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Stability and Bifurcation Analysis of Commensal
Symbiosis System with the Allee Effect and
Single Feedback Control
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Abstract—The commensal symbiosis system with the Allee ef-
fect and single feedback control is proposed and analyzed in this
paper. The stability analysis of all possible equilibrium points
is discussed, and the sufficient conditions for global stability of
the interior equilibrium points are obtained. The occurrence
of transcritical bifurcation and saddle-node bifurcation around
the equilibrium points is investigated. Finally, the main results
of the model are illustrated by numerical simulations.

Index Terms—single feedback control, Allee effect, commen-
salism model, transcritical bifurcation, saddle-node bifurcation

I. INTRODUCTION

IODIVERSITY is the basis of human survival and de-

velopment, providing a wide range of necessities, a safe
and reliable ecological environment, and a unique landscape
culture. However, in many areas, due to human activities and
the influence of the ecological environment, many species
are extinct or on the verge of extinction, resulting in a severe
decline in biodiversity. We have to face problems such as the
loss of biodiversity and the decline of ecosystem function
and stability. Therefore, we must control the ecosystem,
which is reflected in the biological mathematical model
by adding feedback control variables. We hope to protect
endangered species through appropriate feedback control so
that resources can be rationally developed, thus ensuring the
sustainable development of the ecosystem.

In the natural environment, interaction between popula-
tions is very common. Commensal symbiosis is one of these
interactions in which one group benefits while the other is not
affected. In 1876, the Belgian zoologist Pierre Beneden put
the phenomenon of commensalism in a biological context for
the first time [1]. Although the phenomenon of commensal
symbiosis is often observed in nature, it was not until 2003
that Sun [2] established a mathematical model of commensal
symbiosis. The dynamic behavior of commensal symbiosis
has become an essential topic for biologists and mathemati-
cians. This kind of model has substantial theoretical and
practical exploration value. In recent years, scholars have
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conducted a series of studies on the dynamic behavior of
commensal symbiosis system([3]-[20],[30]-[36]).

In the context of the commensal symbiosis model, work on
the influence of feedback control is relatively rare ([16]-[20]).
Han [16] proposed and studied the following Lotka-Volterra
commensal symbiosis model with feedback controls:

dzx

? = 2(by — a1 + a2y — o),

5;; = y(ba — azy — asv), o
i; = —Mp+az,

& .

a N2p2 T a2y,

By constructing a suitable Lyapunov function, it is proven
that the positive equilibrium of the system is globally stable.

Xu [18] studied the dynamic behavior of the commensal
symbiosis system with both the Allee effect and feedback
control based on Han:
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Research has shown that the Allee effect does not affect
the stability of the equilibrium point of the feedback control
based commensalism system. However, species with the
Allee effect can reach equilibrium only when the population
is large.

As we can see, the above system contains two or more
feedback control variables, which means different control
strategies are adopted for different species. However, strate-
gies applicable to one species in the real world may also
affect other species, meaning such strategies significantly
impact both species. Let’s give a few examples: spraying
pesticides can effectively reduce the number of weeds, but
it can also have a negative impact on the growth of crops
or beneficial organisms [21]. When chemotherapy treatments
are used to treat cancer patients, the number of cancer cells
will rapidly decline, but at the same time, the drugs will
harm healthy cells and the regulatory immune function of
the body [22]. These examples demonstrate that the study of
a single feedback control variable has substantial theoretical
and applied usefulness. However, there is still relatively little
research on population ecosystem dynamics with a single
feedback control [23]-[28]. And most of them only studied
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issues such as permanence, stability, and extinction of the
system.

According to the aforementioned, on the basis of model
(2), we change the feedback variable into a single case:

dx m

—_— = 1— _— —

gt z(1—=x x_’_a)—I—aJ:y b,

g‘z = y(1—cy) —dyp, 3)
M — —

7 K+ pT + qy,

where a,b,c,d,p,q,anda are all positive constants.
zandy represent the densities of the two populations at time
t, respectively. p is a feedback control variable, parameters
b and d respectively describe the degree of influence of
feedback control variables on populations x and y. m

indicates the Allee effect.

It is the first time that a model has considered both the
Allee effect and a single feedback control variable. Is a single
feedback control variable different from multiple feedback
control variables in terms of its effects on the stability of
the system? Does bifurcation occur at the equilibrium point?
The purpose of this paper is to study the dynamic behavior
of system (3). In particular, we will find out the answers to
the above questions.

T+ «

II. EXISTENCE OF THE EQUILIBRIA

The equilibria of system (3) are the set of non-negative
solutions to the following simultaneous equations.

m
l—2z——— 'y — b = 0,
z(l—z x+a)+a1y XL
y(l—cy —du) = 0, 4)
—n+pr+qy = 0.

Notably, the system (3) has the boundary equilibrium
point Fy(0,0,0) for all parameters. As for other equilibrium
points, we will discuss them as follows.

Case 1. When z = 0, then

1 q
v= c—l—dq"u: c+dq’
the system (3) has the boundary equilibrium point
1 q
“c+dq’ c+dq>.
Case 2. When y = 0,u = 0, from equation(4), x is
nonnegative root of the equation:

E1(0

22+ (a— 1)z + (m—a) =0. %)

Let Ay denote the discriminant of equation (5), then

Ay = (14 ) —4m,

and
1 2
A >0em< %.
Thereout, let
1—a 1—a+ VA 1—a— VA,
1o = T,Sﬁn = f,xm = f

So, we can get the following results.

(a) If m < a, the system (3) has boundary equilibrium
point FE11(x11,0,0).

2
O IFa<m< LTY

(3) has two boundary equilibrium points E11(z11,0,0), and
Elg(l’lg, O, O)
©) If m =
boundary equilibrium point E1g(z19,0,0).
Case 3. When y = 0, from equation(4), x is the nonneg-
ative root of the equation

, and a < 1, the system

1 2
ﬂ7 and a < 1, the system (3) has

(1+bp)z® + (abp+a— 1)z +m —a=0. (6)
Let
Ao =1+bp,Bo=abp+a—1,Co =m— a,
As denote the discriminant of equation (6), then
Ay = (a+ abp +1)% — 4m(1 + bp).
Make Ay = 0, we have
(abp + o+ 1)?

"= T 0 p)
_ aP(bp+1) 1 N
4 4(bp+1) 2
> 2 + 2o
- 2 2
Thereout, let
g = B2 g B2t VA By VA
2A2 ’ 2A2 ’ 2A2

So, we can get the following results.

(a) If m < «, the system (3) has boundary equilibrium
point Eoq(x21,0, pra1).

b If a <m < mg, and a <

, the system
1+0bp
(3) has two boundary equilibrium points Ea (221, 0, pxai),

E22($22,0»P$22)~
© If m = mq, and a <

, the system (3) has
1+bp
boundary equilibrium point Eoq (220, 0, prag).

Case 4. When

_1—dp

Y )
&

and
cp q

c+dg T c+dg
From equation(4), by simple calculation, x is the nonnegative
root of the equation:

M:

(¢ + dq + adp + bep)x?
+[(c+dq)(a — 1) + ap(ad + be) + bqg — alx  (7)
+[(c+dg)(m — a) + (bg — a)a] = 0.

Let
As = c+dg+ adp+ bep,
Bs = (c+dg)(a—1)+ ap(ad+ bec) + bg — a,
C3 = (c+dg)(m—a)+(bg—a)a,

Ajz denote the discriminant of equation (7), then

Az = B2 — 4A3Cs.
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Make Az = 0, we have

— B3 +(a—bq)a+a
27 4A5(c+ dg) c+dg
(a —bg)a _
c+dg +a =mg.

In addition, Bs > 0 is equivalent to

a+c+dg—bg
=«
¢+ dq+ adp + bep 0

Thereout, let

T30 = ;BB T31 = ;BB * \/53 T32 = ;BS —~ \/Ej
245 245 245
And
1
e g (dpx3; — 1), pusi = m(cpwzﬁ +q),

where 7 = 0,1, 2.

So, we can get the following results.

(a) If m < myg, the system (3) has a unique positive
equilibrium pOiIlt Egl(xgl, Y31, ,U/dl)

b)) If mp < m < me, and @ < ap, the system (3)
has two positive equilibrium points Es; (231, Y31, i431) and
E35(x32, Y32, [132)-

(c) If m = mao, and o < ayp, the system (3) has a unique
positive equilibrium point Esq (230, Y30, 430)-

III. LOCAL STABILITY OF EQUILIBRIA

In section 2, we established the conditions for all equi-
librium points in system (3). Now we will discuss the local
stability of each equilibrium point.

Theorem 3.1 In the presence of the equilibrium point of
the system (3), their local stability is as follows:

(1) Eo(0,0,0) is unstable.

(2) Ea(0, !

c+dq’ c+dg
hold, and is unstable if m < mq hold .

(3) E1i(214,0,0)(i = 0,1,2) is unstable. .
(4) E21(x21,0,px91) is locally stable if xo1 > - hold,
P

) is locally stable if m > myg

1
and is unstable if ro1 < . hold .
1%

(5) Eaa(xa2,0, pras) is unstable.
(6) Esi(x3i,y3i, p3:)(i = 0,1,2) is locally stable when
a < cand m < (z3; + a)? hold.

Proof. At any equilibrium point E(z,y,u) , the Jaco-
bian matrix of the system (3) has the following structure.
J(E) =

(l—o——2)+ay
* m

—bu+x(—1+ (x+a)2) ax —bx

0 1—2cy—du —dy

p q -1

The Jacobian matrix of the system (3) at £y (0,0,0) is

1= 0 0

Q
J(Eo) = 0 1 0
D qg -1

Obviously, A\o1 =1 — E, Aoz = —1, Agp3 = 1. Note that
a
Aoz > 0 is always true, so Ey(0,0,0) is unstable.

Now, the Jacobian matrix of the system (3) at
q .
E (0, ———, ———
i ’c+dq’c+dq)ls
—b
1-y4 222 0
« c+dq
J(E,) = 0 —c —d
c+dq c+dg
p q -1

By brief calculation we can get,
m a—bq

A1=1—— ,
11 a+c+dq
-1+ 55+ (1+ﬁ2(1)2—4
A2 = <0,
2
—(1+ﬁ)— (1+?qu)2—4
A1z = < 0.

2

—b
fm> 1+ 21
c+dq

)Ja = myg hold , then A\;; < 0, Ey
is locally stable, if m < mg hold , then A\;; > 0, Ej is
unstable.

Further, it is possible to simplify the Jacobian matrix of
the system (3) at F1;(x1;,0,0)(i = 0,1,2) as follows.

m
z1(—1+ m) ary  —bxy,
J(E1) = 0 10
p q -1

The Jacobian matrix J(FE4;) have a characteristic value
A2 =1>0, so Ey;(214,0,0)(i = 0,1,2) is unstable.

Next, the Jacobian matrix of the system (3) at
Esi (24,0, pao;) is

m
i1+ — i —bx;
T ) o
J(E2i) = 0 1—dps 0
P q -1
Then,
| AEy; — A |
m
B $2( + (1'21""06)2) axrz T2
- 0 )\71+du2,; 0
—p —q A+1
m
= N4+ (1 —-zo(-14+ —NA
[ ( 2( (x2i+oz)2))
bpro; — xo;(—1 + ————) (A — 1 + duo;
+[ PL2 372( + (I21+OL)2)]( + /’L2)

Since x9; satisfies

1—x9; — ———— — bpxoy; =0,
2 Loi + 1 PI2;
we have
m
=1— x9; — bpxo;.
$2¢+Oz 21 PL2;
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Let
m
T = 1—1‘2‘—1—‘,—7
1 2( (I2i+0t)2)
1
- 2+ bp)as; + awg; + @) > 0.
IQZ‘—FOL(( p) 2 2 )
m
T, = bproy — 22(~1+ ———
2 PT2 2i( ($2i+a)2)
1
= T a(2(1 + bp)as; + (abp + a — 1)y
T2

= 2As9; + Bs),
332i+04( 22 + B2)

where Ay = 1+ bp, Bo = abp + a — 1. When x9; = 9,
we have T5 = 0, so

A21 = 0, A0 = =17 <0,

the system may bifurcate at Foq.
When zo; = x91, where 15 > 0, so

~Ty + /T? — 4T “0
2 b)

)\21

T~ JT? —iT5
Ao = < 0.

2

If dpxoy > 1 is true, then we have Aoz < 0. Therefore, if
and only if the following condition is true, Es; is locally
asymptotically stable:

dproy > 1 ()

When z9; = x90,where 15 < 0,

N = =Ty + /T? — 4T
21 = 5 > 0,

so Fo is unstable.
Finally, the Jacobian matrix of the system (3) at
Esi(23i,Y3i, 43:) (1 = 0,1,2) can be simplified as follows:

m

r3(—1+ m) axrs; —bxs;
J(E3) = 0 —cy3;  —dys;
D q -1

= (hjk)(ja k= 17273)'

The characteristic equation associated with J(Es; ) is given
by

X34+ hiA% 4 hod + hs = 0, 9)
where
hi = —(hi1 + hoa + hs3),
ha = hithas + hi1hss + hoshas — hizhsi — hashsa,
hs = —hi1(hoohss — hoghsa) — ha1(hi2hos — highaa).

According to the Routh-Hurwitz criterion, when H; >
0,H, > 0, and Hs > 0, equation(9) has three roots
with negative real parts. The straightforward calculation of

H,y, Hy, Hs is as follows.
H1 = hl
—(h11 + hao + has)

mxs; + +1
o s B
31 (1'31' ¥ a)2 Y3i
1
= Tato [23:(23; 4+ bus; + a + (¢ — a)ysi)

+(eysi + 1)a],

Hy; = hihg —hg =h11D1+ Da,
where,
Dy = highg1 — 2haghgs — h3, — his < 0,
Dy = —hi hos — hi hss — h3yhss + hashoshss
—hooh3s + hizhsihss + hoszhsahss + hishoshsy
> 0.
Hy = hyH,.

When a < ¢, we have H; > 0. When hy; < 0, that is
m < (x3; + )2, we have Hy > 0 ,and h3 > 0, so Hz > 0.

Based on the above analysis, according to the Hurwitz
criterion, when a < ¢ and m < (x3; + «)? holds, E3;(i =
0,1,2) is locally asymptotically stable.

IV. GLOBAL STABILITY OF EQUILIBRIA

In this section, we discuss the global stability of the
interior equilibrium point Es;(zs;, ys:, psi) (i = 0,1,2), by
constructing the appropriate Lyapunov function.

Theorem 4.1 If the interior equilibrium E*(z*, y*, 2*)
exists, assume that

anp)a2
4bcq

hold, then FEj;(z3i,y3i, p3i)(i =
asymptotically stable.

m<(1— (10)

0,1,2) is globally

Proof. Let’s consider the Lyapunov function
x
Vi) = 6(z—2"— x*ln;) + 92y —y* — y*lnyy—*)
+03(p — p*)?.
We calculate the derivative of V(¢) along the positive solu-
tion E3; of system (3),we have

% = Sr—a)(1—z— Hla+ayfbu)
+02(y — y*)(1 — cy — du)
+203(p — p*) (=1 + px + qy)

+a(y —y") = b(p— 7))

—02(y —y")(e(y —y") +d(p — 1"))

+203( — p") (= (1 — ")
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+p(z —2%) + q(y -y"))

- - )o1(x — a*)’

(x + oz)(x + )
y*) = coa(y — y*)?
+(2pdz — b61)(z — ™) (pn — p*)

+(2¢03 — db2)(y — y*) (n — p*) — 265(p — p*)?

+ad (z — ") (y —

< —1- 20— a*)? —adi(x — ") (y — y")
—(2pd3 — bd1)(z — a*)(p — p*) + day — y*)*
—(2q83 — dda)(y — y*) (1 — p*) + 203(p — p*)?]
= —(z—z"y—y,u—p")-
m a b
(1- 5)51 —551 551 — po3
a d
—5(51 0(52 5(52 — q53
b
551 po3 d2 — qd3 243
r—x
y—y"
f—
Let
| B |
-y %% b5
o2 1 B 1 B 1 — Pos3
d
= 7%51 652 552 — q§3
b d
251 po3 552 — q03 203
2
a” oo
= QC(]. — ?)515253 — 55153
b
—0(52(*(51 —p(53)2
—(1— )51( 52 — ¢d3)°
d b
—0,61(5(52 — q53)(§51 — p(53).
We select
2p 2q _
51—b752_d363_]-,
then
| B = [2¢( )02 — —-01]0103
When )
dp 2
1 —
m < ( 4bcq)a ’

dv
we have | B |> 0, then B is positive definite, so o < 0.

av
a =0ifand only if x = 2",y = y*, u = p*.

Therefore, when
a?dp
4bcq

<(1- )a

holds, as long as the equilibrium point Es;(x3;, ysi, 23:) (1 =
0,1,2) exists, it is globally asymptotically stable.
This completes the proof of Theorem 4.1.

V. BIFURCATION ANALYSIS

Now, we discuss the existence of bifurcation around the
equilibriums by taking the parameter m as the bifurcation
parameter and keeping other parameters fixed. In this sec-
tion, we use Sotomayor’s bifurcation theorem to study the
occurrence of bifurcation and specify the type of bifurcation.
Theorem 5.1 If m # o?(1 + bp) holds, the system (3) ex-
periences a transcritical bifurcation at the trivial equilibrium
Ey(0,0,0) as the parameter m passes through the bifurcation
value m = m™* = a.

Proof. Note that when m = m*, it is possible to write the
Jacobian matrix of system (3) at Ej as

00 O
JHEam) =0 1 0
p q —1
Obviously, Ag1 = 0, Ag2 = —1, Aoz = 1.
Let
Vi = (v1,v2,v3)7,
and

Wl - (wlaw27w3)T7

be the eigenvectors of J(Ey,m*) and JT(Ey,m*) that
correspond to the eigenvalue \g; = 0, respectively. By
simple calculation, we get

Vi = (v1,0,pv1) T, Wy = (w1,0,0)7,

where vy, w, represents any nonzero real number.
Let
T
F = (F\, Fy, Fs)",

where
FrF = z1l—-2z- ) + azy — bzp,
T
F2 = y(l - Cy)a
F; = —p+pz
Then OF
T
Fm = a7 _ = _77070 T7
om ( T+« )
we can obtain that F,,,(FEy, m*) = (0,0,0)T. So, we have
W [ (Eo, m™)] = 0. (11)
Moreover,
o
— 0 0
. x4 a)?
0 0 0 0.0.0)
1
—— 0 0
_ o
- 0O 0 0 |
0 0 0
we have
WEDE,(Ey,m*)Vi) = = 0. (12)
o
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Let
VID?F(Ey)V

2
-2+ —n; a —b V1

o
= (vla 0,])111) a 0 0 0
-b 0 0 pbu1

m 2
= 20— Dbk,

similarly, we can obtain

Yo = VID?Fy(Ey)V =0,
v3 = VID?F3(Ey)V = 0.

So we have
WiT[D2F(E07 m*)(‘/la ‘/1)]

At
= (w17070) Y2
m V3 (13)
= —2(1- 5 +bp)viw

£ 0.

Combining equations (11), (12), and (13), according to
Sotomayor’s theorem [29], when m = «, the transcritical b-
ifurcation occurs at E. This concludes the proof of Theorem
5.1.

Theorem 5.2 If

p(ad + be) o2
c+dqg
holds, system (3) experiences a transcritical bifurcation at

q
Ei(0, ——, ——
i ‘c+dqg c+dg
the bifurcation value m = m = my.

Proof. The Jacobian matrix at F; with m = m is

m# (1+

) as the parameter m passes through

0 0 0
c d
JEL,m) =] 0 - -
(Ex,m) c+dg c+dg
D q -1

Obviously, A;1 =0, Az =-1, Az =-—1
By straightforward computation, we get the corresponding
eigenvector

dp — cp —)T

Vo = (oy, —— 2
2 (vla c+dqvl7c+dqvl

)

to the eigenvector of J(FE1, ) , and the corresponding eigen-
vector Wy = (01, 0,0)7 to the eigenvector of JT (Ey,m),
that corresponds to the eigenvalue A\;; = 0. Where 71, and
w; represent any nonzero real number.

After a simple calculation, we obtain

Fm(Elvm) - (Oa Oa 0)T7 WQT[Fm(Ehm)] =0.
Moreover,
V1w
WIDE, (B, m)Vs] = ———
Wy [D*F(Ey,m)(Va, Va)]
m  plad + be)
a? c+dgq

70,

=—2(1— o3, # 0.

By Sotomayor’s theorem, when m = my, the transcritical
bifurcation occurs at Fj.

This completes the proof of Theorem 5.2.
Theorem 5.3 If m = m;, system (3) undergoes a saddle-
node bifurcation at Fag (229, 0, prag).

Proof. Note that when m = m = my, Foo exist. In this
connection, A2; = 0. Then it is possible to write the Jacobian
matrix of system (3) at Ey as

—x90 + % axog —bxog
~N\ 20
J(E2O’ m) o 0 1-— dpSCQO 0
P q -1

By straightforward computation, we get the corresponding
eigenvector

V3 = (617 O,p%),

to the eigenvector of J(Fsp,m), and the corresponding
eigenvector

(a —bq)xa - T
Wy, —bxogw
dprag — 1 1, 20W1)"

W = (w1,
to the eigenvector of J7 (FEyg,m), that corresponds to the
eigenvalue A\o; = 0. where v1, and w; represent any nonzero
real number.

By simple calculation, we can obtain that

Z20

F(Es,m) = (—IQO e

0,0)7,

Z20
ZToo +

Wg[F'm(EQOa’r%)] = - ﬂ)/1 7é 0;

«

W [DF,,(Bag, m)V3] = @t a?

T £ 0,

W [D2F (Eq, m)(V3, V3)] =
m mxaoo
(x20 +@)? (220 + )

—2(1 — =+ bp)viwy # 0.
According to Sotomayor’s theorem, when m = mj, the
saddle-node bifurcation occurs at Fsg.
This completes the proof of Theorem 5.3.

VI. THE INFLUENCE OF THE ALLEE EFFECT AND
FEEDBACK CONTROL

The key question in this section is how the Allee effects
and feedback control variables affect the dynamic behavior of
populations. The following discussion provides the answer.

It can be seen from equation (3) that the value of parameter
m reflects the strength of the Allee effect, while parameters
b and d represent the influence of feedback control variables
on population x and y, respectively.

We will first discuss the influence of the Allee effect on
the positive equilibra.

Denote that

m
1(x,y,u, ) aq) € T* + o
+ay” —bu”,
FQ(x*ay*au*7b7dﬂq) = 1—Cy* _d:u*a

Fy(x,y", pu*,b,d,q) = —p" +pr*+qy”.
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Then x*, y*, and p* satisfy the following equations:

Fy(z*,y*, 0", b,d,q) = 0,
F2($*7y*a/~t*7b,d7Q) = 07 (14)
FB(x*vy*a;u'*abvdaQ) = 0
We have
J D(F17F27F3)
D(z*,y*,u*)
Fl:r* Fly* Flu*
= F2z* F2y* FQu*
(I* +O[)2
= 0 —c —d
p q -1
= (c+dg) (s — 1) — (ad + be)p
@+ ap |

If we treat b, d, and q as variables, then x*, y*, and v* can
be expressed as functions of b, d, and ¢ by equation (14):

et =" (b,d,q), y* =y*(b,d,q), v = u*(b,d,q).

By calculating , we obtain

9z" 1 D(F, Fy F) :__(C+dq)w*+a

om J D(m,y*,u*) J ’
1

oyt 1D(F, Fy F) :_dpx*+a

om J D(x*,m,u*) J

out 1D B F) Py

om J D(z*,y*,m) J '

From equation (15), it can be concluded that when

(ad + be)p

* 2: *
c+dq )@ +a) = m,

m < (

we have J < 0, and when m > m™, we have J > 0.
Furthermore, we can obtain, when m < m™*, we have

or o, v
om " Om om

and when m > m™, we have

> 0, <0,

This means that the Allee effect’s influence parameter
m on the system has a threshold value of m*. When
m < m*, as m increases, the equilibrium point positions
of population = and feedback control variable u decrease,
and the equilibrium point positions of population y increase.
However, when m > m*, as m increases, the equilibrium
point positions of population x and feedback control variable
u increase, and the equilibrium point positions of population
y decrease. In other words, the effect of parameter m on the
equilibrium point of the system is that with the increase of
m, x* and u* first decrease and then increase, and y* first
increase and then decrease.

We then discuss the influence of the feedback control on
the positive equilibrium.

By calculation, we can conclude,

ox* _ —(ct+dqu* Oy* _ dpu”
ob J Tab J
du* —cput Oz —(bg —a)u’
ob J 7 od J ’
m
—u* (b 1"
oy _ O G
od J ’
m
—aput — ou* (1 — ———
ou* o apu qu ( (.’E* +a>2)
od J '
Therefore, when m < m*, J < 0, we have
or” oy* ou*
9% <0, e > 0, a5 <0,
and when m > m*, J > 0, we have
or* oy* ou*
% > 0, % <0, a5 > 0.

Similar to the influence of the Allee effect on the equi-
librium point, the feedback control of population x affects
parameter b. The influence on the equilibrium point of the
system is also that with the increase of b, z* and u* first
decrease and then increase, and y* first increase and then
decrease.

The symbols of %,%, and %—“d* are more complicated,
and we cannot find a uniform threshold for m that makes the
symbols of them determinate. In other words, the feedback
control of population y affects the parameter d, which has a
more complex impact on the system equilibrium point.

From the above discussion, it can be seen that both
the Allee effect and feedback control variables significantly
influence the system’s equilibrium point.

VII. NUMERIC SIMULATIONS

In this section, we conducted numerical simulations on the
global dynamics of system (3). By changing the value of m,
we verified the influence of parameter m on the system. Now
let’s consider the following example.

Example 7.1 Consider the following system

dxr m

22 2l-2— —)+08zy—0.

gt z(l—=z $+1)+08xy 0.5uz,

5;; = y(1-0.6y) - 0.2uy, (16)
1

o~ _pt0lz+o.

7 w+ 0.1z + 0.3y,

In this system, we take the following set of hypothetical
parameter values:

a=08b=05c=06,d=02p=01¢=03a=1.

Then we have mg = 1.9848, my = 1.0006, my = 2.180582,
and g = 1.8555.
For m = 0.9,

_ a2dp) o2,
4bcq
and m < mg hold, then it follows from Theorem 4 that

FE51(1.5219,1.4690.0.5929) is globally asymptotically sta-
ble.

m < 0.964 = (1
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(2(0),4(0), u(0)) =
and (1.2,1.2,1.2) respectlvely

As we know, the Allee effect becomes stronger from weak
with the increase of m. Next, let us understand the impact of
changing the system parameter m and confirm our analysis
results. We keep the other parameters in Example 6.1 and
their initial values unchanged, changing only the value of
the parameter m.

(1) For m = 0.9, we have m < mg. The
system (16) has a unique positive equilibrium point
FE51(1.5219,1.4690.0.5929), it is globally asymptotically
stable. See Figure 2.

2) For m = 212, we have my < m <
mgo, and o < «p. The system (16) has two pos-
itive equilibrium points Fs5;(0.6657,1.4950,0.5151) and
F35(0.1898,1.5094,0.4718). See Figure 3.

(3) For m = 2.180582, we have m = mo, and a <
ag. The system (16) has a unique positive equilibrium point
E50(0.4277,1.5022,0.4934). At the same time, system (24)
exist stable boundary equilibrium F; (0, 1.5152,0.4545). See
Figure 4.

(4) For m = 2.2, we have m > my. The system (16)
has no interior equilibrium point, and boundary equilibrium
FE1(0,1.5152,0.4545) is globally asymptotically stable. See
Figure 5.

VIII. CONCLUSION

In this paper, a commensal symbiosis system with the
Allee effect and single feedback control is proposed and
analyzed for the first time. The analysis of system (3)
reveals that it has at most eight equilibrium points. This
is quite different from the system containing two feedback

Dynamic behaviors of system(16) with the initial condition
(0.5,0.5,0.5), (0.9,1.7,0.3), (1.8,1.5,0.7) ,(0.4,0.9, 1)

control variables ([16], [18], [20]), which has a unique
positive globally asymptotically stable equilibrium, and no
bifurcation analysis was performed.

This paper aims to analyze the dynamic behavior of
system (3) comprehensively. The complexity of the system‘s
dynamic behavior rises with the number of equilibrium
points; transcritical bifurcation and saddle-node bifurcation
occur at different equilibrium points. This article establishes
stability conditions for all possible equilibrium points and
studies the global dynamics of interior equilibrium points
using appropriate Lyapunov functions. The Sotomayor’s bi-
furcation theorem is used to investigate the occurrence and
specify the type of bifurcation.

By comparing different values of m, as shown in Figure
2-5, system (16) is very sensitive to the change in parameter
value m. The parameter m, which reflects the strength of the
Allee effect, plays a crucial role in changing the dynamic
behavior of the system. As the value of m increases, the
number of system equilibrium points first increases and
then decreases. When m is large enough, it will cause the
extinction of species x. This is similar to, but significantly
different from, the commensal symbiosis system (2), which
is affected by the Allee effect and two feedback controls.
In addition, we also analyze the effects of the Allee effect
and feedback control variables on the system. Whether it is
the intensity of the Allee effect (m) or the influence degree
(b and d) of the feedback control variables, it will have an
important influence on the position of the equilibrium point.

It should be pointed out that the conditions for Theorem
4.1 are sufficient. During data simulation, it was found that
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2dp

when m > (1 — ZT)QQ, the equilibrium point may also
C

be globally asymptotically stable, which indicates that there
is still room for improvement in the conditions of Theorem
4.1.
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