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Abstract—This paper introduces a new outer inverse known
as the Drazin-secondary generalized inverse (D-sg inverse),
which combines the properties of the Drazin inverse and the
secondary generalized inverse. We provide a representation of
the D-sg inverse emphasizing its specific column space and
row space characteristics. Several critical characterizations of
the D-sg inverse are derived, demonstrating its significance.
Additionally, we explore an application of the D-sg inverse
in solving systems of linear equations, illustrating its practical
utility in this context.

Index Terms—Drazin inverse, Secondary generalized inverse,
Secondary transpose, Column space

I. INTRODUCTION

HE Moore Penrose inverse A of a matrix A is a gen-

eralization of the classic inverse of a matrix. However,
the Moore Penrose inverse can be obtained for any matrix,
even if the given matrix is rectangular.

Definition 1. [1] Let A be any square or rectangular matrix.
Then the Moore-Penrose inverse AT of A, is the unique
matrix satisfying the following conditions:

(1) AATA=A (2) ATAAT =4
(3) (AAT)* = AAT (4) (ATA) = (AT4)

Another matrix inverse that is of greater interest is the
Drazin inverse which is defined for a square matrix of index
k. The index k of a matrix A is the least nonnegative integer
such that rank(A**1) = rank(A).

Definition 2. [/] The Drazin inverse of a matrix A is the
unique matrix AP satisfying the conditions:

APAAP = AP AAP = AP A, AFT1AP = AF

Different types of generalized inverses are characterized
by differing sets of defining conditions. Core inverse [2],
Core EP inverse [3], [4], secondary generalized inverse [5].
A recent trend is to combine these inverses and define
new classes of generalized inverses, which will have several
applications in solving the system of equations, extending the
given class of inverses, etc. Mallik and Thome [6] introduced
the DMP inverse for a square matrix of arbitrary index by
combining the Drazin inverse and the Moore Penrose inverse
of the matrix. The DMP inverse of A is A%T = AP AAT,
CMP inverse, ie., AT = AtsAAPAA' is introduced
by Mehdipour and Salemi [7]. The Drazin star matrices
[8] and Drazin theta matrices [9] are particular types of
matrices that act as the outer inverse of (AT)* and (ATs)%,
respectively. There are many more generalized inverses, such
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as Outer theta inverse [10], 1D inverse and D1 inverse
[11], m — DM P inverse [12], MPCEP inverse [13], MPWG
inverse [14] etc.

Here, we define a new generalized inverse by combining
the Drazin inverse and the secondary generalized inverse
and name it the Drazin secondary generalized inverse (D-sg
inverse). Here are a few characterizations, an analytic ap-
proach, and a geometrical representation of the new inverse.
Also, the D-sg inverse is represented as an outer inverse with
specific column space and null space.

II. PRELIMINARIES

In this article, the representation C™*™ denotes the set of
complex matrices of order n x n. The range space, the null
space, the index and the rank of a matrix A are denoted
by C(A),N(A),ind(A) and rank(A) respectively. Pp as
is the projector onto L along M, where L and M are
complementary subspaces.

Additionally, A° represents the secondary transpose of a
matrix. The concept of the secondary transpose of a matrix
is introduced by Anna Lee [15].

Definition 3. [15] Let A € C"*". Then the conjugate
secondary transpose of A is denoted by AS and is defined
as A% = (c;;) where cij = Gp—j+1n—it1-

Based on the idea of secondary transpose, Savitha et al.
[5] defined secondary generalized inverse Afs, which is
analogous to Moore-Penrose inverse.

Definition 4. Let A € C™*". The unique matrix X satisfy-
ing the conditions

(1) AXA=A
(3) (AX)S = AX

(2) XAX =X
(4) (XA)S = XA.

is called the secondary generalized inverse of A and is
denoted as A's.

A necessary and sufficient condition for the existence
of secondary generalized inverse Afs is rank(AAS) =
rank(ASA) = rank(A).

The following lemma can be verified directly using the
properties of column space and null space of the matrix A.

Lemma 1. Ler A € C™*™ be such that ATs exists. Then,
1) C(A's) = C(AS) and N(Als) = N'(AS);
2) AATS = Poiay n(asy;
3) Ats A = PC(AS),N(A)-

The representation of the Drazin inverse in terms of its
column space and row space is given in the following lemma.
This particular lemma helps to prove many results of this
article.
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Lemma 2. Let A € C"*™ with ind(A) = k. Then,
1) C(AP) = C(A*) and N'(AP) = N(AF);
2) AAP = AP A = PC(AIC),N(AIC)
Lemma 3. [I] Let A,B,C € C"*"™. Then the matrix

equation AXB = C is consistent if and only if for some
AN e A{1}, BM e B{1},

AAMCcBYB = ¢,
in which the general solution is
X =AWcBW + 7 - AV AZBBW
for arbitrary Z € C™*"™,
Note that A(!) is a generalized inverse of A, whereas A{1}

is the set of all generalized inverses of A.

ITI. RESULTS
Theorem 1. Consider A € C™*" with index k satisfying the
condition rank(AAS) = rank(AS A) = rank(A). Then, the
system of equations

GAG=G GA=APA AFG=AFATs (1)
has a unique solution whenever the solution exists.
Proof: Assume that GG; and G5 satisfy (1).
ie., G1AGy = G1,G1A = ADA,AkGl = Ak Afs
and
G2AGy = Go,Go A= APA and AFG, = AFAts,
Since, AP A is a projector and AAP = AP A we get,
G1 = G1AG, = APAG, = (AP A)*G,
_ (AD)kAkGl _ (AD)kAkATS
= (AP)FA*G, = (AP A G,
= AP AG, = G2 AG, = Gs.
Hence, the uniqueness. [ |

Theorem 2. The system of equations (1) is consistent and
has a unique solution G = AP AATs.

Proof: Tt is easy to see that AP AATs satisfies the three
equations in the system (1). Now, theorem (1) gives the
uniqueness. ]

Thus, for a given matrix A, the matrix AP AATS is the
unique matrix satisfying system of equations (1).

Definition 5. Ler A € C"*" be a matrix of index k (not
necessarily k < 1). The D-sg inverse of A, denoted by AP>Ts,
is defined to be the matrix

AP ts = AD AATs .

An example for D-sg inverse of a matrix A is given below:

Example 1. Consider a matrix A = é ; .
Here, rank(A) = 1. The secondary generalized inverse of
o 2/8 1/8
ts =
the matrix is A 2/3 1/8 and
o . 1/45 2/45
D _
Drazin inverse is A” = <2/45 4/45)

The Drazin secondary generalized inverse is given by

e ()

Also, it can be observed that the Drazin secondary
generalized inverse differs from the Drazin Moore-Penrose
inverse (DMP inverse) since the DMP inverse of A is

1/15 2/15
AP = (2?15 4?15)

Remark 1. Similar to the D-sg inverse, one can define
secondary generalized Drazin inverse (sg-D inverse) for a
square matrix with index k.

Consider A € C™*™ with index k such that A'S exists. Then
the matrix G = A's AAP is a unique solution for the system
of equations

GAG =G AG =GAP GAF = Afs A

This particular G can be named as secondary generalized
Drazin inverse.

Even though the secondary generalized Drazin inverse is
an outer inverse of A, it differs from the Drazin secondary
generalized inverse. This is clear from the example given
below.

Example 2. Consider the same matrix in example 1.

. 1 1
ie, A= 5 9

The secondary generalized Drazin inverse is

2/8 1/8\ (1 1\ (1/45 2/45
Ts D _
AP AAT = <2/8 1/8) (2 2) (2/45 4/45
_ (1/30 1/15
—\1/30 1/15
In the following theorem, the D-sg inverse is represented

as an outer inverse with prescribed column space and null
space.
Theorem 3. Ler A € C"*™ be a matrix with index k such
that rank(AS AAS) = rank(A). Then

1) rank(AP-1s) = rank(A*);

2) C(AP:1s) = C(A¥) and N (APTs) = N(AkATs);

D,is — A(2) .

3) AP = AL arcar ats)’
4) AAPTS = Po iy narats)’
5) APfs A= APA = Pc(Ak),N(Ak).

Proof: (1) By the lemma (2), we have that
rank(A) = rank(AP A) = rank(AP AATs A)
< rank(AP AATS) < rank(AP)

that

which together with the definition (5) shows

rank(AP:1s) = rank(A¥).
(2) Using the definition (5) and the item (1), directly we get
C(AD-Ts) = C(AF).
Since
rank(A¥) = rank(A* AT A) < rank(A* ATs) < rank(A)
again by the item (1), we get
rank(A*ATS) = rank(A*) = rank(ADPTs).
Moreover,
N(AFATS) C N((AP AR ATs)
= N(APAATs) = N(AP13)
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(3) It is evident by theorem 1 and the item (2).
(4) In terms of ind(A) = k and the item (2), we infer

C(AADPTs) = AC(AF) = c(AF ) = c(AF)

Evidently, rank(AAP-Ts) = rank(AF), which together with
the items (1) and (2), shows that

N(AAPTs) = N(AP:Ts) = N(AFATs)

Since AL:Ts is an outer inverse of A, we have AAD:Ts =
Pe(ary ar(aratsy:
(5) It is easily obtained by definition 5 and (2) of lemma 2.
|
A geometrical approach to characterize the Drazin sec-
ondary generalized inverse is given below:

Theorem 4. Let A € C™" with index k and
rank(ASAAS) = rank(A). Then AP-ts is the unique
matrix G € C™*™ such that

AG = PC(Ak),N(AkATS)7 C(G) Q C(Ak) (2)

Proof: Clearly, from (2)"¢ and (4)*" conditions of
theorem 3, AP:Ts is a solution to (2).
To prove the uniqueness, assume that G; and G5 are solu-
tions of (2). Now, since AG1 = AGay = Ppiar) ar(arats)s
we get C(G1 — G2) € N(A) C N(AF). Moreover, from
C(G1) C C(AF) and C(G3) C C(AF) we get C(G1 — Go) C
C(AF). Now, C(G1 — G2) C C(AF) NN (AF) = {0} is direct
which means G = Go.
Hence, the uniqueness. [ |

Theorem 5. Let A € C™" with ind(A) = k. Let
rank(AA®) = rank(A%A) = rank(A). Then APTs =
Ac(ary n(arats)

Proof: D-sg inverse is an outerinverse by definition.
So it is enough to show that C(AP'fs) = (C(A*) and
N(AP:1s) = N(A* ATs). Evidently

C(AP:Ts) = C(AP AAP-Ts) C c(AF)
— C(ADAkJrl) — C(ADAATSAk+1)
C C(AD’TS)

Therefore, C(APTs) = C(A¥). Also
N(APTs) C N (AFAPTs)
= N (AP ATs) C N((AP)k AR ATs)
= N (AP AATs) = N(ADPTs)
so, N(AP:1s) = N(AkATs). [ |

Different characterizations of D-sg inverse in terms of
column space of AP:s are obtained here.

Theorem 6. Let A,G € C"*" and ind(A) = k. Assume
rank(AA%) = rank(A%A) = rank(A). Then the following
conditions are equivalent:

1) G = ADPts;

2) AkG = AkATS ,C(G) = C(AF);

3) C(G) = C(AF), N(G) = N(AFAT=),GA € CF;

4) C(G) = ( k), N(G) = N(AkATs), AG € CP;

5) C(G) = C(AF), N(G) = N(4F A=), GAP = (AP)?;
6) GAML = AF N(G) = N(AF Ats);

7) GAAP = AP rank(G) = rank(A¥), A*G = AFATs;
8) GAAP = AP N(G) = N(AFATs).

Proof: (1) = (2) — (7) can be verified directly using
theorem (5) and the definition of D-sg inverse.
(2) = (1). Since APA = Pe(x) prar) from C(G) =
C(A¥), we have AP AG = G. Since AP A is an idempotent,
it follows that

G =APAG = (AP A)G =
= AP AATs = AP1s

(3) = (1). Since GA is an idempotent, C(A — AGA) C
N(G) = N(AFATs), so AFATsA = AFATs AGA, ie.,
AF = AFG A. Multiplying the last equality by A's from the
right, A¥ATs AGA, ie., A¥ = AFGA. Multiplying the last
equality by Ats from the right, we get A¥Afs = AFGAATs.
Finally, since C(I — AATs) C N(A*Ats) = N(G) we have
G = GAA's . Hence, Ak Afs = AkG.

The proof of (4) = (1) follows in the similar line as in
the part (3) = (1).

(5) = (2). By C(G) = C(A*) we have APAG = G.
Also, GAP = (AP)? implies GAPA = AP. These two
conditions together give G = GAPA%G. Hence C(I —
AP A2G) C N(G) = N(AFATs), so AFAts = AR+1APG,
ie., AFATs = AFG.

(6) == (5). Multiplying GA**! = AF from the
right side by (AP)*2 we get GAD = (AP)%2. Now
using C(A*Ats) = C(AF), N(AF) = N(AFATs) and
dimC(A*) = dimC(G) along with C(A*) C C(G) yields
C(A*) =C(@G).

(7) = (2). Notice that GAAP = AP is equivalent
to GAFT = AF which gives C(A*) C C(G). Now by
rank(G) = rank(A*) we get C(A*) = C(G).

(8) <= (6). This equivalent condition is followed by the
equivalence of GAAP = AP and GAF! = AF. [

Theorem 7. Let A,G € C™*" and ind(A) = k. Assume
rank(AA%) = rank(ASA) = rank(A). Then the following
conditions are equivalent:

1) G = AP:ts;

2) AG = A?AP Ats C(G) C C(AF);

3) AGA = AAP A C(G) CC(AF),N(AkATs) C N(G);

4) GA = AAP N(AkATS)Q (G);

(ADYEAF ATs

5) AG* =G, AkG AR Ats
6) AG2 G AG = Pc(Ak) N(A’@ATS)
7) AG? =G, AG = A2AD Ats

Proof: (1) implies (2-7) can be proved directly by
definition (5). We have to prove other implications.
(2) = (1). Since AG = APTsC Ats = A2AD Als,
we have A*G = AFATs. Also by C(G) C C(A*) and
ARG = Ak ATs | we get C(G) = C(A¥). Hence, by theorem
(6), it follows that G = ADP:ts,
(3) = (1). Since C(G) C C(AF¥), it follows that AP AG =
G. Multiplying AGA = AAP A from the left side by AP we
get GA = AP A. Since C(1—AATs) C N(AFAts) C N(G)
we have that G = GAATS. Now,

AFG = AFGAATs = AFAP AAts = AR ATs

Proof of (4) = (1) follows in the similar lines as that of
3) = (1).
(65) = ( ). Since AG? = G implies G = A*GFHL,
C(G) C C(AF). Furthermore, by A*G = AF ATs it is easy to
check C(G) = C(A¥). Hence, G = AP'Ts by (2) = (1)
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of theorem 6.

(6) = (1). As in the part (5) = (1), and from AG? =
G we get APAG = G. Since C(I — AG) = N(AFA's), it
follows that

AFAts = AR Ats AG = AFG.

(7) = (5). Since AG = A?APA's, we have A*G =
AFATs. |
Theorem 8. Consider a matrix A € C™"*" with ind(A) = k
Assume rank(AS AAS) = rank(A). Then,
1) AP 1s = AP P4y n(asy;
2)
U
(AP 475)2
I+1

A(AP Afs) 2

Y
(ADFs)] = if | is even,

if 1 is odd

3) (AD,TS) — (AQATS)D,'
4) ((AD,Ts)D)D = AD:Ts;
5) AAPts = APAs A if and only if Ats = AP if and
only if N'(A%) C N(A*);
6) AP-ts =0 if and only if A is nilpotent.
Proof: (1) It is clear by definition (5) and (2)"? part of
lemma (1).
(2) From definition (5) we have

(APT5)2 = AP AATs AP AATs
= AP AATs AAP Ats = AP Ats

Then, for an even number [, it follows that

l l

(AP1) = ((APF9))2 = (APAT)2 )

Moreover, if [ is odd, then from Equation (3) and definition
(5), we get that

(AD:ts)l = AD:ts (ADts)i-1
-1
= AP ts (AP ATs) 2
-1
= AAP Als(APATs) 2
l+1
= A(APAts) 2
(3) Using Cline’s formula, [16], (XY)P = X((Y X)P)2Y
for X € C™*" and Y € C™"*™, from definition 5,

(A2ATS)P = (A(AATs))P = A((AATs A)P)2AATs
= A(AP)2AATs = AP AATs = AP-Ts
(4). Again, using Cline’s formula, from definition (5) and
(2)"? part of lemma (1) and (1)** part of lemma (2) we
have
(APT)P = (AP(AATS))P = AP((AATs AP)P)2 AATs
= AP((AP)P)2AATs = (AP)PAATs
= (AP)#AATs

Again by Cline’s formula,
((AP2)P)P = ((AP)# AATs)P
= (AP)F((AATs (AP)F)P)2 AATs
= (AP (((AP)#)#)2AATs = AP AATs
(5) According to definition 5 and (2) of lemma (1) and (2)
of lemma (2) we see that
AAPTs = ADTs 4
— AAP(AATs —1,)=0
— N(4A%) Cc N(4Y)
— AP(AATs —I1,)=0
— AD1s = 4D,
|

Zuo et al. in [17] gave an interesting result of the DMP
inverse, that is, for A € C1*",

APT = AAT(I, — AAANP = (I, — AAAT)P AAT

where A = I,, — A.
The following theorem turns out analogous expressions of
the D-sg inverse.

Theorem 9. Let A € C*" with rank(ASAA9)
rank(A), and let A = I,, — A. Then,
ADTs = AATs (I, — AAATS)P (4)
= (I, — AAATs)P AATs (5)
Proof: Using corollary 1 of [18], ie., (X + V)P =
XP +YP, where X,Y € C**" satisfies XY =YX =0
and a clear fact
(I, — AATS)A?ATs = AATS (T, — AATS) =0,
we can directly have
(I, — AATs + A2ATs)P = (1, — AATs)D 4 (A2ATs)P
=1, — AA's 1 (A2ATs)D

Hence, it follows from theorem 8, theorem 3 and lemma 1
that

AATs (I, — AAATs)P
= AATs(I,, — AATs 4 A2ATs)P
= AATS(I, — AATS) 4 AATs (A2ATs)D
— AATs AD:ts — AD:Ts

and

(I, — AAATS)P AATs
= (I, — AATs 4 A2ATs)D AATs
= (I, — AATS)AATs 4 (A2ATs)P AATs
— AD:ts gAts — ADsts

which shows that equation (4) and equation (5) are true.

Theorem 10. Ler A € C™*™ such that ind(A) = k. Assume
rank(AA%) = rank(ASA) = rank(A) = r. Let U be a
matrix such that AU = UA and A**'X = AF. Let V €
AU, Then the following conditions are equivalent:

1) AD'ts = UAV
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2) UA = AP A, ARV = AF ATs,
3) U=AP + X(I, — Ps),V = Ats + (I, — Q40 )Y for
arbitrary X, Y € C"*".
Proof: (1) = (2) Since AP:fs = UAV,
APTSA=UAVA=UA.

Now, UA = APTs A = AP AATs A = AP A.
On the other hand, since AP-fs = UAV,

AFAP TS — AFUAV = AUV = ARV

By the definition of Drazin inverse, we have

ARV = AR AD:ts = AR AD AATs = AR Ats,

(2) = (3) Clearly, AP satisfies the equation AP A =
UA. By applying 3 the general solution of APA = UA is
given by U = AP 4 X (I,, — P,), for arbitrary X € C"*",
By repeated application of lemma 3, we obtain the general
solution of A*Afs = A*V/ is given by

V = Ats + (I, — Q 4#)Y for arbitrary Y € C"*".

(3) == (1) Assume that U = AP + X(I,, — Pa) and
V = Afs + (I, — Q)Y for arbitrary X,Y € C"*".
Now,

UAV = AP + X (I, — PA)AA™ + (I, — Q)Y
= AP A(ATS + (I, — Q40)Y)
— ADTs

Remark 2. These characterizations obtained for Drazin
secondary generalized inverse can also be explored for
secondary generalized Drazin inverses.

A. An application of D-sg inverse in solving the system of
linear equations

Theorem 11. Let A € C™*™ with ind(A) = k and
rank(ASAAS) = rank(A). Let y € C" and let the system
of linear equations be

Afgz = AFATsy (6)
Then the general solution of the system (6) is
x=APTsy 4 (I, — AP A)z, (7)
where z € C™ is arbitrary. Moreover,
T = ADyTsy
is the unique solution to the system (6) on C(AF).

Proof: By definition 5, clearly AP:Ts is a solution to
equation (6). Hence, by using theorem 3, we have the set of
solutions of (6) given by

{APTsy +b | be N(AF)}

= {APfs 1 b | be (I, — AP Ts A)}
which shows that the general solution of (6) is (7). Moreover,
since C(A*) @ N (A*) = C™, by using (2) of theorem (3) we

can see that AP'Ts € C(A¥) is a unique solution to (6) on
C(AF). |

IV. CONCLUSION

In conclusion, this article has introduced and character-
ized a new outer inverse, the Drazin secondary generalized
inverse. We have explored the application of the Drazin
secondary generalized inverse (D-sg inverse) in solving sys-
tems of linear equations, demonstrating its utility in dealing
with singular matrices. Furthermore, we propose that the
D-sg inverse can be extended to rectangular matrices, thus
broadening its applicability. Additionally, the results concern-
ing the D-sg inverse can be further generalized to Hilbert
and Banach spaces, opening new avenues for research and
application in functional analysis.
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