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Jordan f-biderivations of Triangular Algebras

Jinhong Zhuang, Yanping Chen

Abstract—This research examines the Jordan f-biderivations
on triangular algebras by utilizing a faithful bimodule structure.
Let Q) be a triangular algebra and f be an automorphism of ).
We demonstrate that any Jordan f-biderivation A of 2 may
be expressed as A = D+ 6+ 7, in which D : Q x Q — Q
is a f-biderivation, § : Q X Q — f(q) - I is a map with
S(IQU+ ¢, I +¢Qq) ={0}and 7 : QA X Q — Z;(Q) is a f-
central map, [ is a nontrivial idempotent in (2 such that ¢Q2l =
{0}, ¢ = 1 — . As an application, we prove that each Jordan
biderivation of triangular algebras is indeed a biderivation.

Index Terms—triangular algebra, derivation, f-biderivation,
Jordan f-biderivation.

I. INTRODUCTION

ET U be an unital algebra, f be an automorphism of
U. A linear mapping d of U/ is said to be a f-derivation
[1], if
d(uv) = d(u)v + f(u)d(v)

for any u,v € U. Set [u, v] = wv—wu, [u,v]; = f(u)v—ovu.
For any given ug € U, the map d,,(u) = [u,upls is a
f-derivation. We called it an inner f-derivation. A linear
mapping ¢ of U is said to be a Jordan f-derivation, if

g(u?) = g(wyu + f(u)g(u)

for any u € U. It is clear that each f-derivation is a Jordan
f-derivation. Specifically, when f is an identity mapping, the
(Jordan) f-derivation is the well-known (Jordan) derivation.

A bilinear mapping D : U x U — U is said to be a f-
biderivation [2], if

D(uw,v) = D(u,v)w + f(u)D(w,v)

and
D(u,vw) = D(u,v)w + f(v)D(u,w)

for any uw,v,w € U. Clearly, any 1;,-biderivation is a
biderivation. For any automorphism f of I/, the set Z;(U) =
{N e U|f(u)\ = du,Yu € U} is called the f-center of U.
For any given ug € U, if ug ¢ Z;(U) and [[u,v],up]y =0
for every u,v € U, then the bilinear map D : U x U — U
given by D(u,v) = [u,[v,uo]r]s is a f-biderivation. We
called it an extremal f-biderivation (see [2, Proposition
5.13]). A bilinear mapping A : U x U — U is said to be a
Jordan f-biderivation, if

A(u?,v) = Au,v)u + f(u)A(u,v)

and
Au,v?) = A(u,v)v + f(v)Au,v)
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for all u,v € U. Clearly, any Jordan 1;,-biderivation is a
Jordan biderivation and each f-biderivation is a Jordan f-
biderivation.

The derivation, Jordan derivation and biderivation are
significant mappings in algebras or rings, and they have a
crucial function in the analysis of the structure of algebras
or rings. Extensive research has been conducted on various
rings and algebras to solve the problem of characterizing
the structure of derivations(see [3, 9-14]). In 2006, Zhang
and Yu [3] demonstrated that each Jordan derivation of
triangular algebras is a derivation. In 2011, Han and Wei [4]
established that if /2] and ¢€2q have only trivial idempotents,
then each Jordan f-derivation of a triangular algebra is also
a f-derivation. In 2016, Benkovi¢ [1] disproved the strong
assumption and demonstrated that each Jordan f-derivation
of triangular algebras may be broken down into the combi-
nation of a f-derivation and a special Jordan f-derivation.
As a generalization of derivations, there have been more
and more studies on biderivations in recent years. Benkovic¢
[5] focused on biderivations within a certain category of
triangular algebras and showed that each bilinear biderivation
of this kind of triangular algebra may be expressed as
the combination of an extremal biderivation and an inner
biderivation. In 2017, Gonzélez [2] described f-biderivations
on triangular algebras, where f is a partible automorphism.
In 2020, Yuan and Li [6] investigated f-biderivations of
certain triangular rings and proved that any f-biderivation
of these rings can be expressed as the combination of an
inner f-biderivation and an extremal f-biderivation.

In the recent paper [7], Ren and Liang investigated Jordan
biderivations on triangular algebras and showed that any
Jordan biderivation can be expressed as the combination
of an inner biderivation and an extremal biderivation under
certain moderate conditions. Building upon the findings
of references [1] and [7], our study focuses on analyzing
the composition of Jordan f-biderivations within triangular
algebras.

II. PRELIMINARIES

This section will provide some definitions and preliminary
informations.

An unital algebra 2 with an idempotent [ # 0,1 is a
triangular algebra [1], if IQq is a (IQ, ¢©2q)-bimodule and
g2l = {0}, in which ¢ = 1 — I. Each triangular algebra
Q) has the form Q = IQ1 & [Qq D ¢Q2q. It is clear that (]
and ¢f)q are subalgebra of (2 with unitary elements [ and
g. Furthermore, we assume that (IQ2, ¢€2q)-bimodule IQq is
faithful. Recall that the (I, ¢Q2q)-bimodule Iq is faithful
if [tl-1Qq = {0} implies It = 0 and {Q2q- qtq = {0} implies
qtq = 0.

Suppose f : Q x Q — Q is an automorphism, [ and ¢ are
orthogonal idempotents in €2, then L = f(I) and Q = f(q)
are likewise orthogonal idempotents in €. Since QQL =
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F@F@)F(1) = F(qQ1) = {0}, then @ = LOL & LOQ &
QQQ is also a triangular algebra. Furthermore, L)L is a
subalgebra of 2 isomorphic to I, QQQ) is a subalgebra
of Q isomorphic to ¢f2q, LQQ is a (LQL, QQQ)-bimodule
isomorphic to the (1€, ¢€2g)-bimodule I2g. Each ¢ € {2 may
be expressed in a unique way as

t=(L+Q)t(l+q) = Ltl + Ltq + Qtl + Qtq.

Thus, we can rewrite Q2 = LQI & LOq & QO & QFq.
Proposition 2.1.[8 Let Q be a triangular algebra and f be
an automorphism of 2. Then

Zp(Q) ={r+te L+ QQq|rs = f(s)t,Vs € IQq}.

Specifically, a linear map 7 : Q x Q@ — Z;(Q) will be
referred to as a f-central.

Following the same logic as the Jordan derivation(see [1,
section 2]), we obtain

Lemma 2.2. Let {2 be a 2-torsion free algebra (meaning
that if 2t = 0,then t =0 for all £ € ). Set A : Q x Q — Q

be a Jordan f-biderivation. Then for every x, y, 2,7, s,t € €,
DA(zy +yz,s) = Az, s)y + f(2) Ay, s)
+ Ay, s)z + f(y)Alz, s),
Ay, st +1ts) = Ay, s)t + f(s)A(y, 1)
+ Ay, t)s + f()A(y, s);

(iDA(zyz, s) = Az, s)yx + f(2)Aly, s)z
+ (@) f(y)Alz, ),
Ay, sts) = A(y78)t8+f( )JA(y, t)s
+ f(s)f() Ay, s);

(lll)A(xyz+zyar s) = Az, 8)yz + f(x)Aly, s)2
(@) f(Y)A(z,8) + Az, s)yz
( JA(y, s)z + f(2)f(y)A(z, 5),

A(y,rst +tsr) = Ay, r)st + f(r)A(y, s)t
+ f(r) f(s)Ay,t) + Ay, t)sr
+ Ay, s)r + f() f(s)Ay, 7).

III. MAIN RESULTS

This section will focus on the examination of Jordan f-
biderivations on triangular algebras.

Lemma 3.1. Let 2 be an algebra and A : Q x Q — Q be
a Jordan f-biderivation. Then [[s,t], A(s,t)]; = 0 for any
s, t € Q.

Proof. Set A be a Jordan f-biderivation of 2. For any
s, t e,

A(s2,1%) = A(s, 1%)s + f(s)A(s, t?)
= (A(s, )t + f(H)A(s,1))s
+ F(s)(As, )t + f(H)A(s, 1)) (D
= A(s, t)ts + f(t)A(s,t)s
+ f(s)A(s, )t + f(s)f (1) A(s, 1))
and
A(s% %) = A(s%, )t + f()A(s% 1)
= (A(s,t)s + f(s)A(s,t))t
L IAG s+ f(AsD) @)
= A(s,t)st+ f(s)A(s, )t
T F)A, )5+ F(0)F(5)A(s,1)).

Comparing (1) and (2), one can obtain [[s, ¢], A(s,t)]; = 0.0
Lemma 3.2. Let ) be a triangular algebra and A : Q x
2 — Q be a Jordan f-biderivation. Then
(i) A(0,t) =0,A(t,0) =0 for all ¢t € £;
(i) A(1,t) =0,A(t,1) =0 for all £ €
(iii) AUJ) = _A(lvq) = _A(Q7l) = A(QaQ)'
Proof. (i) Since A is a Jordan f-biderivation, we have

A0,t) = A(0%,t) = A(0,t) -0+ £(0) - A(0,8) =0
for all ¢ € Q. Similarly, we can prove A(t,0) = 0.

(ii) According to the definition of Jordan f-biderivation, we
obtain

A(1,t) = A1 1) = A(L, 1) - 1+ F(1) - A(L,t).

This implies that A(1,¢#) = 0. Similarly, one can prove
A(t,1) = 0.
(iii) Using (ii) and the relation [ 4+ ¢ = 1, we have

AL =A(11—q) = A(L1) = A(l,q) = —A(l, q),

Al D) = A1 —q,1) = A(1,1) — A(g, 1) = —=A(g,1)
and

Agq) = Alg, 1 =1) = Ag, 1) — A(q, 1) = =A(q, ).
Thus, A(l,1) = —A(l,q) = =A(q,1) = A(q, q). O

Proposition 3.3. Let {2 be a triangular algebra and A :
2 x Q — Q be a Jordan f-biderivation. If A(l,1) # 0,
then A = Ay + Ay, where Aq(s,t) = [s, [t, A(l,1)]¢]s is an
extremal biderivation, A is a Jordan f-biderivation satisfing
Aq(l,1) = 0.

Proof. Set A be a Jordan f-biderivation with A(I,1) # 0.
Using the definition of Jordan f-biderivation, we get

AL D) = A1) = A1, D)1+ LA(L 1),
where L = f(I). This implies that LA(l,I)] = 0 and
QA(l,1)g = 0. Thus

AL ) =LA Dg+ QAL DL ¢ Z§(Q).
For any s,t € €, by Lemma 3.1, one can obtain

([, 1], A(s, )]y = 0.
Replacing ¢t by t +1 , we get
[[s,t], As, D]y + [[s, 1], As, t)] = 0. 3)

Set s = [ in (3), then we obtain [[[,¢], A({,l)]; = 0. Since
[l,t] = ltq, we have [ltq, A(l,1)]f = 0.

Replacing s by s + [ in (3) and summarizing the above
conclusions, we obtain

[[57 t]v A(lv l)]f + [[Sv l]? A(lv t)]f + Hl7 t]? A(Sa l)]f =0.
This implies that
[[1sl, lel], A(1,D)]f =0

and
(lgsq, qtq], A(1,1)]; = 0.

Hence,

»

LA D]

Us, )l + U[s, tlq + q[s, t]q
s, t]l + qls, tlg, AL D)] 5
[Isl, 1t]] +

AL D]y

[
[
[ [qsq, qtq), A(L,1)]; = 0.
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Thus, the map Aq(s,t) = [s
biderivation of (2. Note that

> [t’ A(lv l)]f]f

is an extremal

= [la [la LA(lv l)q + QA(la l)”f]f
=LA, D)g+ QA(I, 1)l
= A(l,1),
then Ay = A — Ay is a Jordan f-biderivation that satisfies

Aq(l,1) = 0. O

The following lemma outlines the structure of a Jordan
f-biderivation of 2 which satisfies A(l,1) = 0.

Lemma 3.4. Let Q) be a 2-torsion free triangular algebra
and A : Q x Q — Q be a Jordan f-biderivation satisfying
A(l,l) = 0, then for all a,a; € IQ, m,m; € IQq and
b,b1 € ¢82q,

()A(a,a1) = LA(a,a1)l, A(b,by)
A(a,b) =0,A(b,a) = 0;

= QA(bv bl)Qv

(i)A(a,m1), A(m,a1) € LOQg + QQU,
Aa,m fl@)A(l,mq) + A(l, mq)a,
A fla)A(m,l) + A(m,)aq;

= —f(b)A(l,m1) — A(l,m1)b,
A(m,br) = —f(b1)A(m, 1) — A(m, 1)b;

iv)A(m,m1) = —Lf(m)Q - QA(l, mq)l

+ LA(m,m1)q + QA(m, mq)l

+ QA(l,my)l - Img.

(

(
(a,m1) =

( 7a1)

(b,m1), A(m,by) € LQq + QQI,
(b,m1)

(m, by)

(

Proof. (i) From the assumption A(l,1) = 0, we get

A(l,q)
According to Lemma 2.2 (ii), we have
A(lya) = A(l,lal)

= A(L,D)al + LA(l, a)l + Lf(a)A(l, 1)
= LA(L a)l.

= A(g,1) = Ag,q) = 0.

Using the definition of Jordan f-biderivation, we get

A(l,a) = A1, a) = A(l,a)l + LA(I, a).

Multiplying the above equation by L from the left and by [
from the right, one can obtain

LA(La)l = 0.

This implies that A(l,a) = 0 for all a € IQ). From Lemma
3.2 (ii), it is true that A(g,a) = 0 for all a € Q.
Similarly, we can prove A(b,l) = 0, A(b,q) = 0,
A(a,l) = 0, A(a,q) = 0, A(l,b) = 0, A(g,b) = 0 for
all a € I and b € ¢Qq.
From Lemma 2.2 (ii) and A(l,a1) = 0, we have

A(a,a1) = A(lal, aq)
= A(l,a1)al + LA(a,a1)l + Lf(a)
= LA(a,ay)l

A(l, al)

for all a,a; € IQI. Furthermore, it can be proved that
A(b,b1) = QA(b,by)q for all b, by € ¢Qq.

From Lemma 2.2 (i), A(l,b) = 0 and A(a,q) = 0, we
get

A(a,b) = A(lal,b)
= A(l,b)al + LA(a,b)l + Lf(a)A

= LA(a,b)l

(Z,0)

and

A(a,b) = A(a, gbg)
= Ala, q)bg + QA(a, b)g
+Qf(b)A(a,q)
= QA(a,b)g,
then A(a,b) = 0. Similarly, we can show that A(b,a) =0

for all a € IQ2 and b € ¢Qq.
(ii)) By Lemma 2.2 (i), we have

A(a,mq) = A(a,lmy +mql)
= A(a,l)my + LA(a,mq)
+ A(a,mq)l + f(m1)A(a,l)
= LA(a,m1) + A(a, m)l.

This implies that
LA(a,m1)l =0,QA(a,mq)g = 0.

So A(a,my) € LQq + QQ for all a € I and m, € [Qq.
From Lemma 2.2 (ii), we have

A(a,my1) = A(lal,mq)
= A(l,m1)al + LA(a,mq)l + Lf(a)A
= f(a)A(l,m1) + A(l, m1)a.
Similarly, we can prove that A(m,aq) € LQq + QS and
A(m,a1) = f(a1)A(m, 1) + A(m,l)a; for any ay € IQ1
and m € [€yq.

(iii) Set @ = [ in (ii), we obtain A(l,m;) € LQg + QQI,
then

(l,ml)

A(l,my) = LA(l,m1)q + QA(l,mq)l.

By applying Lemma 3.2(ii) and utilizing the relationship [ +
g =1, we have A(q,m1) = —A(l,m1). By Lemma 2.2 (i),
one can obtain
A(b,m1) = A(b, gm1 + maq)
= A(b, q)m1 + QA(b,my)
+ A(b,ma)q + f(ma)A(b, q)
= QA(b7 ml) + A(ba ml)q

for all m; € I€q. This implies that
LA(b,m1)l =0,QA(b,m1)g =0,
So A(b,m1) € LQq + QQI. From Lemma 2.2 (ii), one can

obtain
A(b,m1) = A(gbg, m1)
= A(g,m1)bg + QA(b,m1)q + Qf(b)A
= —FO)A(L my) — AL m)b.

Similarly, we can prove that A(m,b;) € LQq + QS and
A(m,by) = —f(b1)A(m, 1) — A(m,1)by for any m € Qg

(qv ml)
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and by € ¢€q.
(iv) From Lemma 2.2 (iii), we obtain
A(m,mq)
= A(g, mi)ml + QA(m,m1)l + Qf(m)A(l, m1)
=—Lf(m)Q - QA(l,m1)l + LA(m, m1)q
+ QA(m,m1)l + QA(l,m1)l - Ilmg
for all m, my € [{)q. (I
Lemma 3.5. Assume that (2 be a 2-torsion free triangular
algebra, A : QxQ — Q be a Jordan f-biderivation satisfying
A(l,l) =0.Set D : QxQ — Q be a map. If for any
a,a; € IQ, m,my € 1Qq and b,b; € ¢€Qq,
(I)D((l, al) = LA(G,, al)l7 D(ba bl) - QA(ba bl)q7
D(a,b) =0,D(b,a) =0
(i)D(a,m1) = LA(a,m1)g = f(a)A(l,my),
D(m,a1) = LA(m,a1)q = f(a1)A(m,1);
(lll)D(b, ml) = LA(b, ml)q = 7A(l, ml)b,
D(m,b1) = LA(m,by)qg = —A(m, 1)by;
(iv)D(m, my) = LA(m,mq)q,
then D is a f-biderivation.
Proof. At first, we verify that D(z,a,) and D(x,b;) are

f-derivations of €2 for any given a; € 2 and b; € ¢Qq.
Because ma = 0, we have

A(am,ar) = A(am + ma,ay)
= A(a,a1)m + f(a)A(m,a;) 4)
+ A(m, ar)a + f(m)A(a, a1)
for all a € I and m € [Qgq. Since f(m) = Lf(m)Q and
A(a,a1) = LA(a,aq)l, we see that f(m)A(a,a;) = 0. By
(4), we get
A(am,a1) = A(a,a1)m + f(a)A(m,a1) + A(m, ay)a.

By multiplying the above equation with L on the left and ¢
on the right, we have

LA(am,a1)qg = LA(a,a1)mq + Lf(a)A(m,a1)q
= LA(a,a1)l-m+ f(a) - LA(m,a1)q.

According to the conditions (i) and (ii), we get
D(a,a1)m+ f(a)D

for any a € I and m € [Qyq.
For any a, as € (), we have

= D(aaz,a1)m + f(aaz)D(m,a1) (5)

D(am,a1) = (m,a1)

D((aaz)m, ay)

and
D(a(agm),ay) (agm, aq)

(az,a1)m  (6)

= D(a,a1)asm + f(a)D
= D(a,ar)azm + f(a)D
+ f(a) f(a2)D

(m,ay)

for all m € IQq.
Taking in account that f(aas) =
comparison of (5) and (6) give

D(a,a1)as — f(a)D(az,a1)) - 19q = {0}.

f(a)f(az), then the

(D(aag,a1) —

Since D(aaz,a1) — D(a,a1)as — f(a)D(as,a1) € IQU, by
the faithfulness of [{2g, we obtain

D(aaz,a1) = D(a,a1)az + f(a)D(az,a1)

for any a, ay € €.
Since bm = 0 and A(b,a;) = 0, we have

A(mb,a1) = A(bm + mb,aq)
= A(b,a1)m + f(b)A(m, a1) 7
+ A(m,a1)b+ f(m)A(b,aq)
= f(b)A(m,a1) + A(m,aq)d.
Since f(b) = Qf(b)Q and LQ = 0, by (7), we have

D(mb7a1) = LA(TTLZ), al)q = A(ma al)b = D(ma al)b

for all m € I2q and b € ¢Qq.

Now, let us prove that D(x,ay) is a f-derivation of €2 for
any given a; € Q.

Since A is bilinear, then D is bilinear. Let z = a +m + b,
Yy = as + mo + by where a,as € IQ, m,mo € [Qq and
b, by € ¢€2q. Then

D(zy,a1) = D(aag + amg + mby + bby, ay)

= D(a,a1)as + f(a)D(az,a1) + D(a,a;)ms
+ f(a)D(maz,a1) + D(m,a1)bs

= D(a+m+b,a1)(az + ma + bs)
+ fla+m +b)D(ag + ma + ba,a1)

- D(ZL’,CLl)y + f(’l')D(y,CLl)

Therefore, D(x,a;) is a f-derivations of Q.

Similarly, it can be proven that D(x,b;) is a f-derivation
of Q for any b; € ¢Qq.

Next, we show that D(x,m;) is a f-derivation of  for
any my € IQq.

For any a, as € I and b, by € ¢f)q, we have

D(aaz,m1) = f(aaz)A(l,m1) = f(a)f(a2)A(l,m1)
= f(a)D(az,m1)
and
D(bbg, m1> = —A(l, ml)bbg = D(b, m1>b2.

Since ma = 0 for all a € IQ), m € [Qq, we have
A(am,m1) = Alam + ma, mq)

= A(a,m1)m+ f(a)A

+ A(m,m1)a+ f(m)A(a, mq).

(m,myq)

By multiplying the above equation with L on the left and
g on the right, using the facts that f(m) = Lf(m)Q and
A(a,mq) € LQq + QNI, we obtain

LA(am,m1)q = Lf(a)L - LA(m,m1)g.

Hence, D(am,m1) = f(a)D(m,my) for all a € [Ql, m €
1Qq.
Since bm = 0 for all m € IQq, b € ¢f)q, we have
A(mb,m1) = A(bm + mb,mq)
= A(b, ma)m + f(b)A(m, m1)
+ A(m,my)b+ f(m)A(b,m1).
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By multiplying the above equation with L on the left and
g on the right, using the facts that f(b) = Qf(b)Q and
A(b,m) € LQg + QN, one can obtain

LA(mb,m1)qg = LA(m,m1)q - qbq.

Therefore, D(mb, m1) = D(m,m1)b, for all m € [Qg, b €
q€q.

Now, let us show that D(x,mq) is a f-derivation of 2 for
any given m; € [Qq.

Letz =a+m+b, y=as+ mso + by where a,as € IQI,
m,me € [)q and b, by € ¢€2q. Since D is bilinear and

D(a,my)ba + f(a)D(bg,m1)
= (f(a)A(l,m1))ba + f(a)(—A(l, m1)bs)
-0,

it follows

D(zy,m1) = D(aas + ama + mbs + bba, m1)
= f(a)D(az,m1) + f(a)D(mz, m1)
+ D(m,mq)by + D(b, mq)by
= D(a+m+b,my)(as + ms + b2)
+ fla+m+b)D(ag + ma + by, my)
= D(z,m1)y + f(z)D(y, m).

Therefore, D(x,my) is a f-derivation of .

Let ¥y = a; + m1 + by be arbitrary element of ). Since
D(z,ay1), D(x,b1) and D(x, m;) are f-derivations of 2, one
can obtain

D(zy,y) = D(zy,a1) + D(zy,m1) + D(xy, br)
= D(x,a1)y + f(x)D(y,a1) + D(x,m1)y
+ f(2)D(y,m1) + D(z,b1)y + f(z)D(y, b1)
= D(x,a1 + m1 + b))y + f(x)D(y, a1 +mq + b1)
= D(2,9)y + f(2)D(y, 7).

Therefore, D is a f-derivation in relation to the first compo-
nent.

In a similar way, we can show that D is a f-derivation
in relation to the second component. Hence, D is a f-
biderivation. (]

Theorem 3.6. Let ) be a 2-torsion free triangular algebra,
then any Jordan f-biderivation A :  x  — ) may be
expressed as A = D+ d + 7, in which D : Q@ x Q — Q
is a f-biderivation, § : Q@ x Q — f(q) - Q! is a map with
(I + ¢Qq, 1 + ¢Q2q) = {0} and 7 : Q x Q = Z;(Q) is
a f-central map.

Proof. Let A : Q x Q — Q be a Jordan f-biderivation.
According to Proposition 3.3, we may assume A(l,1) = 0.

The mapping D : Q x Q — Q defined in Lemma 3.5 is a
f-biderivation.

Let § : Q x Q — Q be a mapping defined by

for all a,a; € IQ, m,m; € [Qq and b, b; € ¢fq.
Since
d(a,m1) = QA(a,m1)l = QL + q)A(a, mq)l
=Q - IA(a,m)]

holds for every my € I{dq, then d(a,m1) € Q - 1. In the
same way, we can prove that

5(m»a1)75(b7m1)7 6(m7 bl)v 5(m7m1) € Q 1.

Therefore, 0 : 2 x Q — f(q) - I is a map with 6(IQ +
qQ2q, 100 + ¢Qq) = {0}.

Let 7= A — D — §. From Lemma 3.4, it follows that
T(a, al) = 077'(b7 bl) = 077'(0,, bl) = 0, T(b,al) = 0,
T(aaml) = OvT(ma al) - OaT(ba ml) - OaT(ma bl) =0,

—Lf(m)Q - QA(l,my)l
+ QA(l,my)l - Img
for all a,a; € IQI, m,my € IQq and b, b; € ¢Qlq.

In the following we prove that 7(m,m,) € Z¢(Q) for any

m,my € [£q.

By Lemma 2.2 (i), we have

0=A(,0) = A(l,mm1 +mim)
= A(177/77‘>7n1 + f(m)A(l7m1>
+ A(l,m1)m + f(m1)A(l,m)
for all m; € IQ)q. By multiplying the above equation with L
on the left and [ on the right, using the facts that f(m) =
Lf(m)Q and A(l,m), A(l,my) € LQq + QQI, we obtain
LFm)Q - QAL m1)l + L(m1)Q - QAU m)l = 0.

Therefore
Lf(m)Q - QA m)l = —Lf(m)Q - QA(l, m1)l.
Similarly, we can prove that

QA(l,my)l - Img = —QA(l,m)l - Imqq.

T(m,my) =

Then

(=Lf(m)Q - QA(l, my)l)lmag
=—Lf(m)Q(QA(l, m1)l - lmaq)
—Lf(m)Q(—QA(l, m2)l - lm1q)
= (Lf(m)Q - QA(l,m2)l)lmq
(=Lf(m2)Q - QA(l,m)l)im1q
—Lf(m2)Q(QA(l,m)l - lm1q)
—Lf(m2)Q(—QA(l,m1)l - lmq)
= Lf(m2)Q(QA(l,m1)l - lmq)

for all mqy € I§)q. According to Proposition 2.1, we have

—Lf(m)Q - QA(l,m1)l + QA(l,m1)l - Imq € Z§(9),

that is, 7(m, m1) € Z;(2).

Therefore, 7 is a f-central map. O

When f is an identity mapping, the (Jordan) f-biderivation
is the (Jordan) biderivation. In this case, @ = f(q) = q,
Q-1 =0, QA(l,m1)l = 0, then the maps § and 7 from
Theorem 3.6 equal zero. One can obtain

Corollary 3.7. Let ) be a 2-torsion free triangular algebra,
then any Jordan biderivation of (2 is a biderivation.
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IV. CONCLUSION

This study aims to examine the structure of Jordan f-
biderivations on a triangular algebra and proves that each
Jordan f-biderivation can be decomposed into the sum of a
f-biderivation, a central mapping and a special mapping. The
results can be applied to Jordan biderivations of a triangular
algebra. The generalized matrix algebra is a natural extension
of the triangular algebra. Therefore, a follow-up question is
proposed: how to characterize the structure of the Jordan f-
biderivation on a generalized matrix algebra?
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