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Abstract—This study delves into the investigation of steady
infiltration problems within a two-layered soil, featuring peri-
odic channels, and taking into account the presence of root-
water uptake, with four different types of root-water uptake
considered. The problems are governed by a set of Richards’
equations accompanied by boundary interface conditions. To
tackle these problems, we transform the system of Richards’
equations, along with the corresponding boundary conditions,
into a set of steady diffusion-convection equations with trans-
formed boundary conditions. This mathematical model is then
addressed using a numerical approach that leverages the Itera-
tive Dual Reciprocity Method (IDRM). Through this numerical
method, we obtain solutions that characterize the distribution
of hydraulic conductivity within the soil and root-water uptake
in the root zone. Furthermore, we conduct comparisons and
analyze the root-water uptake resulting from the four different
types of root-water uptake. The findings of this study provide
insights into how the type of root influences the amount of
water absorbed by the roots.

Index Terms—Steady infiltration, two-layered soil, iterative
dual reciprocity method, root-water uptake functions.

I. INTRODUCTION

NUmerous researchers have conducted investigations
related to water infiltration. Among them are Batu

[6], Gardner [16], Lobo et al. [24], Mandal and Waechter
[27], Philip [32], Solekhudin and Ang [39], and Solekhudin
[42], [43]. These researchers primarily focused on problems
related to steady infiltration. Batu [6] examined the phe-
nomenon of steady infiltration originating from both single
and periodic strip sources. Gardner [16] delved into the study
of water flow in unsaturated soil, particularly focusing on sit-
uations involving evaporation from a water table.. Lobo et al.
[24] undertook research on water infiltration in unsaturated
soil containing impermeable materials. Mandal and Waechter
[27] explored water infiltration emanating from a buried
circular cylinder. Philip [32] investigated water infiltration
from buried point and circular cavities. Solekhudin and
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Ang [39] idelved into the examination of water infiltration
originating from periodic channels while considering root-
water uptake. Continuing from their earlier work, Solekhudin
[43] expanded the study in [39] by incorporating various
types of root-water uptakes.

In contrast, time-dependent infiltration issues have been
explored by researchers such as Clements and Lobo [12],
Lomen and Warrick [26], Solekhudin and Ang [40], [41],
and Warrick and Lomen [50]. Clements and Lobo [12]
investigated water infiltration from irrigation channels us-
ing a boundary element method. Lomen and Warrick [26]
conducted research on water infiltration from line sources.
Solekhudin and Ang [40] explored water infiltration from
periodic trapezoidal channels. Building on their previous
work, Solekhudin and Ang [41] expanded their study in
[40] by incorporating considerations for root-water uptake.
Warrick and Lomen [50] focused on the study of infiltration
from strip and disc sources.

An essential focus of research within the field of water
infiltration pertains to the process when it occurs in lay-
ered soils. The study of water infiltration in layered soils
represents a fundamental component of soil physics. This
line of research can be traced back to its origins in studies
conducted in rice fields, where a distinctive configuration
was employed, maintaining a saturated zone above an unsat-
urated zone, with fine soil positioned over coarse soil [46].
These investigations have taken various forms, encompassing
analytical studies [47], [3], [25], numerical simulations [29],
[38], [44], [45], and experimental research [53].

Srivastava and Yeh conducted analytical investigations
into transient infiltration problems, with a specific focus on
scenarios involving the water table. Their research encom-
passed both homogeneous and layered soils [47]. However,
their proposed method may not be suitable for addressing
infiltration issues in layered soils characterized by varying
soil coarseness. In response to this limitation, Barontini
et al. introduced an analytical method designed to handle
infiltration problems where hydraulic conductivity decreases
exponentially with depth [3]. Nevertheless, the approach
presented by Barontini and colleagues may not be applicable
when the hydraulic conductivity in the lower layer exceeds
that in the upper layer. To address this challenge, De Luca
and Cepeda proposed an analytical approach capable of
addressing one-dimensional infiltration into two-layered soils
of any composition [25].

In addition to analytical approaches, finite difference meth-
ods (FDM) have been utilized to investigate one-dimensional
flow in layered soils. Ross and Bristow, for instance, em-
ployed FDM for simulating one-dimensional water move-
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ment in layered soils [38]. Oldenburg and Pruess worked on
the study of a capillary barrier that forms at the interface of a
fine soil layer overlying a coarse soil layer using FDM [29].
Havercamp and Vauclin estimated finite difference interblock
hydraulic conductivity values for transient unsaturated flow
problems [17]. Solekhudin [45] utilized a dual reciprocity
method to tackle the issue of infiltration from periodic
trapezoidal channels into two-layered soils characterized by
different types of soils, including variations in soil types.

In the investigation of problems related to infiltration in
two-layered soils, researchers have extensively employed
numerical techniques to solve the Richards equation, with
a notable focus on the application of finite element methods
(FEM). This approach has been used in various studies, as
evidenced by references such as [7], [8], [10], [20], [21],
[22], [30], [48].

Belfort and Lehmann employed FEM to compare one-
dimensional unsaturated flow scenarios using equivalent
conductivities [7]. Brunone et al. explored one-dimensional
infiltration into layered soils, considering different estimates
of the interlayer conductivity [8]. Celia et al. developed
a comprehensive numerical solution for mass-conservative
unsaturated flow [10]. Li et al. utilized a local discontinuous
Galerkin approximation to solve the Richards equation [20].
Building upon the earlier work in [20], Li et al. extended
their research by employing an adaptive local discontinuous
Galerkin approximation to address the Richards equation
[21]. Lima-Vivancos and Voller used FEM to solve a problem
involving saturated flow variability in layered media [22].
Pall et al. examined the transient movement of soil moisture
through layered soil [30]. In a separate study, van Dam and
Feddes investigated issues related to infiltration, evaporation,
and shallow groundwater levels [48].

While the finite element method (FEM) has been widely
utilized, it is not without its shortcomings. One notable
limitation is the discontinuity of normal flux across element
interfaces, leading to a lack of mass conservation within
elements, as documented in references such as [13], [14],
[28].

To address this issue, two numerical methods that have
garnered significant attention among scientists and engineers
are the boundary element method (BEM) and the dual
reciprocity method (DRM). These methods offer distinct
advantages over finite element methods (FEM) and finite
difference methods (FDM). In addition to addressing the
limitations of FEM mentioned earlier, one of the significant
advantages offered by the boundary element method (BEM)
and the dual reciprocity method (DRM) is the reduction
of the problem dimension by one and the capability to
assess solutions at any point within the problem domain, as
demonstrated in references such as [18], [55].

Researchers have effectively used both the Boundary El-
ement Method (BEM) and the Dual Reciprocity Method
(DRM) to tackle infiltration problems in homogeneous soils,
as evidenced by the studies conducted by researchers such
as [12], [39], [40], [41], [43]. To employ BEM, it is essential
to derive the fundamental solution of the governing equation
tailored to the specific problem being investigated. In the
context of infiltration problems, this involves obtaining the
fundamental solution for either the Helmholtz equation or
the diffusion-convection equation.

In contrast, the Dual Reciprocity Method (DRM) does
not necessitate intricate fundamental solutions. It relies on
a more straightforward fundamental solution, often that of
Laplace’s equation. Furthermore, DRM is versatile and ca-
pable of solving infiltration problems, even when root-water
uptake is a factor, whereas BEM may not be well-suited for
such situations. This underscores the flexibility of DRM in
comparison to BEM as a numerical method for addressing a
diverse array of infiltration problems.

The majority of previous research on water flow through
layered soils has predominantly centered on one-dimensional
problems. Consequently, the aim of this study is to establish
a mathematical model for simulating two-dimensional water
infiltration scenarios within two-layered soils while consid-
ering the influence of root-water uptake. This investigation
extends and expands upon the findings previously presented
in a prior study [45].

In this research, we have utilized an Iterative Dual Reci-
procity Method (IDRM) to address the formulated model. By
employing this method, we are able to transform the model
into a one-dimensional problem, simplifying the computa-
tional process. Dealing with the nonlinearity of the boundary
conditions at the interface requires the implementation of
iterative steps within the IDRM framework. Our application
of the IDRM is specifically geared towards solving water
infiltration problems originating from periodic trapezoidal
channels into two-layered soils that encompass various types
of root-water uptake. The primary objective is to investigate
the influence of the root’s type on water uptake.

II. PROBLEM FORMULATION

In this research, we investigate steady infiltration problems
originating from periodic trapezoidal channels within two-
layered soils, while considering four different types of root-
water uptake. These channels exhibit a surface area of 2L
per unit length of the channels, with the distance between
the centers of adjacent channels is 2(L+D). The channels
have a width and a depth of 4L/π and 3L/2π, respectively.

The upper layer contains a root zone, which is charac-
terized by dimensions of 2Xm in width and Zm in depth.
These channels maintain a constant water level, and water
infiltration rate is assumed to be constant, denoted as v0.
To maintain consistency with prior works [2], [24], [39],
we make certain assumptions. We assume that the channels
are sufficiently long and numerous and that their geometry
remains constant in the direction parallel to their length.

The top layer is characterized by a thickness of D1,
and the lower layer is situated above the water table and
extends to a depth of D2. Consequently, the problems we
are addressing can be treated as two-dimensional in nature.
Since the problem exhibits symmetry about the center of each
channel and any line positioned at a distance of L+D from
the channel’s center, we can depict the problem’s geometric
configuration using a Cartesian coordinate system designated
as XOZ. This coordinate system is bounded by the lines
X = 0, X = L + D, Z = 0, and Z = D1 + D2.
With these assumptions and descriptions, our objective is to
investigate how the type of roots influences the amount of
water absorbed from the soil.
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III. BASIC EQUATIONS

In this section, we will provide a brief overview of the
mathematical model and the solution method for the prob-
lems described in the previous section. One of the commonly
used models to simulate water infiltration in unsaturated soil
with root water uptake is the Richards’ equation [33], [36],
[35], [37], [51], formulated as follows:

∂θ

∂t
= ∇. (K∇h)− ∂K

∂Z
− S, (1)

which can be written as
∂θ

∂t
=

∂

∂X

(
K

∂h

∂X

)
+

∂

∂Z

(
K

∂h

∂Z

)
− ∂K

∂Z
− S, (2)

where θ, K and S represent the soil water content, hydraulic
conductivity, and root-water uptake function, respectively. In
this equation, h denotes the suction potential. The root water
uptake utilized in this study is based on the model presented
in [41] and is defined as follows:

S(X,Z, h) = γ(h)
Ltβ(X,Z)Tpot

Zm∫
0

L+D∫
L+D−Xm

β(X,Z)dXdZ

. (3)

The function γ is the dimensionless response function for
soil water stress, and it is defined as follows [39]:

γ(h) =

 − 5
8h, for − 1.6 ≤ h ≤ 0
1, for − 4.7 < h < −1.6

2
7h+ 82

35 , for − 8.2 ≤ h ≤ −4.7
, (4)

Lt represents the width of the soil surface related to the
transpiration rate, Tpot stands for the potential transpiration,
and β is the modeled spatial distribution of root-water uptake,
defined as:

β(X,Z) =

(
1− Z

Zm

)(
1− L+D −X

Xm

)
exp(−K),

(5)
where

K =
PZ

Zm
|Z∗ − Z|+ PX

Xm
|X∗ − (L+D −X)|.

In this context, the parameters PZ , PX , Z∗, and X∗ are
empirical in nature.

The flux normal to a surface with an outward-pointing
normal vector n = (n1, n2) is described as per the reference
[33]

F = Un1 + V n2 = −K

[
∂h

∂X
n1 +

(
∂h

∂Z
− 1

)
n2

]
. (6)

Utilizing Gardner’s formula [16], [52],

K = Kse
αh, (7)

where Ks represents the saturated hydraulic conductivity, and
α is the soil parameter associated with the soil grain size,
we obtain

∂h

∂X
=

1

αK

∂K

∂X
, (8)

∂h

∂Z
=

1

αK

∂K

∂Z
, (9)

and Equation (2) can be written as

∂θ

∂t
=

1

α

(
∂2K

∂X2
+

∂2K

∂Z2

)
− ∂K

∂Z
− S. (10)

Flux normal (6) becomes

F =

(
− 1

α

∂K

∂X

)
n1 +

(
K − 1

α

∂K

∂Z

)
n2. (11)

In the scenario of a time-independent infiltration problem,
Equation (10) transforms into

∂2K

∂X2
+

∂2K

∂Z2
− α

∂K

∂Z
= S. (12)

In this study, we are addressing time-independent infiltra-
tion problems into a two-layered soil with root-water uptake
in the upper layer. Following the approach in [25], we have
the system of differential equations to model these problems
as

∂2K1

∂X2
+

∂2K1

∂Z2
− α1

∂K1

∂Z
= α1S, (13)

∂2K2

∂X2
+

∂2K2

∂Z2
− α2

∂K2

∂Z
= 0. (14)

Here, K1 and α1 represent the hydraulic conductivity and
the soil parameter of the upper layer, while K2 and α2 are
the hydraulic conductivity and the soil parameter of the lower
layer. The flux normal to the upper layer and the lower layer,
with outward-pointing normals n1 = (n11, n21) and n2 =
(n12, n22), is given by

F1 =

(
− 1

α1

∂K1

∂X

)
n11 +

(
K1 −

1

α1

∂K1

∂Z

)
n21, (15)

F2 =

(
− 1

α2

∂K2

∂X

)
n12 +

(
K2 −

1

α2

∂K2

∂Z

)
n22, (16)

respectively.
1) Interface conditions: The conditions at the interface

layer are defined as [25], [28]

h1 = h2, (17)
F1 = −F2, (18)

at Z = D1. Here h1 is the soil water potential in the upper
layer, and h2 is the soil water potential in the lower layer.

From Equation (7), Equation (17) results in

K2 =
Ks2

K
α2/α1

s1

K
α2/α1

1 , (19)

where Ks1 is the saturated hydraulic conductivity of upper
level soil and Ks2 is the saturated hydraulic conductivity of
lower level soil.

From Equation (7) and Equation (19), Equation (18)
results in

∂K2

∂n
= α2

(
K1 −

Ks2

K
α2/α1

s1

K
α2/α1

1

)
− α2

α1

∂K1

∂n
. (20)

2) Boundary conditions: Based on the boundary con-
ditions outlined in the previous section and the interface
conditions provided, utilizing Equation (15) and Equation
(16), the boundary interface conditions in terms of K1 and
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K2 are as follows

∂K1

∂n
= α1(v0 + n21K1), on the channel’s surface,

(21)
∂K1

∂n
= −α1K1, for

2L

π
< X < L+D and Z = 0,(22)

∂K1

∂n
= 0, for X = 0 and

3L

2π
< Z < D1, (23)

∂K1

∂n
= 0, for X = L+D and 0 < Z < D1, (24)

K2 =
Ks2

K
α2/α1

s1

K
α2/α1

1 , for 0 < X < L+D

and Z = D1, (25)

∂K2

∂n
= α2

(
K1 −

Ks2

K
α2/α1

s1

K
α2/α1

1

)
− α2

α1

∂K1

∂n
,

for 0 < X < L+D and Z = D1, (26)
∂K2

∂n
= 0, for X = 0 and D1 < Z < D1 +D2, (27)

∂K2

∂n
= 0, for X = L+D and D1 < Z < D1 +D2,

(28)

and

K2 = Ks2, for 0 < X < L+D and Z = D1 +D2. (29)

Therefore, the mathematical model for the infiltration
problems in a two-layered soil, as considered in this study,
is represented by the system of partial differential equations
(13) and (14), taking into account the boundary interface
conditions (21) to (29).

Equations (13) and (14) are two-dimensional diffusion-
convection equations, and they can be solved numerically
using the Dual Reciprocity Method (DRM) by reformulating
the equations into

λ(ξ1, η1)K1(ξ1, η1)

= α1

∫∫
Ω1

φ(x, y; ξ1, η1)

×
[

∂

∂Z
(K1(x, y)) + S(h,X,Z)

]
dxdy

+

∫
Γ1

[
K1(x, y)

∂

∂n
(φ(x, y; ξ1, η1))

−φ(x, y; ξ1, η1)
∂

∂n
(K1(x, y))

]
ds, (30)

and

λ(ξ2, η2)K2(ξ2, η2)

= α2

∫∫
Ω2

φ(x, y; ξ2, η2)
∂

∂Z
(K2(x, y))dxdy

+

∫
Γ2

[
K2(x, y)

∂

∂n
(φ(x, y; ξ2, η2))

−φ(x, y; ξ2, η2)
∂

∂n
(K2(x, y))

]
ds, (31)

where φ(x, y; ξ, η) is the fundamental solution of two-

dimensional Laplace equation, and

λ(ξi, ηi) =

{
1/2, (ξi, ηi) lies on smooth part of Γi

1, (ξi, ηi) ∈ Ωi
,

for i = 1, 2. (32)

To apply the Dual Reciprocity Method (DRM), we dis-
cretize Γ1 and Γ2 into a set of elements, and we select a
number of interior points within Ω1 and Ω2. Let N1 and
N2 represent the number of elements on Γ1 and Γ2, and let
M1 and M2 denote the number of interior collocation points
within Ω1 and Ω2. Utilizing these elements and interior
points, the integral equations (30) and (31) are reformulated
into a system of linear algebraic equations as follows

λ(n1)K
(n1)
1 =

N1∑
j=1

(
F
(n1j)
2,1 K

(j)
1 − F

(n1j)
1,1 K̄

(j)
1

)

+α1

N1+M1∑
j=1

µ1
(n1j)

[
S
(
K

(i)
1 , a

(i)
1 , b

(i)
1

)

+

N1+M1∑
m=1

ρ̄
(jm)
Z

(
N1+M1∑

i=1

ω
(mi)
1 K

(i)
1

)]
,

for n1 = 1, 2, · · · , N1 +M1, (33)

and

λ(n2)K
(n2)
2 =

N2∑
k=1

(
F
(n2k)
2,2 K

(k)
2 − F

(n2k)
1,2 K̄

(k)
2

)
+α2

N2+M2∑
k=1

µ2
(n2k)

×

[
N2+M2∑

l=1

ρ̄
(kl)
Z

(
N2+M2∑

i=1

ω
(li)
2 K

(i)
2

)]
,

for n2 = 1, 2, · · · , N2 +M2. (34)

Here (a
(i)
1 , b

(i)
1 ), i = 1, 2, · · · , N1 + M1 be the col-

location points on Γ1 and in Ω1, (a
(k)
2 , b

(k)
2 ), k =

1, 2, · · · , N2 + M2 be the collocation points on Γ2 and in
Ω2, λ(n1) = λ(a1

(n1), b1
(n1)), λ(n2) = (a2

(n2), b2
(n2)),

K
(n1)
1 = K1(a1

(n1), b1
(n1)), K

(n2)
2 = K2(a2

(n2), b2
(n2)),

K̄1
(n1) = (∂K1/∂n)|(x,y)=(a1

(n1),b1(n1)), K̄2
(n2) =

(∂K2/∂n)|(x,y)=(a2
(n2),b2(n2)),

F
(n1j)
1,1 =

∫
C

(j)
1

φ(x, y; a
(n1)
1 , b

(n1)
1 )ds(x, y),

F
(n2j)
1,2 =

∫
C

(j)
2

φ(x, y; a
(n2)
2 , b

(n2)
2 )ds(x, y),

F
(n1j)
2,1 =

∫
C

(j)
1

∂

∂n

[
φ(x, y; a

(n1)
1 , b

(n1)
1 )

]
ds(x, y),

F
(n2j)
2,2 =

∫
C

(j)
2

∂

∂n

[
φ(x, y; a

(n2)
2 , b

(n2)
2 )

]
ds(x, y).

The notation ρ(mk) is defined as

ρ(mk) = ρ(a(m), b(m); a(k), b(k)) = 1+
(
r(mk)

)2
+
(
r(mk)

)3
,
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where r(mk) =

√(
a(m) − a(k)

)2
+
(
b(m) − b(k)

)2
. The

symbol ρ̄(jm)
Z denotes

∂

∂Z

(
ρ(a(j), b(j);x, y)

)]
(x,y)=(a(m),b(m))

.

The coefficients ω1
(mk) and ω2

(nk) are defined as

N1+L1∑
i=1

ω1
(mi)ρ(ik) =

{
1, if m = k
0, if m ̸= k

,

N2+L2∑
i=1

ω2
(ni)ρ(ik) =

{
1, if n = k
0, if n ̸= k

.

Two numbers µ1
(n1j) and µ2

(n2j) are defined as

µ1
(n1j) =

N1+L1∑
k=1

h1
(n1k)ω1

(kj),

and µ2
(n2j) =

N2+L2∑
k=1

h2
(n2k)ω2

(kj),

where

h1
(n1k) = λ(n1)χ(a

(n1)
1 , b

(n1)
1 , a

(k)
1 , b

(k)
1 )

+

N1∑
j=1

[
∂

∂n

(
χ(x, y; a1

(j), b1
(j))
)]∣∣∣∣

(x,y)=(a1
(k),b1(k))

×F
(nj)
1,1

−
N∑
j=1

χ(a1
(k), b1

(k); a1
(j), b1

(j))F
(nj)
2,1 ,

h2
(n2k) = λ(n2)χ(a

(n2)
2 , b

(n2)
2 , a

(k)
2 , b

(k)
2 )

+

N2∑
j=1

[
∂

∂n

(
χ(x, y; a2

(j), b2
(j))
)]∣∣∣∣

(x,y)=(a2
(k),b2(k))

×F
(nj)
1,2

−
N∑
j=1

χ(a1
(k), b1

(k); a1
(j), b1

(j))F
(nj)
2,2 ,

and χ is a function satisfying

∂2χ

∂x2
+

∂2χ

∂y2
= ρ.

Let n0 be the number of elements on the interface. In
System of equations (33), when j varies from N0 + 1 to
N0+n0, both K1 and K̄1 are unknown variables. As a result,
the total number of unknowns in equation (33) becomes N1+
M1+n0. Similarly, the number of unknowns in equation (34)
is N2+M2+n0. Consequently, solving the system of linear
algebraic equations represented by (33) and (34) may not be
feasible, as the number of provided equations is N1 + M1

and N2 +M2.
To overcome this issue, we incorporate the interface con-

ditions (19) and (20), which allows us to express the system
of linear algebraic equations (34) as follows

λ(n2)κ(n2)

=

n0∑
j=1

{
F
(n2j)
2,2

Ks2

K
α2/α1

s1

[
K

(N0+n0+1−j)
1

]α2/α1

−F
(n2j)
1,2

[
α2

(
K

(N0+n0+1−j)
1 − Ks2

K
α2/α1

s1

×
[
K

(N0+n0+1−j)
1

]α2/α1
)

−α2

α1
K̄

(N0+n0+1−j)
1

]}
+

N2∑
j=n0+1

(
F
(n2j)
2,2 K

(j)
2 − F

(n2j)
1,2 K̄

(j)
2

)

+α2

n0∑
j=1

µ(n2j)

[
N2+M2∑
m=1

ρ̄
(jm)
Z

(
n0∑
i=1

ω
(mi)
2

Ks2

K
α2/α1

s1

×
[
K

(N0+n0+1−i)
1

]α2/α1
)]

,

+α2

N2+M2∑
j=n0+1

µ(n2j)

×

[
N2+M2∑
m=1

ρ̄
(jm)
Z

(
N2+M2∑
i=n0+1

ω
(mi)
2 K

(i)
2

)]
,

for n2 = 1, 2, · · · , N2 +M2. (35)

It can be seen that (35) is not a system of linear algebraic
equations. Here

κ(n2) =

{
K∗
[
K

(N0+n0+1−n2)
1

]α
, for n2 = 1, 2, ..., n0

K
(n2)
2 , for n2 = n0 + 1, n0 + 2, ..., N2 +M2

,

where α = α2/α1 and K∗ = Ks2/(Ks1)
α.

Now, in the system of linear algebraic equations (33)
and the system of algebraic equations (35), the number of
unknowns is N1 + N2 + M1 + M2, and the number of
equations matches the number of unknowns. Therefore, solu-
tions can be obtained by solving these systems of equations
simultaneously.

However, it’s worth noting that the system of equations
(35) is not a system of linear algebraic equations. Therefore,
before solving these two systems of equations, we need to
transform (35) into a system of linear algebraic equations
using the following iterative steps

1) Equation (13) with respect to boundary conditions

∂K1

∂n
= α1(v0 + n2K1), on the channel’s surface,

∂K1

∂n
= −α1K1, for

2L

π
< X < L and Z = 0,

∂K1

∂n
= 0, for X = 0 and 0 < Z < D1,

∂K1

∂n
= 0, for X = L and 0 < Z < D1,

K1 = Ks1, for 0 < X < L and Z = D1 +D2,

is solved using the Dual Reciprocity Method (DRM)
to obtain numerical values for K1. Likewise, Equation
(14) is solved to obtain the value of K2.
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2) At the interface Z = D1, the initial predictions of K
are computed according to the formula defined in the
following equation

K∗
(0)

(i) =

√
K1

(N+M1+i)K2
(N+M1+i),

i = 1, 2, · · · , n0. (36)

Here, N represents the number of line segments, M1

is the count of selected interior points for Z < D1,
and n0 is the number of interior points at Z = D1.
Formula (36) is borrowed from [17].

3) At the k-th iteration, the nonlinear terms
[K

(N0+n0+1−i)
1 ]α2/α1 , where i ranges from 1

to n0, are estimated using a Taylor polynomial
expansion around K∗

(k−1)
(i), and this is given by

[
K

(N0+n0+1−i)
1

]α2
α1 ≈ [K∗

(k−1)
(i)]

α2
α1

+
α2

α1
[K∗

(k−1)
(i)]

[
α2
α1

−1
]

×
(
K

(N0+n0+1−i)
1

−K∗
(k−1)

(i)
)
. (37)

In this context, K∗
(k−1)

(i), where i ranges from 1 to
n0, represents the values of K on the interface at the
(k − 1)-th iteration.

4) The nonlinear terms in (35) are replaced with linear
terms through the approximation given in (37). Sub-
sequently, the system of algebraic equations (33) and
(35) can be solved to obtain the values of K1, K2, K̄1,
and K̄2.

5) We establish K∗
(k)

(i) = K1
(N0+n0+1−i), i =

1, 2, · · · , n0.
6) The value

d = max{|K∗
(k)

(i) −K∗
(k−1)

(i)| : i = 1, 2, · · · , n0}
(38)

is subsequently calculated.
7) If the value of d is not adequately small, we repeat

steps 3) to 6) until we achieve the condition of con-
vergence, represented by

d < ε (39)

where ε is a sufficiently small positive number. This
inequality (39) signifies a convergence criterion.

The numerical values of K1, K2, K̄1, and K̄2 in step 4) are
then used to obtain K1 and K2 at any points in Ω1 ∪ Ω2 ∪
Γ1 ∪ Γ2.

IV. RESULTS AND DISCUSSION

The technique or method outlined in the previous section is
applied to address steady infiltration problems from periodic
trapezoidal channels into soils comprising two distinct layers
with four different root-water uptake characteristics. The
cross-sectional length of the channel and the bed’s cross-
section both measure 1 meter. The fluxes across the channel
surfaces are assumed to be constant and denoted as v0. The
value of v0 is specified as:

v0 = 0.75× 0.099 m/day,

where 0.099 m/day represents the saturated hydraulic con-
ductivity of Pima Clay Loam. The selection of this v0 value
follows a similar approach as that in [45]. Additionally, we
set ϵ to be 10−4. In this study, we deal with two different
soil types: Pima Clay Loam (PCL), and Guelph Loam (GL).
The values of Ks and α for these soils are summarized in
Table I.

TABLE I: Soil’s parameters.

PCL GL
Ks (m/day) 0.099 0.3171
α (m−1) 1.4 3.4

The values of the saturated hydraulic conductivity (Ks)
and the soil parameter (α) employed in this paper are the
same as those in [45]. Regarding the root-water uptake
function, we have adopted parameters such as the root zone’s
depth, width, and other relevant factors from one of the
models proposed in [49], which are outlined in Table II.

TABLE II: Root-water uptake function’s parameters.

Root A Root B Root C Root D
Xm (m) 0.5 0.5 0.5 0.5
Zm (m) 1.0 1.0 1.0 1.0
Lt (m) 0.5 0.5 0.5 0.5
Tpot (m/day) 0.004 0.004 0.004 0.004
PZ 1.0 1.0 1.0 1.0
PX 1.0 1.0 1.0 1.0
Z∗ (m) 0.0 0.2 0.0 0.2
X∗ (m) 1.0 1.0 0.75 0.75

Within Table II, Xm represents half the width of the root
zone, Zm signifies the depth of the root zone, Lt denotes
half the length of the soil surface relevant to the transpiration
process, Tpot stands for the transpiration potential, and PZ ,
PX , Z∗, and X∗ are parameters related to root-water uptake.

The numerical method described is then implemented to
solve steady infiltration problems with root-water uptake in
two-layered soils GL-PCL. The upper layer is GL with depth
of 2 m, and the lower layer is PCL with depth of 3 m. Four
different root-uptakes are considered in this study. The root-
water uptakes are as those summarized in Table II. To obtain
numerical results, the numbers of elements for the upper and
the lower layer are N1 = 67 and N2 = 89, respectively. For
the number of interior points in the upper layer is M1 = 361
and that in the lower layer is the same, M2 = 361. These
values of N1, N2,M1 and M2 are the same as those in [45].

Using the specified parameters, elements, and interior
points mentioned earlier, we applied the IDRM method intro-
duced in the previous section to obtain numerical solutions.
The numerical results were achieved by conducting two
iterations for all four cases of different types of root-water
uptake. Notably, there were variations in the values of d
among these cases. In this context, d represents the maxi-
mum difference between numerical K values obtained from
consecutive iterations. The iteration process was terminated
when d fell below the threshold of ϵ = 10−4.

For the Root A case, the d value equaled 0.000016, while
for Root B, it was 0.000015. In the cases of Root C and
Root D, the respective d values were 0.000013 and 0.000011.
Selected results are displayed in Figure 1 through Figure 3.
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(a) X = 0.1 (b) X = 0.35

(c) X = 0.65 (d) X = 0.9

Fig. 1: Graphs of DK along Z-axis (vertical axis) at selected values of X for the four different cases.

Figure 1 shows values of DK along Z-axis at four selected
values of X . Here, DK is defined as

DK(X,Z) = K(X,Z)−KA(X,Z), (40)

where K(X,Z) is the value of K at point (X,Z) and
KA(X,Z) is the value of K for the Root A case at point
(X,Z). As observed in Figure 1, it becomes evident that the
values of DK lie within the range of −1×10−4 to 1×10−4

for X values of 0.1, 0.35, and 0.65. However, for X equal
to 0.9, the DK values span from −3 × 10−4 to 2 × 10−4,
specifically at the soil surface within the root zone. These
results indicate that the most significant disparities in K
values are concentrated within the root zone. Consequently,
these findings highlight that the discrepancies in K values
among the four different cases under consideration are all
below 3× 10−4.

In Figure 2, we observe the plots of S obtained from four
different root uptake scenarios within the root zone, each
corresponding to four distinct X values. Figure 2(a) displays
the S plots at X = 0.6, while Figures 2(b), 2(c), and 2(d)
depict the S plots at X = 0.7, 0.8, and 0.9, respectively.

It is evident that as X increases, S also experiences an
increase. Furthermore, it is notable that the most significant
uptake occurs at the soil surface. Root A and Root C exhibit

similar S patterns, while Root B and Root D demonstrate
analogous S behaviors.

At X values of 0.6, 0.7, and 0.8, the root uptakes from
Root A are lower than those from Root C. This difference
can be attributed to these X values being closer to 0.75,
which is the X∗ value for Root C, rather than 1.00, which
is the X∗ value for Root A. However, at X = 0.90, Root A
results in higher S compared to Root C, as 0.90 is closer to
1.00 than 0.75.

At X = 0.6, near the soil surface, the range of root uptake
falls between 0.001 and 0.003. Among the roots, Root C
yields the highest S value at the surface, while Root B results
in the lowest root uptake. Moving on to X = 0.7, near the
soil surface, S spans from 0.003 to 0.007. The pattern of S
distribution at X = 0.7 mirrors that at X = 0.6.

At X = 0.8, in the vicinity of the soil surface, root uptake
varies from 0.0068 to 0.0115. However, the distribution of
S at X = 0.8 differs from the previous two plots. Finally, at
X = 0.9, near the soil surface, root uptake falls within the
range of 0.01 to 0.016. Moreover, the distribution pattern of
S is distinct from the previous three scenarios.

Figure 3 provides mesh plots illustrating root-water uptake
for four distinct root types. Specifically, Figure 3(a) repre-
sents Root A, Figure 3(b) illustrates Root B, Figure 3(c)
depicts Root C, and Figure 3(d) showcases Root D. It is
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(a) X = 0.6 (b) X = 0.7

(c) X = 0.8 (d) X = 0.9

Fig. 2: Plots of S along Z-axis (vertical axis) at selected values of X in the root zone for the four different cases.

notable that Root A yields the highest water uptake value,
located precisely at point (1.00, 0.00). This outcome can be
explained by the position of (X∗, Z∗) and the soil water
stress value, denoted as γ(h). The point (X∗, Z∗) aligns at
coordinates (1.00, 0.00), and the γ(h) value at this point
is the highest compared to other points. However, the root-
water uptake values rapidly decrease beyond a depth of 0.4
meters (Z > 0.4 m), becoming lower than those resulting
from the other root types.

Furthermore, it’s evident that there are distinct folds in
Figures 3(b), 3(c), 3(d). In Figure 3(b), the fold occurs at
Z = 0.2. For Figure 3(c), the fold is positioned at X = 0.75.
In Figure 3(d), folds are noticeable at both X = 0.75 and
Z = 0.2. These findings highlight that these folds are situated
precisely at X∗ and Z∗.

In addition, the total uptake are computed numerically. To
compute the total uptake, the root zone is divided into 50×50
equal regions. Let (Xij , Zij) be the top right corner of the
region at i-th row and j-th collumn. The total uptake (TU )
is computed using the formula

TU =
50∑
i=1

50∑
j=1

S(Xij , Zij , hij), (41)

where hij is the suction potential at the top right corner at

i-th row and j-th collumn. Results obtained using Equation
(41) are summarized in Table III.

TABLE III: Total water uptake from different types of root
uptake.

Root A Root B Root C Root D
Total uptake
(m3/day)

0.00133415 0.00132069 0.00132834 0.00131629

From Table III, it can be seen that all the types of root give
about similar amount of water absorbed. In particular, Root
A uptakes 0.00133415 cubic meters per day or 1334.15 cubic
centimeters per day, Root B uptakes approximately 1320.69
cubic centimeters per day, Root C uptakes roughly 1328.34
cubic centimeters per day, and Root D uptakes 1316.29 cubic
centimeters per day. From these results, it is apparent that
roots with (X∗, Z∗) (the point with the highest absorption
value) closest to the stem of the plant produce a greater total
absorption compared to roots with (X∗, Z∗) further away
from the stem.
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(a) Root A (b) Root B

(c) Root C (d) Root D

Fig. 3: Mesh plots of S over the root zone.

V. CONCLUDING REMARKS

A mathematical model has been developed to describe the
steady infiltration process from periodic trapezoidal chan-
nels into soils with two distinct layers, taking into account
root-water uptake. This model has been effectively solved
through numerical techniques, employing an Iterative Dual
Reciprocity Method (IDRM). Using the IDRM, we have
obtained numerical solutions for hydraulic conductivity and
computed numerical values for soil water potential. To assess
the method’s performance, we have conducted tests on four
different problems.

The findings from our analysis reveal that the hydraulic
conductivity and soil water potential in the lower layer are
primarily influenced by the properties of the soil in that lower
layer. Conversely, in the upper soil layer, the values of these
parameters are predominantly influenced by the type of soil
present at the surface.

Regarding soil water potential, these values exhibit a
trend of either increasing or decreasing as they approach
the suction potential in the lower layer at the interface.
Furthermore, the values of hydraulic conductivity correspond
to the values of either the suction potential or the soil water
potential. Furthermore, roots with highest absorption point
closer to the plant’s stem, absorb more water compared to

those with highest absorption point located farther away from
the stem.
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