all the eigenmodes of A by the process
of deflation, by having obtained the first mode (A1, u}) by
the power method, we will then determine all the other modes

1.4+ === inverse shifted
<— inverse —inverse
1.3
)
=
[+] L
S 1.2
o
9)
1t
=
101 jnyerse shifted
0.9t ‘ \ *
1.0 1.5 2.0 2.5 3.0

Iteration number

Fig. 3. Eigenvalue vs iteration number for Example 3

corresponding to A;. It follows from (3) and (4), that

N

Z)\lul t+2>\le
i=2

Hence, the spectrum of (A — A\jui(uj)?) is given by

JANT

A — \jul(u})t (14)

o(A = Auj(up)’) = {0, Ay, Ag, -+

where \; and zero are eigenvalues of algebraic multiplicity
m1 — 1 and unity respectively. The power method applied
to By = A — \jui(ul)? will yield an eigenvalue u corre-
sponding to A;. From (14) we note that

le X, u) u1+ZAGx0

(A )\11.11 111

Hence, u € span{ul}

and proceed with further deflation, having obtained {u1
k=23,-
method to

1, implies that u L u;. Let u1 =u

k-1
Jj=1
-, mq, u¥ is obtained by applying the power

k—1
_ J t
Bpi1=A-X\ Zul(ujl)
j=1
mi N

Y )+
j=k

Clearly, the spectrum of Bj_; is given by o(Bg_1) =
{0, A1, A2, ---, An} with Ay having algebraic multiplicity
my1 — k + 1 and zero having algebraic multiplicity k¥ — 1.
Deflation of \; is terminated with the power method on
B,,, -1 yielding ui", thus G; is obtained. Having obtained
(A1, G1), we have from (3)

B, =A-\G&G;
N
S ¥
i=2
and

(T(A — >\1G1) = {0, )\2, Ag, >\N}

The power method applied to B, , will converge to (A, ul).
Repetition of the deflation process described above will
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result in the complete deflation of As. Thus all modes up
to (An, uy) can be determined. Clearly,

k
B, =A-> \G;
=1

Thus xg € S’k_H which implies that B,,, xg € Sk+1 and
Sk+1 is By, invariant.

Algorithm 3: Deflation
1: call power(A)

2m=1
3:fori=1ton—1do
4 z=u

5. B=A

6: output m, 5, z

7 A=A — Bzzt

8 call power(A)

9: if |8 — A| < ¢ then
10: m=m-++1

11:  else

12: m=1

13:  end if

14: end for

Theorem 4: Let (A, 01) approximate the eigenmode (A, u),
where 0 approximates u to order O(e). Then
BkXO = BkX()
— X ({x0, w)B*tut + (B* 'xo,ut)u), (15)
where B = A — S\ﬁﬁ.t, is the actual deflation matrix and

B = A — \uu! is the exact deflation matrix.
Proof: From theorem 2, we have that

u—|—5uJ-

V1+¢e?
and that A = X + O(e2). Thus, we get

ﬁ:

(u+eut)(u+eut)
1+¢e2
= Auu’ + Xe (uru’ +u(ut)’) to ordere.

Aait = (A + 0(?))

Hence, we obtain

A — it = A — duu’ — e (u'u’ +u(uh)’).
It follows that

Bx, = Bxg — A¢ ((xg, uyu™ + (xp,ub)u). (16)

Hence, statement (15) is true for £ = 1. Assume that (15) is
true forA k, then for k + 1, we proceed as follows. Replace
xg by Bxg in (15) to get

Bt tix, = B*Bx,
—Ae ((me w)B*lut + (B*'Bxq, ul>u) V)
Note from (16) that
B*Bx, = B**!xy — \e ((x0, w)BFut + (x¢, u)yB*u)
=BFtlx, — Ae(xg, u>BkuL. (18)

Furthermore, from (16)

(Bx, u)
= (Bxg,u) — e ((xo, u)(ut, u) + (xp,ut)(u, u))
= —Xe(xg, ut). (19)

To arrive at (18) and (19) we have used the fact that B is
symmetric and u € N(B). From (16)

Bk_IBXO = BkXO — /\€<X0, 1,1>Bk_111L

so that
(BF1Bxg, ut) = (B¥xg, ut) — Ae(xq, u)(BF tut ut).
(20)
Using (18)-(20) in (17), we finally have
Bftlx, = BF1x,
— Xe ((x0, u)B*ut + (B"xp, ut)u) + O(e).
|

Apart from normalization of the iterates, we observe from
(15), that if B¥x, converges to an eigenvector v of A, then
BFx, converges to an eigenvector v of A. Clearly, B*¥~tut
converges to say b, where b 1 u. Thus we write

0:

Thus v approximates v to O(e) and the deflation process is
stable.

VI. CIRCUMVENTING DEFLATION
A. What doesn’t work

Suppose that we have determined (5\1, i}) using the power
method. Define
S* = span{(})*} = {x € R"|(x,a}) = 0}. Then x € S*
which implies that

(Ax, ﬁ%)

= (x,At})
= 5\1 <X7 ﬁ%)
=0.

Thus, Ax € S* and S* is A invariant. Therefore the
power method applied to xj € S* should converge to the
next dominant mode (1, a2). However, this is not true in
practice. We provide a brief analysis to understand why. It
is nearly impossible to generate a x§ € S*. Recall that
A=A +0(2) and 4} = % In the discussion that
follows we shall work to O(e). Given xo € R™ randomly
chosen, we generate x3 by Gram Schmidt orthogonalization.

Hence, we obtain that
Xg
(x0, uj +e(uj)h)(ug +e(uj)*)
1+¢2
= Xo — (%0, up)uj — &(xq, (uj)*)

= XO —
uj — e(xo, uj)(up)*.
(21)
and

k. *x
A"x;
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Fig. 4. Eigenvalue vs iteration number for Example 4

= Akxo 7)\k<X0au1> 76)‘ <X07(u%)L>u%
— e{xp,u})AF(u})*, (22)
From (14) and the spectral theorem, we have that
my
AFup)t =AY (ud, (u)* u1+z/\kG (ul)*
j=2 =2
my
=\F Z(u{, (uh)Hul  for k large.  (23)

j=2

Using (23), equation (22) becomes

Akxﬁ = AkXo - )\If<Xo,ui>U% - 5)\]f<xo, (ui)ﬂu%
mi
— el (xo,up) Y (ul, (uj)")ud.

Jj=2

(24)

Since eAF << A¥, we may ignore the O(g) terms in (24) to
get

APFx

= AFxo — A (xq,ul)ul

= AkXO - )‘]16<X0a u%>ﬁ% + A]165<X07 u%>(u%)L
1
1

= AFxy — M (xp,ul)al, (25)

where we have ignored EA’f as before. Since A*x, in (25)
converges to a vector parallel to @i, we converge again to
the first mode.

Example 4: The matrix

10 1 2 3 4

1 9 -1 2 -3

A=| 2 -1 7 3 -5,
3 2 3 12 -1
4 -3 -5 —1 15

has eigenvalues A\; = 19.242065 and Ay = 15.915101, both
of multiplicity one. The power method is applied with xq
and xj L xo. In Fig. 4 it is clearly seen that the power
method with x7 converges to the first mode, rather than to
the second mode.

B. What works

Suppose we have determined the modes {(\;,0)}?_
p < mj. Now consider the iterative process

Jl’

p—1
X5 = X0 — Z<XO’ af)al
Jj=1
p—1
xp=Axp_ — M Y _(x;_,,0f)ad. (26)
=1

It follows from (26) that
x5 = APxg — /\1 Z xo,u1

and the from the inner product of x} and @/, yields that
(x0, AF]) — A (xo,uf) = 0.

Hence, the iterates xj € span{{(ﬁ{)L}ﬁ;%}, and so the
power method with orthogonalization is forced to converge
to the next mode (A1, aY}). Similarly having obtained

jzla 27"'a

(xi,af) =

mi;T:1a27"'ap_1}7

the iterative process

-1 omy -
/\4 'r‘
xj = Axj_y Z)\Zxk »u Zxk »Lu

will converge to the mode ul. A simple algorithm to deter-
mine the second mode is presented in Algorithm 4
Algorithm 4: orthogonalization

1: call power(A) with output Ay, u;
2: choose x¢ € R™ randomly, ||x¢|]2 = 1.
3: Xg = Xg — <X0,U1>Ll1

4: for k=1 to K do

5: X1 = AXO — )\1<X0, 111>111

6: X1 = ﬁ

7: if ||X1 — X()HQ > ¢ then

8: X0 = X1

9: else

10: Ay = <AX1,X1>

11: U = X1

12: stop

13:  end if

14: end for

Example 5: The power method with orthogonalization is
applied to the matrix of Example 4, to determine the second
mode. Results are depicted in Fig. 5. Compared to Fig. 4, we
notice that we now have convergence to the second mode.

C. Projectors

We now consider a special case where projectors are

useful. Consider the distribution
A1 >> |Ao| > [As]| > > [An=1] > | A

of the eigenvalues of A. From Lagrange interpolation, we

have that
H A — )\ I
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Fig. 5. Power method with orthogonalization for Example 5

so that G is approximately proportional to AV~ Thus an
eigenvector u} is given by

ul — Gixo
b Gaxo
B AN71X0
[AN x|
= u%

and the Rayleigh number \; = (Aal al) is a good
approximation to A;. This may further be refined by a single
application of shifted inverse iteration to provide a fairly
accurate approximation ()\1, i}). Thus having obtained the
first mode we may proceed to obtain a mode corresponding
to A\o. Note that

N

A -\

G =]] X2 — A
i=1
i#2

Thus G is approximately proportional to (A — A\ I)AN—2
and
ul = G2xo
1G2xo|
< (A — M) AN2x,
[(A — MDAY2xq|
= 1.

27)

As before the Rayleigh number A\, = (Aw},ad) is an
approximation to Ag. This may be refined by a single or
double step shifted inverse iteration to yield a fairly accurate
approximation to the second mode. This is particularly suited
to the case m; = 1, namely N = n.

Example 6: Consider the matrix [5]

5 7 6 5
710 8 7
(28)
6 8 10 9
5 7 9 10

where o(A) = {0.010150, 0.843907, 3.858057, 30.288685}

accurate to six decimal digits. The power method
v!ith N — 1 = 3 iterations results in an error
A1 — M\1] = 2.82 x 107°. With one step of shifted

iteration we achieve [A; — A1| = 5.45 x 10712, Likewise for
the second mode we obtain |Ay — Xo| = 6.44 x 105 using

7.07 x 10~ after one shifted inverse

Q7). A2 — Ag| =
= 7.11 x 10~ after two shifted

iteration and |Ag — Ag|
inverse iterations.

D. Distinct Eigenvalues

The following method is useful when m; = 1, that is, the
eigenvalues are distinct. Use the power method on A with
xo € R"™, chosen randomly and ||xg||2 = 1, to determine the
first mode (\g,,ug, ), k1 = 1. Let {k;} 5 € {2, 3, .-+, n},
then apply the power method on A — Ag, I to determine
the next mode (A, , ug,). Next apply the power method on
(A=, I)(A—Ag,I) to determine the next mode (Mg, U, ).
Having determined the modes (A, us, )~ , use the power

method on
H (A — A1 (29)
to determine (), ,uy, ). Note that B,xo L {ug, }7_]" as
p—1
(Bxo, uy,,) = (xo, [[(A=MDuws,) 1<m<p-—1
i=1
p—1
= (x0, [J(A = M. D)(Aug,, — A, ug,))
i=1
iEm

=0.

Thus all iterates are in a subspace perpendicular to

span{uy, }1_

Lemma 1: Le be defined as in (29), then

B,
ZH)\k — Ak Gk, p > 1.

Proof:

A= I=) M\, Gr, — ) A, Gy,

j—l Jj=1

- Z
= ZH% ~ )G

j=2i=1

-G

Hence, (29) is true for p = 2. Assume that (29) is true for
p, then

B,
P
:H(A M
(A i, 1B,
n p—1
(A =X, DY J[Ow, = M)G
Jj=p =1
o1
(A=, | [[O, — MG

+ Y f[(xkj — \.)Gy,
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p—1
= H(/\k,, = Ak )(AGg, — A, G,)
i=1
n p—1
+ Z (Ak; — A ) (AGE, — A, Gi,)
J=p+1 i=1
n p—1
=Y (M, — Ak ) (AGy, — Ak, Gi,)
Jj=p+1 i=1
n P
= H()\kj - )\ki)ij
j=p+1 i=1
where we have used the fact that, AGy, = g, Gy;. [ |

Thus from Lemma 1, 0 € o(B,,) and has multiplicity p — 1
and convergences to the mode (M, ,ug,), which is guar-

P
anteed, provided [] (Ax, — Ax,) is dominant. Furthermore,
i=1

there is no need to evaluate Bp explicitly, thus avoiding
matrix - matrix multiplications as the iterates Bpxo may be
computed as a sequence of matrix - vector multiplications.
Algorithm 5 briefly indicates the procedure to be used to
cyclically determine the eigenvalues.

Algorithm 5: cyclic
. call power(A)
Li1]=X
A=A-1[1]1
call power(A)
L[2] = A
for k=2to N —1do

A=A(A-L[I)

call power(A)

Li+1]= A
end for
11: output vector L

R A A S ol S

._
4

It is obvious that the first two modes determined are \; and
An. Thereafter the modes are determined according to the
dominant eigenvalues of the matrix B,, and are stored in the
vector L.

Example 7: Consider the matrix

9 4 3 2 1
410 0 4 3
A=[3 011 6 5|,
2 4 6 12 7
1 3 5 7 13

where o(A) = {26.406875, 11.513724, 8.848950, 5.327046,
2.903405}. Table I indicates the results using Algorithm 5
to determine all modes. We have used ¢ = 10~ as tolerance
for eigenvector convergence in power(A).

TABLE I
ERRORS AND MODES FOR EXAMPLE 7

Iterations | Mode Error
2 1 1.7 x 10—10
72 5 1.5 x 10~10
45 2 5.3 x 10~15
112 4 4.7 x 10711
17 3 4.4 x10~12

VII. ACCELERATING CONVERGENCE

From (10), we have

AIfG1XQ + Z/\fGiXO
XE = 2 1
2

(A%knemna i ;Azkncmna)
G1X0

A\ F n /A \F
(1) ez 5 ()
_ \Ml/ (IGixollz iz \ [
|Gixoll3
14
( z <A) G2
It follows from (30), after a binomial expansion, we may
write

(30)

G; X0
HG1X0H2

xp = uy + BFC + gy, (31)

k
where u; = (‘:\\—1‘) HGlonz’ 8= ‘/\1‘, m is an
eigenvector corresponding to Ay and gy is the appropriate
error vector. Furthermore, 3% — 0 and g — 0 as k — oo.
Aitken acceleration [2] is one of the simplest procedures to
improve the convergence of linearly converging sequences.

Define the forward difference operator A by
AXk = Xg4+1 — Xg-

Theorem 5: The Aitken iterates X given by

(Axk)2
AQXk ’

)A(k = X — (32)
converge faster to u; than x;. Note that in (32) and what
is to follow, multiplication and division of vectors, refers to
componentwise operations.

Proof: From (31) and (32), it follows that

fck—ul
XEp—u1

(33)
=1— (Kpy1—%x)*
= (X2 —2Xp41+%p) (Xp—u1)

_ B (B-1)°C? 2% (8-1)CAgi+(Agk)?
(B*(B-1)>C+A%gy) (B C+gk)

_B*(B=1)’Cgi+B"CAgitgr Agr —28" (B—1)CAgr—(Agk)®
B2 (B—1)2C2+B*(B—1)2Cgr +BFCAZg, +gr AZgy

2
_ (B-1)Car—2(8~ 1)CAg)+CAZg) 4 B2 8 %

B
B*(B—1)2C24(B— 1)20gk+CA2gk+gk gk

Since g, 3% — 0 as k — oo, we get from (33)

i |>A<k - 111|
m —-
k—o0 |Xk — 111|
grA%gr  (Agk)?
pr Bk
grA%gy
Bk

grA%g, — (Agk)?
grAZg,

= lim
k—o0

= lim
k—o0

8r8r+2 — 81y
8r8h+2 — 28k8h41 + &1 |

(34)

k—o0
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19.170 }

Q

5 19.165}

«

>

g 19.160

oo non-acc

M 19,155}
19.150 :ggg'acc

22 24 26 28 30

Iteration number

Fig. 6. Aitken acceleration for Example 7

We now assume that g; — 0 monotonically and linearly at
a rate d, so that we may write for k large

gk+1 = 08k-
Then (34) becomes

lim Lk —w| = lim 52g,2§ _ 52g%

koo [Xp — 1| koo |02g7 — 20g7 + g2

=0.

Then X; — u; at least super-linearly. ]
Example 8: For the matrix of Example 4 the rate of
convergence to the first mode is |§—’f\ ~ 0.824. Aitken
acceleration is applied to the power method iterates to speed
up the convergence. This is depicted in Fig. 6 where the
accelerated version has already converged by the 21, iterate,
shown in blue, as compared to the non accelerated version.
Let f(z) be a function defined on o(A). Since, A is
diagonalizable, it follows from the spectral theorem that

N
FA) =) f(N)G.
=1

Now, suppose that f(z) is increasing on o(A), with ;Eif; <
:\\—f and that A is a symmetric positive definite matrix, then
f) > f(Nig1), @ = 1,2,--- | N — 1. Thus the power
method with f(A) converges to the mode (f(A1),u;). The
asymptotic error constant is given by ;E:\\f; Thus \; is easily
determined.

Example 9: Consider f(z) = zP, p € N, p > 2, then the
asymptotic error constant is (& ’
is faster.
However, evaluating f(A) = AP requires (p — 1)O(n?)
multiplications [4] and is not practical for n large. When
i—f is close to unity, then it may be acceptable to use p = 2
to achieve faster convergence, due to a larger separation of
the eigenvalues.

The modified power iteration [9] has the potential to
generate both the first and the second eigenmodes, with the

potential to decrease the asymptotic error constant to sl
[Az]

< % Thus convergence
1

[Aa]”
This is particularly useful when ;% ~ 1 and [Az| >> |As].
However, the method can be unstai)le and converge to the
first eigenmode only, despite the extra numerical effort.

VIII. CONCLUSION

We have presented some aspects of the power method,
including some variations. In particular, we have shown that
deflation is stable by examining the actual deflation process
from a numerical analysis point of view. Furthermore, we
have presented a way of avoiding the standard deflation
process, which yields the same results as deflation. The
knowledge of projection operators have been shown to be
invaluable, in applying the power method, for cetain distri-
butions of the spectrum of the matrix. A brief discussion of
accelerating convergence is also presented. Our presentation
is in detail, though not exhaustive. Till today the power
method enjoys much interest and research from scientists.
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