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On Orthogonal (phi, digamma)-Contraction Type
Mappings and Relevant Fixed Point Theorems
with Applications
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Abstract—In this article, we are motivated by various fixed
point theorems for different types of orthogonal (¢, [ ) con-
tractions in orthogonal Branciari (rectangular) b-metric spaces.
We present examples that improve upon many existing results
to highlight our key findings. Additionally, we provide an
application to clarify the existence and uniqueness of solutions
to integral equations. Finally, we present numerical results that
contrast with the analytical findings.

Index Terms—Orthogonal (¢, F)-contraction map type, fixed
point, orthogonal-Cauchy sequence, orthogonal complete Bran-
ciari b-metric space.

I. INTRODUCTION

HE Banach contraction principle, one of the most well-

known research instruments for fixed point results, is
rapidly expanding and improving the field of mathematics in
many different contexts. Banach [1]] proposed the notion of
the famous Banach contraction principle in 1922, which is
utilized in complete metric spaces. The principle of Banach
contraction in fixed point theory has been further developed
by many researchers. Some relevant results enhance the
extension outcomes, inviting readers to explore the references
for further clarification [2[]- [4].

A widely recognized extension of metric spaces is found
in b-metric spaces, which were initiated by Czerwik [5].
Numerous mathematicians have delved into the intricacies of
this fascinating space; interested readers are encouraged to
explore further in references [[6]- [9]. More recently, in 2023,
Mani et al. have proven fixed point results in various types of
metric spaces with different applications (see [[10]- [12]). In
2000, Branciari [[13|] made a new contribution by introducing
generalized metric spaces, wherein the traditional triangle
inequality is substituted with the quadrilateral inequality

By (B, o) < By(B, &) + By (=, a) + By(a, o),

for every pairwise different points B, cc, 2 and q. In 2015,
George et al. [14] introduced the concept of Branciari b-

metric space (BpMS). Subsequently, numerous authors em-
barked on exploring and analyzing various fixed point the-
orems applicable to such spaces, as evidenced in [15] and
[16].
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Wardowski [17] introduced a concept of F -contraction in
metric spaces. Recently, Kari et al. [[18] proposed the notion
of #-¢-contraction within ByMS, presenting a fixed-point
theorem for such metric spaces. In 2018, Wardowski [19]
investigated a variation of the Banach fixed-point theorem,
studying a novel class of contraction maps termed (&, F )-
contraction on metric spaces. This study was influenced by
the research of both Wardowski and Kari et al. Furthermore,
Rossafi et al. [20] recently explored the concept of (¢, F )-
contraction type maps in rectangular b-metric spaces, build-
ing upon previous work in the field.

In 2017, Eshaghi Gordji et al. [21] introduced the notion
of orthogonality and presented a full structure for further
developments. Building upon this initial study, Eshaghi
Gordji and Habibi [22] expanded the research, demonstrating
fixed point theorems in generalized orthogonal metric spaces.
For additional insights into orthogonal concepts and related
results, refer to ( [23[]- [32]).

In this paper, we expand upon several fixed-point theorems
concerning different types of orthogonal (¢, f ) contraction
of a map type in orthogonal complete ByMS. Our proof
technique, employed in this study, effectively establishes
the existence of fixed points, enhancing the robustness of
our recent findings. Additionally, we bolster our results by
providing both an illustrative example and an application.
Moreover, we present an application that focuses on verifying
the existence and uniqueness of an integral equation, along
with demonstrating the validity of the analytical solutions.

II. PRELIMINARIES

Definition 1. [|/4)] Let G be a non-empty set, w, > 1 be a
given real number, and let By : U x U — [0, +00) be a map
such that for all 8,ce U and all distinct points q,R € U,
each distinct from B and o

1) By(B,¢) =0 «—= 8 =cx;

2) By (B, o) = By(c, B);

3) Bb(ﬁv OC) < WZ[BB(Bv q) + Bb(q> N) + BB(N’ O()]

Then, (U,By) is called a ByMS.

Lemma 1. [/6] Let (U, B;) be a ByMS:

1) Suppose that sequences {8;} and {oc.} in G are such
that B; — B and o —o as | — 00, with B £, f~3; £
and oo for all i € N. Then, we have
iBB(B, OC) < .lim inf BB(BD OC]) < .lim sup BB(B;, O()

|
Wy 1—00 1—00

< w,By (B, x).

2) If o€ U and {B:} is a Cauchy sequence in O with
B, # 8; for every j,1 € N, j # 1, converging 1o § #x,
then
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1 (ﬁ o) < lim inf BB(B;, o) < lim sup BE(Bh o)

Wy |—00 |—00

< wZBB(fS, ), for all Beu.

Lemma 2. [I8] Let (U,B;) be a ByMS and let {B:} be a
sequence in U such that

lim By (B;, B, 1) = lim By(B;, B ,) =
|— 00 |— 00

If {B} is not a Cauchy sequence, then there exist & > 0
and two sequences {j(o)} and {i(c)} of positive integers
such that L - -
£ < lim infBy (B, 8; )

< lim sup B-(Bj(ﬂ),ﬁ;( )) < wé.

£< l1m inf B; (B‘< )7B

< lim sup Bs (B, Bjiryn)
¢ < lim infBy(Bj, B )
o —>r 00

(@) (o)1

](a)+1)
< wé.

< Uh_)néo sup BB(BJ-(G),B;(O)H) < wé.

€ _ sz
- < lim inf By (85,8 ,,)

< UILH;O sup BB(BJ'(aHl’Bi(UHl) < w?{.

The subsequent definition, as introduced by
Wardowski [[19]], will serve as the foundation for proving
our result.

Definition 2. [/9] Let x be the set of all functions
F:RY - Rand ¢:(0,+00) — (0,+00) holds the
axioms as follows:

1) F is strictly increasing;

2) for every sequence {Bi}ieN is positive integers
lim £ (8;) =

[Exde el

limB =0 «—
1—00
3) liminf,, .+ ¢(w,) > 0 for each w, > 0;
4) there exists o € (0,1) such that
lim B7F (B) =0.
B—0+
Rossafi et al. initiate a new class of (¢, F )-
contraction.

Definition 3. [20] Let x be the set of all functions
F : R™ — R and II be the set of all functions
¢ : (0,400) — (0,+00) holds the conditions as follows:
1) F is strictly increasing;
2) for every sequence {B;};cn of positive integers
lim £ (B) =

[Emde el

—0Q;

limB =0 «—
|1—00
3) liminf,, .+ ¢(w;) > 0 for all w, > 0;
4) F is continuous.
Definition 4. [20] Let (U, By) be a ByMS with
coefficient wy > 1 and W : G — U be a map:
1) Wis called a (¢, F )-contraction of a map type if there
exists [ € x and ¢ € 11 such that
By WB, W o) > 0 —

F wiBy(WB, W )] + ¢(By (B

—0Q;

o)) < F[M(8B, )],

where

M(B, o) = max{B;(B, =), B; (B, WB), B
BB(OC,WB)}.

5(0, W ),

2) W is called a (¢, F )-Kannan contraction of a map
type if there exists F € x and ¢ € Il such that
B, (WB, W ) > 0, we have

FwiBy(WB, W )] + ¢(By (B, «))

- F(BB(B,WB) + By (o, W )

).
3) W is called a (¢, F )-Reich contraction of a map type
if there exists F € x and ¢ € 11 such that
B, (WB, W ) > 0, we have
FlwBy(WB, W )] + 6(By (B, o))

By (B, o) + By (B, WB) + Bj (oc, W )

<F(=2 3 ).
The subsequent definition of orthogonality served as the

cornerstone for the remainder of our research.

Definition 5. [2/]] Let U be a non-empty and L. C U x U be

an binary relation. If L satisfies the below condition:

3 g : (L dg) or (6p Lox), ¥V xe U,

then, (U, 1) is called an orthogonal set (O-set). .
Definition 6. [21|] Let (U, L) be an O-set. A sequence {8}
is called an orthogonal sequence (briefly, O-sequence) if

(B LB.y) or (B, LB), VieN.
Definition 7. Let (U, L, B;) be an orthogonal ByMS if (U, L)
is an O-set and (U, By) is a ByMS.

Definition 8. Let (U, L, B;) be an orthogonal ByMS.
(1) A map W: UG — U is said to be an O-continuous
in 8 € U if for each O-sequence {B: bien in U with
B — B, we have W(B;) — W(B). Also, W is said to
be an O-continuous on G if W is an O-continuous in
each B € O.

(2) A set U is called an orthogonal complete if every
orthogonal Cauchy sequence is convergent.

III. MAIN RESULTS

In this section, we construct fixed point results for orthog-
onal By,MS and discuss the notion of (¢, /- )-contraction types
in these areas.

Definition 9. Ler (U, L,B;) be an orthogonal ByMS with
coefficient wy > 1 and a map W : U — U;
1) W is called an orthogonal (¢, I )-contraction of a map
type if there exists € x and ¢ € Il such that
By (WB, W ) > 0 with B Lo, we have

F[wiBy(WB,W )] + ¢(By (B, o))

- - 1
FIMB.o), ¥ Bacs, )

where - - -
M(B, ) = max{B; (B, «), B, (8, W8)
By (oc, W ), By (o, WB)}.
2) W is called an orthogonal (¢, I )-Kannan

contraction of a map type if there exists F € X _
and ¢ € I such that By(W8B, W o) > 0 with 8 L,
we have ) - ~
F By (WB,W )] + ¢(By (8, )
< F( BBB, WB) -‘1-285(0(, w O()
3) W is called an orthogonal (¢, I')-Reich
contraction of a map type if there exists [ € x

).
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and ¢ € 11 such that By(WB, W o) > 0
with 8 Lo, we have

F[w7Bs (W8, W 0))] + (B (8,
B, (B, <) + By (B, WB) +
3
Lemma 3. Let (U, L, B;) be an orthogonal ByMS.
1) Suppose that the O-sequences {B;} and {cc:} in
U are such that 8, — B and oc;—oc as | — oo,
with § £, B; £ 8 and oo for all 1 € N.
Then, we have

B.c0)
o W) + By (or. W o)

).

hm inf BB(B;, O(i)
|— 00
lim sup By (B, o) < w,By(B, o).

1— 00

1 ~
—B;(B, ) <
W, b( 70()—

AN

2) If oce © and {B }is an orthogonal Cauchy sequence
in G with B # B for any j,i € N, j # |, converging
to B £, then

—B (B, o) < lim inf By (B, o) < lim sup By (B;, )
Wy

1—00 1—00
< wBy(B, ), for all B e U.

Lemma 4. Let (U, L,By;) be an orthogonal ByMS, and
let {8;} be an O-sequence in U such that

lim B; (B”B‘_s_l) = lim B; (BI,B‘+Z) = (2)
I—00 —00

If {B,} is not an orthogonal Cauchy sequence, then there
exist £ > 0 and two O-sequences {j(o)} and {i(o)} of
positive integers such that

£< hm inf B; (137(0)713‘( ))

< hm sup By (8 (o) ‘< >) < wé.
¢ < lim me'(B;< )7BJ<<1>+1)

< lim supBy (Bw )vB o) S wk.

T — 00

¢ < lim inf By(B;.,B )

(@) ()41
< Uli_)néo sup BB(BJ'(a)7B?<a>+1) < wé.
£ < lim inf By (B; B; )

W, o300 J(o)+17 Fi(o)+1

< a'h—>nc1<> sup By (8

2
j(a)+1 ’ Bi(g)+1) S wl 5

Proof: If {B‘} is not an orthogonal Cauchy sequence,
then there exist £ > 0 and two sequences {j(»)} and {i(}
of positive integers such that j,) > I(U) > 0,

& < By(Bj,,. B;,,,) and By(Bj,, 1.8 ) <&,

3)

for all positive integers o. By the b-rectangular inequality,
we have

£< B'(~j(g>vf3]((, )
< WZ[B (Bj(a)7ﬁj(0)+1) + BB(BJ'(U)Jrlv Bj(a)*l)
+ By (B, -1, B )] (4)
Taking the upper and lower limits as ¢ — oo in (@) and
using (Z) and (3), we obtain

¢ < lim inf By (B, B,
< wé.

Using the b-rectangular inequality again, we have

) < lim sup By (85,8 )

®)

§< BB(BE(UVBJ'(U)-H)
< WI[BB(BE(U) , Bj(a)_l) + BB(Bj(o)—lv Bj(g))
+ By (Bj(g) ) Bj(g)Jrl)}' (6)
Taking the upper and lower limits as 0 — oo in (6) and
using () and (@), we obtain

¢ < lim inf By(B: By +1) < Jim_sup By (B, B,y 1)

< wé. )
Using the b-rectangular inequality again, we have
§< B( J(o )aﬁi((,ﬂrl)
< w[By (B](a) ) Bj(a)_l) + Bi)(f’j(a)—lv BI(,,))
+By (B0 B 1)) ®)

Taking the upper and lower limits as ¢ — oo in (8) and

using () and (3), we obtain
¢ < lim inf By By, B, 1) < Jim_sup By(Bj.,,. B, 1)

< wé. €))

Using the b-rectangular inequality again, we have

B'(Ej(o +17B;(U)+1)
< w[By (BJ( )+1 (o )Jr B: (Bj(g)vﬁi((,))

+By (BB 1))y
¢ < By (B, 5 )

(o) ¥i(o)
< WZ[B (Bj(a) ) Bj(a)+1) + BB(Bj(g)+1v ﬁi(g)+1)

+ By (B, 4151
Taking the upper and lower limits as o — oo in (I0)

and (TI) and using (Z) and (3, we obtain

¢ -
;l < Jl;r{:o inf B; (BJ<0)+1’BE((,)+1)

: 5 5 2
< ah_{rolo sup By (85, +1, (Bi(o)+1) < wyk.

(10)

(1)

|
Theorem 1. Let (U, L, B;) be an orthogonal complete ByMS
with an orthogonal element B0 and constant wy > 1, and let
W be a self-map on U which satisfies:
(i) W is L-preserving,
(ii) W is orthogonal (¢,
(iii) W is O-continuous.

F )-contraction of a map type,

Then, W has a unique fixed point.
Proof: According to the concept of orthogonality, if
(U, 1) is an orthogonal set, then there exists
BocU:VBeU,BLBy (or) VBeU, By L8B.
It follows that ﬁo 1 WBO or WBO 1 Bo. Let
ﬁl Who, By = WBy = W?By--- B = WB._, = W'By,
=WB =WHB, VieN.
For any By € U, set B; = WB_,.
Next, we will examine the two possibilities offered:
(i) If B; =B, for any i € NU {0}, then we have
W8 = 8.
It is easy to see that B; is a fixed point of W.
Hence, thq proof is complete.
(ii) If B; # B;,, for any | € N U {0}, then we get
B; (13|+1,B‘) > 0, for each | € N.
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Since W is L-preserving, we obtain
ﬁ J-BlJrl (OI') B;+1 J_B].

This implies that {8} is an O-sequence.

Since W is an orthogonal (¢, f)-contraction map of a map
type, by substituting 8 = 8:_, and oc= 8 into (I)), for all
i € N, we have

F By (8, 81)] < F [w/By 5B B )] + A(Be (B, 8))
<FM@B_y,B)),VieN, (12)
where

M(B;_,,B;) = max(B

( - 17 |)7Bb( i—1 |) BB<B}’BI+1)>
By (B, )}
_maX{B ( 1— 17ﬁ) (Bhﬁl-&-l)}

IfM(N; 1,13;):8 (BI,B‘Jrl , by (I2), we have

F(By (B, B41)) < F (By(B;, B.H)) ¢(By(B_y,B))

< F (By(B;,Bry 1))
Since f is increasing, we get
B; (BHB\+1) < Bb(Bwflﬂﬁl)

It is a contradiction.

Hence M( 1—1» |) - BB(Bifhﬁ;)'
Thus,

F(By (B, Biy1)) < 7 (By(Bioy, B) — o(By (B, By)).
Repeating this step, we conclude that
F(By(B,B1y1)) < F (By(Bi_y.B)) — o(By (B, 5))
< F(By(Bigy Bi_1)) — 6(By(B_y, B))
— 6(By(Bi_o.B,_y))

B07ﬁl

13)

Z¢ 1+1

Since lim infoéﬁwj o(a) > 0.

If we obtain liminf; , _ ¢(By(B;_;,8;)) > 0, then by the
definition of the limit, there exists ip € N and % > 0 such
that for all 1 > 1o, ¢(By(B:_1,8;)) > H.

Hence, 1
(B (BHBH»I)) B07ﬁl Z(yb BUBH—l )
i=0
- Z 6(By (B, Bis1))
i=ip—1
S ( B0731 Z H
i=ig—1
= F(BB(BmBl)) —(1—i0)H, Yi>i.

Letting the limit as | — oo in the above inequality, we
obtain

lim £ (ByB;, Byy1)) < lim [F (By(Bo, Br)) — (1 — o) H].
IHOO 1— 00
That is, lim;_, _ F (B (B‘,BI_H)) = —oo, then based on

condition (ii) outlined in Definition [3] we can deduce that
lim By (8;,8:,;) = 0. (14)
|—00
Next, we shall prove that
lim By (B‘,BIH)

1I— 00

We assume that B; * Bj for every 1,j € N, | # j.
Indeed, suppose that 8; = 8; for some | = j+ o with
o > 0, and using (13), we have

By (B, Bj11) = By (B, B11) <
Continuing this process, we have
By (B, B11) = By (B, B11) < By(By, Bjpa)-
It is a contradiction.
Therefore, B;(8;,8;) > 0 for every LjE N, 1 £ 5.
Now, applying (1)) with 8 = 8;_, and oc=8;_ ;, we have
1By (B, Bi0)] =/ [By(WBi_,, W)
<F [WiBy(WB,_1, W, 1))
<FM(B,_1,8,41)) — ¢(By(Bi_1, Bi41)),

By (B;_1,By).

where
M(B}—laBiH) = maX{B-( i— 1aﬁ|+1) (B B)a
By (B 1, Biy0), By (Bryr. B))
= max{B; ( i— 1aﬁ|+1) (B‘ 1713‘)}
So, we get
F(By(B.B12))
< F (max{By(B;_y, B), By (Bi_y, B111)})
— ¢(By(Bi_y, ‘+1)) (15)
Take vy, = B (B‘,B,H) and ¥; = By (B”B;H).
Thus, by (T3], one can write
F () < F(max(y_y,9 ) —(By(vi1)).  (16)

Since F is increasing, we get
v < max{7y,_y,%_1}.

By (13), we have

U <0y <max{y,_y, 7.},

which implies that

max{vy;,¥;} < max{v._;,9;_;}, VieN.
Hence, the O-sequence max{~,_;,V;_;}icn is @
non-negative decreasing O-sequence of real numbers.
Thus, there exists A > 0 such that
1lim max{y,9;} = \.
1—00
By (14), assume that A > 0, we get
A = lim sup+y, = lim sup max{y;, ¢}
1—00 I—00
= lim max{y;, ¥;}.
1—00
Letting the limsup;_, . in (T6), and applying the
contraction of / and the property of ¢, we get
F (lim sup~;)

1—00

< F(lim supmax{y,_;,%;_;}) — lim sup ¢(v,_;)
I— 00

I—00

< F(lim supmax{y;,_;,¥,_1}) — lim inf ¢(vy,_;)
1—00 1—00

< F(lim max{v,_y,7;_}).
I—00

Therefore, F (A) < F(A). It is a contradiction.
Hence,

lim By (B:,B:,,) = 0.

\A)OO
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Next, we show that {:}:c is an orthogonal
Cauchy sequence, that is
Jlim By(B;,8;) =0, Vi,jeN.
1,j—>00
Suppose the opposite, according to Lemma |4} there
are £ > 0 such that for any positive integer o, there exist
two O-sequences {i(,)} and {j)}, where

€ < lim infBy(B;,,, 8 )

< Ul;rrgo sup BB(BJ-(U),B;(U)) < wé.

£< UILH;O inf BB(BE((,)ij(oHl)
< UILH;C sup BB(B;(@,BRUHI) < wé.
5 S O_ILH;O lnf Bb(B](o-) ’ B;(a)«kl)
< lim sup BB(BJ'(GWB?(U)H) < wé.
f ~
o < gl;n;o inf B; (BJ(U)H,B;WH)
< lim sup B; (Bj(a)+1’Bi(a)+1) < wi¢. a7
From (I)), and by setting B = Bj( , and o= 175;(0) we have
UILHQOM( i) \(@)
= lim max{B; ( ](0)713\(0 )s Bb(ﬁj(g)’ﬁj(a)+1)7

o—> 00

Bo (5,581, .. ) Bo(Br  Bii0)}

< wgé. (18)

Now, applying (T) with B = B,

F[W?BB(Bj(u)+1ij(a)+1)}
< F(M@®B; B )

J(o)? (o)

we obtain

and oc=8;
(@

Letting 0 — oo the above inequality and applying
and (T7), we get

£ o 2 3 B
F(;zwz ) _ F(fwz) < F(wz Uh_)m sup BB(BJ'(@H,B;(GHJ)
= Jim sup F By (B0 B ,,,)

< UILH;OSUP F(M(Bﬂa)’ o))

— hrn sup ¢(By( J<o>’B'< )))
= F(ﬂh_{f)lOSUPM( (o) '< >))

— hm sup ¢(B ( <a>’ﬁl<a)))

< F(lim supM( 3oy Bisy))

g —00

— lim inf ¢(By(B;_,B: )

o—00 901 Pio)

< F(UILH;O sup M( j<o)7ﬁi(n))) < F(wé)-

Therefore, the sequence {B‘} forms an orthogonal Cauchy
sequence in O.
Due to the completeness of (U, L, B;), there exist & € U
such that
lim By (B, 2) = 0
1—00
Currently, we demonstrate that By (Wae, &) = 0 by apply-
ing a proof by contradiction.
We consider that

By (We, &) > 0.

Since 8; — @, as i — o0. ¥V i € N, we can deduce from
LemmaE], we get

—B o (22, Wee) < lim sup By (WB;, Wee)

oo (19)
< w By (e, Wee).
Now, applying (I) with 8 = 8; and oc= z, we have
F(wiBs(WB;, W) < F(M(B;, )) — d(B;(By, ),
Y i € N, where
M(B:, ) = max{B; (B;, ), By (B;, W8:), By (e, Wae),
B; (e, W)},
and N N N
‘1_13210 sup max{By; (8;, &), By (8:, W8:), By (22, Wee),
By (22, WB)} = By (e, Wee). (20)
Therefore,
I (w7By(WB, Wee)) < I (max{By (B;, &), By (B;, Why),
B; (e, Wae), By (20, WE)}) — ¢(By (B, 20)). (21)

By letting | — oo in inequality (1)), and utilizing
equations (I9) and (20), along with the contraction of /-,
we obtain

1
Flwf —Bg(ee, Wee)] = F [wBy (e, Wee)]
< F [w? lim sup By (W8, Wae)]

(B de el

B, (W8, Wa)]

= lim sup F [w?
(e el

< lim sup F (M(B;,2)) — lim sup ¢(By(B;

1 ZB))
1— 00 1—00

= (By(Wa,z)) — lim inf ¢(By(B;, 2))
1—00
< F (By(z, We)).
Since f is increasing, we get
Bb(ae, WS&) <

This implies that

By (e, Wee).

Bi(ee, Wee)(w, — 1) < 0 = wy < 1.
It is a contradiction.
Therefore, Wee = &.
Uniqueness: Assume that & and q in U are distinct fixed
points of W such that q # ze.
Hence, we get
Bi(ee,q) = By(Wee, Wq) > 0
By choice of B* we obtain
(B* lq, B L &) or (qJ_B*,
Since W is _L-preserving, we have
W'B* L Wq, WB* L Wa) or
Wq L WB*, We L WHB), VieN.
Since W is an orthogonal (¢, f_)-contraction of a
map type, and applying (I) with 8 = & and o= q, we
obtain
F(By(e,q)) = F (By(Wa, W) < F (w7By(Wq, Wee))
< F(M(z,q)) — o(By(,q)),

a L B*).

where
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M(#,q) = max{B; (&, q), By (e, Wee),
By (q, Wee)}
= By (e, q).
Therefore, we get
F (By(ze,q)) < F(By(ee,q)) —
This implies that
By (e,

By (a, Waq),

¢(By(2,q)) < I (By(2,q)).

q) < BB($3 q)7
which is a contradiction.
Hence, & = q. |

Corollary 1. Let (U, L, By) be an orthogonal complete ByMS
and W : U — U be a given map. Assume that there exists
F € xand 7 € (0,00) such that for any 8, ce U with 8 L,
we obtain
BWBW o) >0 —
FlwiBy(WB. W o] + 7 < [F (M(B, )],
where
M(B, ) = max{B; (B, x), B; (8, W8),
By (W8, o)}
Then, W has a unique fixed point.

BB(OC, w O()7

Expanding on Theorem [I} we establish fixed-point the-
orems for orthogonal (¢, F )-Kannan type and Reich type
contraction maps.

Theorem 2. Let (U, 1,B;) be an orthogonal complete
ByMS, and W : U — U be an orthogonal (¢, F )-Kannan
contraction map of a map type. Then, W has a unique fixed
point.

Proof: According to the concept of orthogonality, if
(U, L) is an orthogonal set, then there exist
BocU:VBeU, B LBy (or)VBeU, By L8B.
It follows that B() 1L WB(] or WB() 1 B(). Let
131 Wi, By = WBy = W?By--- B, = WB._, = Wi,
=WB =W, VieN.
For any B € U, set B: = W8 _,.
Now, let us consider B =B 11, then we have A%
It is easy to see that ﬁ is a fixed point of W.
Therefore, completing the proof.
If B # B_H for any I € N U {0}, then we have
By (BI_H,B‘) > 0 for each i € N.
Since W is L-preserving, we have
B LBy (or) By
This implies that {8} is an O-sequence.
Since W is an orthogonal (¢, F )-Kannan contraction map
of type, there exists f € x and ¢ € II such that
F [wf By (WB, W )] + ¢(By (B, )
By (W8, B) + By (W o, )
r 2 )
F (max{By (B, W8), By (cc, W <)})
F(maX{BB(B’OC)v B(&WB)v
B (o, W ), By (cc, WB)}).
Therefore, W is an orthogonal (¢,
type.

_§.

1B

IN

<
<

F)-contraction map

As shown in the proof of Theorem|l| we conclude that W
has a unique fixed point. ]

Theorem 3. Let (U, L, B;) be an orthogonal complete ByMS,
and let W : U — U be an orthogonal (¢, F )-Reich
contraction map of type. Then, VW has a unique fixed point.

Proof: According to the concept of orthogonality, if
(U, L) is an orthogonal set, then there exist

BoealfﬁJ_Bo (O’/‘) BOJ_B, VBGU
It follows that f~50 1L WBO or WBO 1 Bo. Let
By = WBo, By = WBy = W?By--- B, = WB._, = Wiy,

B, =WB =WTg,, VieN.

For any B € U, set 8 = WHB,_,.

Now, let us consider B = B

In this case, we have W8, = ﬁ‘, indicating that B; is a
fixed point of W.

Thus, we complete the proof.

Alternatively, if~f~3; ;éfi; 41 for every 1 € NU{0}, then we
conclude that By (8;_,,8;) > 0, for any 1 € N.

Since W is L-preserving, we obtain

B L Bi+1 (or) Bi+1 LB,

which implies that {B;} is an O-sequence.
Since W is an orthogonal (¢, F )-Reich contraction map
of type, there exists f € x and ¢ € II such that

F [wiBy(WB, W )] + (BB, =)
B (B, <) + By (W8, B) + By (W o, x)

< F( 3 )
< F (max{By (B, ), By (B, Wh),
By (o, W o), By (o, WH)}).

Therefore, W is (¢, F )-contraction map of type (x).
Following a demonstration related to the proof of Theorem
[Il we deduce that there exists only one fixed point for W.
|
Example 4. Consider the space U = H U ), where
H = {0,3,4,1} and Y = [1,4], equipped with the
Branciari b-metric By on R*. ~
Let the orthogonal relation | on G be defined by § Lo«
if 8,0c> 0 for all 8, ce U.
Define By, : U x U — (0,00) as
By (B, o) = [B— oc |2.
Then, (U, L,By) is an orthogonal ByMS with coefficient
W, = 3.
Define the map W : U — U by
_ 1 ifBel,4
W) = 8 (1,4]
2 if BeH.
Clearly, W is an 1 -preserving.

Let us consider [ (8) = In(v/B), ¢(B) =
It is obvious that F € x and ¢ € 11
Consider 3 = 4, = 0 we get

_1
2+

WB) =1, W(x) =2, B;{OWBW o) = (1-2)2 =1,
BB(B7OC) = BB(B7WB) =9, By(o, W) =
By (o, WB) = 1

On the other hand
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F[wiBy(WB, W )] = In(3),
~ 1
B[By (B, o0)] = m,
and
M(B, o) = max{B;(B, ), B (B, WB), By (o, W ),
By (oc, WB)}

= By (B, ) = 16.
Now, from (1), we obtain
F[wfBy(WB, W )] + ¢[By (B, o0)] < FIM(B, )]
1
In(3) + m <In(4)
1.0986 + 0.0555 < 1.3862
1.1536 < 1.3862.
Thus, for all B € [1,4] and oce H, we have
Flw?By(WB,W )] + ¢[By (B, )] < F[B
Clearly, W is O-continuous with & = 1.

Therefore, condition is fulfilled, and VW has a fixed
point.

(B, 20)].

IV. APPLICATIONS

By utilizing Theorem [I] we demonstrate the existence and
uniqueness of the solution fgr the following integral equation:

B(5) = A / K(8.,5(5))By3, @2)

Y

where 7,9 € R, B € C([,7)],
a given continuous function.
Theorem 5. Assume that the kernel function K satisfies the

condition _
e T (|B(5)-

R) and K : [,9]? x R = R is

< o (B)]),

“r w2

?

for all 8,5 € [v,9] and B,oc€ R, then the equation

has a unique solution 8 € C([ry,0]) for some parameter A,
determined by the constants v, 9, and w,.

) Proof: De~ﬁne the binalry~ relation~J_ on U by
B Lo <= B(8) o< (B) = B(B) or B(B) o (B) =< (B),

for all € [0,1].
Define a function B; : U x U — [0, 00) by
By(f00) = (Bm[ax B(8)— o (B)])*1, ¥ B,xe T,
It is evident that (U, L, By) forms an orthogonal complete
BpMS.
Now, let us define a map W : U — U as follows:

~ ”9 ~
WEE) = [ K(5.6,56)8

Now, we prove that W is | -preserving.
For every 8, oce U with § Loc and 8 € U, we obtain

) = A/19/6(6,6,?5(6)) > 1.

It follows that [(W8B)(B)][(W o)(B)] >
o (WE)(8) L (W «)(B).

Thus, W is L-preserving.

Then, we get

W(B(B)

(W «)(B) and

WB(B) — W o ()
9
= (| [ Ke.0. 5685

-

9
/ K(8.5,5(5)) — K(B,6,  (6))B;

- / " K(8.5.00 (5))Bs

=

19 ~
<A / K(B.6,8(8)) — K(8.5,cx (6))Bgd|

< A /f (w\l/l—?e_
(1B(6)| — | o< (9)])B3)

1 v !
_ 7|A|Wz/ (¢ TFm—ar
W v
([B(8)] = [ o (8))Byd)“

1
[B(8)—oc(8)|+1

Wy

which implies that

max (|WB(3) —

max W (8))

~ max —|)\|“l/ K(8, 5, B(6

[56’779]&]

— K(B, 6, (8))By6]“

1 ”9
< max —|)\|“’1/ (e_|5(6>—o<<6)|+1
pely 9] Wi y

(1B(6)— o
1 v _ max N W
< |)\\w172/ (e SE[ 9] TB(5) —ac(8) [+1
Wy Jy
o (0)])Byd)«
Due to the definition of the orthogonal B,MS, we have

B,(WB,W «) > 0

(0)1)By0)™

B
( R 1B(d)—

and for any B #o .

Subsequently, we can apply the natural logarithm to both
sides and obtain

Inw?B; (WB, W o]

9
< 1n[|/\|“’l/ (CHE LOEEEOE:
g

(jmass B(6)— ox (0))Byo)*
= (0 = )]+ (o T
(mas, [B(5)— o (9)])B50)]

=In[((J — V|A\)*] + In((e MaXge (. 9] HEy e (B F1 )

9
il (o 50)— o (9D
1
=l =~ T
9
bl (s 506) o 9))Bs0))
Let [A[(9 —v) < =7, we get
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~ 1
In[w?B; (WB, W )] < TR

By (8, o) +
1 ~
< - Bb(~, " + In(By (8, o))

Hence,
F(wiByOWB, W ) + ¢(By (B, )) < F (By (B, ),

for all B, cce U with £ (3) = In(B) and ¢(8) = ﬁ
Therefore, all the conditions of Theorem [T] are satisfied.
Hence, there is a unique solution to equation (22]). [ ]

Example 6. Consider the nonlinear integral equation as
follows:

B(B) = A/O"K(@afs(a))d@ Belon, 0<n<1.

Here,

B(B) =2 /?7 ePBR()dS, VO<n<1.  (23)
0

Let us take K(3,06,B(0)) = €2# as the exact solution (E.
S) to equation is determined.

Consequently, the absolute solution to the provided equa-
tion is 2(3e%8 for > 0.

A given table shows the numerical results as below:

TABLE I: NUMERIC SOLUTIONS

Iteration A. S E. S Absolute Error
0.1 1.2214 0.2443 0.9771
0.2 1.4918 0.5967 0.8951
0.3 1.8221 1.0932 0.7289
0.4 2.2255 1.7804 0.5072
0.5 2.7183 2.7183 0.0000
0.6 3.3201 3.9841 0.6640
0.7 4.0552 5.6773 1.6221
0.8 4.9530 7.9249 29719
0.9 6.0496 10.8894 4.8398
1.0 7.3891 14.7781 7.3890

Table [I| shows that the fixed point of 8 is 0.5, and
it is unique.

Comparison between approximate solution (A. S) and
exact solution (E. S) shown in following Figure

15 ‘ L
—%— Approximate Solution
—+— Exact Solution

o
T
L

Solutions

Y=

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X = lteration

Fig. 1: shows that the fixed point of 3 is 0.5, which is
unique.

V. CONCLUSIONS

In this article, we demonstrate several fixed-point theorems
using distinct types of orthogonal (¢, f )-contraction maps
in an orthogonal complete BMS. Our work expands upon
and improves upon various recent results. Additionally, we
provide an illustrative example to support our main findings
and demonstrate an application of integral equations in
resolving issues of existence and uniqueness, along with a
comparison between analytical and numerical solutions.
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