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Fixed Point Theorems for (Beta-Psi one-Psi two)
Contractive Condition on Partially £/-Cone Metric
Spaces

M. Solomon Meitei, L. Shambhu Singh, and Th. Chhatrajit Singh, Member, [AENG

Abstract—In this paper, we introduce fixed point theorems
within the context of (5—11 —1)2) contractive conditions applied
to partially F-cone metric spaces. This research work explores
the existence and uniqueness of fixed points for mappings
satisfying these specific contractive conditions, shedding light
on the behavior of such mappings in the context of partially
ordered cone metric spaces. Our findings contribute to the
ongoing discourse on fixed point theory and its applications
in metric spaces, while also identifying avenues for future
research aimed at bridging existing gaps in knowledge and
understanding within this domain.

Index Terms—contraction mapping, fixed point theorems, con-
tinuous mapping, partially £-cone metric spaces, 3-admissible.

I. INTRODUCTION

Artially E-cone metric spaces are an interesting general-

ization of traditional metric space concept. The genesis
of E-cone metric spaces involving using a specific cone in
Banach space [46] to define the metric, structure that provide
non-negative scalar which support the definition of distance
in a reacher setting than real number alone [4], [5], [9], [17],
[20], [28], [35], [39], [45]. Partially E-cone metric spaces
represent an intriguing development in the field of metric
geometry integrating the element of cone metric spaces with
the partial ordering. Introduce as a generalization of metric
spaces where distance is measure not in the usual set of non-
negative real number but within a cone in the Banach space
[46], these spaces offer a further extend in mathematical
structure, the essence of partially E-cone metric spaces lies in
their ability to incorporate and order relation into the frame-
work of cone metric spaces. This innovative approach allows
for more flexibility and broader application than traditional
metric spaces. The idea of metric spaces is functional in
mathematical analysis and topology, offering a structural way
to define distance and continuity, offering new prospective
particularly beneficial in areas like fixed point theory and
theoretical economics where order relationship are crucial.
For a foundational discussion on E-cone metric spaces, one
can refer to the work of Kadalburg, Radenovic and Rakocevic
who provide comprehensive studies in this areas, particularly
in their paper “Revisiting cone metric spaces and fixed
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point theorem of contractive mapping” [13], [14], [29], [36],
[47], and reference therein. In 2007, Huang and Zhang [40]
presented the concept of cone metric space. Basile et al.
[16] introduced the concept of semi-interior point in 2017 by
embedding a non-solid cone and taking into account fixed
point results in E-metric spaces. Mehmood et al. [13] and
Huang [11] in 2019 obtained some fixed point theorem in
the context of embedding cone in E-metric space. Partially
E-cone metric spaces have recently been further explore
to enhance their theoretical foundation and broader their
applicative reach. These spaces are a sophisticated adaptation
of metric spaces are a utilising a cone within a Banach space
[46] coupled with a partial ordering to define distance. These
framework not only enriches the classical notion of distance
and conversion but also integrate on ordering structured that
pivotal for mathematical model involving optimization and
hierarchy sensitive processes. A recent comprehensive review
an advancement in this field can be seen at the work of Aydi
and Karapinar [10], where the author developed into fixed
point theorem that are foundational for mathematical analysis
and algorithm in such structured space. We defined the idea
of partially E-cone metric spaces using (/3-11-1)2)-contractive
conditions in this paper.

II. PRELIMINARIES

Definition 1. [40] A vector space over the real numbers,
called an ordered space E, with a partial order relation
“<” such that

G r=t=r+s=<t+s Vrstek.

(i) Va e RT and V r € E with r = 0g,ar = 0.
Furthermore, E is known as a normed ordered space if it
has a norm of ||..

Definition 2. [11] Assume that E is a real normed space,
Og is a zero element in E, and ET is a convex and non-
empty closed subset of E. Then, E™ is known as a positive
cone. if it satisfies

i) reEtanda>0=ar € Et;

Gii) r€e ET and —r € Bt = r =0p.
Definition 3. [40] Let E be a real normed space and E*+ a
positive cone in E. We say = is a partial ordering relation

on E if
rnseEr=<s o s—reFET.

Clearly,
re Bt o 0g <r.

Definition 4. [13] Let E be a real normed space and E* a
positive cone in E. Then EY is called:
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(i) a solid cone if intET # ¢;
(i) a normal cone if there exists an K > 0 such that

Op Xr =<simply ||r|| < K|s||, forall r,s € E.

The least positive number satisfying the above is called
the normal constant of E™.

Definition 5. [42] The cone E7 is called regular if every
increasing sequence which is bounded from above is conver-
gent.

That is, if {sn}n>1 is sequence such that

$1 <89 = ... 28, < ... =27, for somer e ET,
then there is s € ET such that
lIsn, — 8|l = 0 (n — o0).

Similarly, the cone E™ is called regular if and only if every
decreasing sequence that has a lower bound is convergent.
Regular cones are known to be normal cones.

Definition 6. [30] Let X # ¢ and consider an ordered space
E over the real scalars. An E-valued function d¥ : X x X —
FE is an ordered E-metric in X such that ¥ r,s and t € X,
we have

() 0p =2 d®(r,s),d"(r,s) =0 & r=s;

(i) d¥(r,s) =dP(s,r);

(i) dE(r,s) < d¥(r,t) +dE(t,s).
Then the pair d¥(X,d) is called E-metric space.

Example 7. [34] Let E = R2, E* = {(r,s) € E : 1,5
0}, X =Rand d: X x X — E be define by d¥(r,s)
(|r — s|,a|r — s|), where o > 0 ia a constant. Then (X, d”)
is an E-cone metric space.

Definition 8. [/] Let X # ¢ and E be an ordered space
over the real scalars ordered by its positive cone with the
assumption that (E™)? # ¢. A partially E-cone metric on
X is a function p¥ : X x X — E% such thatV r,s,t € X;

>

p1): O X pP(r,r) < pP(r,s).

p2): pP(r,r) = pP(r,s) if and only if r=s
ps) : pP(r,s) =p“(s,r),

pa) : pE(r,s) 2 pE(rt) + pB(r,s) — pE(t,1).

A pair (X, p?) is called partially E-cone metric space where
X # ¢ and p¥ is a partially E-cone metric on the set X.
Clearly, if p¥(r,s) = 0 = r = s, [from (p1) and (p2)].
But if r = s, then p”(r,s) may not be equal to 0.

Definition 9. /1] Let (X,p”) be a partially E-cone met-
ric and E be an ordered space with the assumption that
(E1T)? # ¢. Consider a sequence {r,} in X and r € X.
Then
(i) A sequence {r,} is said to be e-converges to r if for
every Op <K e, there exist a natural number c such
that
pE(rn,7) e, ¥V n>ec.

In this case, we write lim r,, =1 or r, — 1.
.. . n.*}OO .
(ii) A sequence {ry,} is said to be e-Cauchy sequence if
for every Op < e, there exists a natural number c
such that

PE () < €, ¥ nym > c.

(i) (X,p") is e-complete if every e-Cauchy sequence is
e-convergent.

Definition 10. [23] Consider a partial ordered set (X, <)
and a mapping F' : X — X. Then F is called nondecreasing
w.rt. 2 if

rseX, r=<s = Fr=<Fs.

Definition 11. [23] Consider a partially ordered set (X, <),
then a sequence {r,} is called a nondecreasing w.rt. < if
Tp 3 Tn+1, VneNlN

Lemma 12. [24] A partial E-Cone metric space (X,p”)
with coefficient k > 1 and let us consider {r,} — r and
{sn} — s. Then

1 1
)= 10 ()~ p(5,9)
< liminf p¥(r,,, 5,,)
n— oo
< limsup p¥(ry, sn)

n—00

< kpP(r,r) + k*p (s, 5) + KpP(r, 5).

Definition 13. /23] Let X # ¢, suppose F : X — X and
B : X x X — [0,1) are mappings. Then F is called (-
admissible if for all r,s € X,

B(r,s) > 1= B(Fr,Fs) > 1.

We also state that F' is Rg-admissible (or Lg-admissible) if
r,s € X,

B(r,s) > 1= p(r,Fs) >1 (07" B(Fr,s) > 1).
, 00

Definition 14. [44] A function ¢ : [0,00) — [0
that the following properties are met,

) such

(i) ¥(p) is continuous and nondecreasing,
(i) ¥(p) =0 & p=0.
Then the function 1) is called an altering distance function.

III. MAIN RESULT

Two new ideas in ordered partially E-cone metric space and
based fixed point findings are presented in this section.
Result-I Type-I (8—11 —1)2)-contractive mapping in ordered
partially E-cone metric space is a new contractive mapping
that we introduce to support our initial finding.

Definition 15. Let (X,p¥) be an ordered partially E-cone
metric space with the coefficient k > 1. A mapping F' : X —
X is said to be (8 — 11 — 9)-contractive mapping of type-
1, if there exist two altering distance functions 1, 1s and
B:X x X —[0,00) such that

B(r, Fr)B(s, Fs)i, (udE(Fr, Fs))

(1)
S 7/11 (Af(ra S)) - ¢2 (AE(T, S))
for all comparable r,s € X, where
p*(r,s),p" (r, Fr),
p¥ (s, F's),
E(r,Fs £ s,F'r
AF (. 5) = max W, @)

p”(r,Fr)p®(s,Fs)
1+p¥(r,s) ’
pZ(r,Fr)p”(s,Fs)
1+pE (Fr,Fs)

Volume 55, Issue 2, February 2025, Pages 441-454



TAENG International Journal of Applied Mathematics

First result is as follows:

Theorem 16. Let (X, =,p?) be a p®-complete ordered
partially E-cone metric space with the coefficient k > 1.
Let F : X — X be a (8 — 1 — w9)-contractive mapping of
type-1. Suppose that the following assertions hold:

(i) F' is B-admissible and Lg-admissible (or Rg-
admissible);

(i) There exists 1,
B(ri, Fri) > 1;

(iii) F' is continuous and nondecreasing, w.rt. = and if
F"ry — t then (t,t) > 1.

€ X such that rv = Fry and

Then F has a fixed point.

Proof: By supposition (2), a sequence {7, } € X defined
by 41 = Fryp, Vn > 1. We have ry = Fry =X Fryg =
rg since 1 = F'ry and F' is nondecreasing. Also, r3 =
Fry < Frs = ry since ro <X Fry and F' is nondecreasing.
By induction, we get

TE 3T XT3 3Ty Xpg1 e

Then r is the fixed point of F' with r = r,, and if 7,, = 7,11
for some n € N, then this completes the proof. Hence, for
some n € N, we may suppose r, # rpt+1. Since F is [3-
admissible, we deduce

B(ri, Fry) = B(ri,m2) > 1
=>ﬂ(F’I", F?”Q) = B(’I‘Q,T’g,) > 1.

By induction on n we get

1< B(rp,mny1) and 1 < B(rpg1,Tny2), YneN (3)

Hence, by (1) V n € N we get

1 (P" (rng1,mns2)) < B(rn, Fro1)B(rng1, Froga)
P (upE (Fro, FrnH))
< (Ag(rn, Tn-&-l))_
1/’2(A5 (rm Tn+1))

“4)

where

AZ(Tna Tn+1)
pE(Tna rn—i—l)va(rn, F?“n),

pE(Tn+1, Frn+1)v

B, Frag) 402 (rag1,Fra)
4k

p

= Inax ’

pZ (rn, Frn)p® (rng1, Frog)
1+pE(7'71,77'71+1) ’
PE(TnvFTn)pE(Tn+laFrn+l)
1+pE (Fry,Froq1)
E E
p (TTH Tn+1)7p (Tn-i-l? TTH‘Q)?

pZ(rn ,?”n+2)+PE (Tn41,"nt1)
4k ’

P (rn it )P (Png1,Tnga)
1+p¥(rn,rnt1) ’ (®)]
P (rnrnt )P (rng1,rngs)
14+pE (rnt1,7n2)
E E
p (’r"ﬂv rn-‘rl))p (rn-‘rl) Tn+2)7
E
up (Tn, 71n+1)
E
+ up (Tn+17 Tn,+2)
E
+ 2kp (Tn—i-la rn+2)
4k ’
pE(rnvrn+1)pE(rn+1 77‘n+2)
1+p¥ (7"n77'nr+1) !
pE(TnsTn+l)pE(Tn+l7Tn+2)
1+p¥ (rpg1,rnt2)

<max {PE(Tm Tn+1)7pE(Tn+17 Tn+2)}

—max

—max

From (4) and (5) we get

LA (pE(T“nH, Tn+2))
< wl (max {pE (Tnv r7l+1)7pE (T7L+1; rn+2) }) (6)
— by (max {p” (rn, 7n41), P (rnt1, Tnt2) }) -

Suppose that

max {pE(TnvTn+1)7pE(Tn+17Tn+2)}

= pE(rn+1; rn+2)-

Then (4) implies that

(A (PE(Tnﬂ, Tn+2))
< 1 (PP (rng1,rnr2)) — V2 (P (rag1, rng2))
<1n (pE(Tn-H, Tn+2))

which is a contradiction. Therefore we get

max {PE (Tn, Tn+1)7pE(7°n+17 Tn+2)}

= pE(Tm rn-&-l)-

and so

1/11 (pE (’rn-‘rl; T7l+2))
<1 (pE(Tn, Tn+1)) — 12 (PE(Tm Tn+1))~

Thus the sequence {p”(ry,,rn4+1)} is nondecreasing. As a
result of its lower boundary, there exists 0 < « such that

lim pE(Tmrm_l) =1.

n— oo
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Applying the properties of functions ¢; and 1o we obtain ~ Hence,

P1(y) < liminf ¢y (% (rny1,7nr2))

. € A
< limsup ¥ (pE(rn+17 rn+2)) A < lgllgpr (rm(q)7 rn(q)—l) a4
< lim sup [wl (pE (T, rn+1)) < lim suppE(rm(q)7 rn(q)_l) <e.
n—oo
— 2 (p” (rm, Tn+1))}
< limsup ¥1(p”(rn,7nt1)) Similarly,
— liminf )y (pE(rn, Tn+1))
< 1(v) — ¥2(7) Hm sup p” (P (q)s Tn(a)) < ke, (15)
n—roo
<P1(7)
which is not possible for v > 0. Thus,
")/ = nILH;opE(TTUTn"'l) = O (7) € . 5
% <lim sup p (Tm(q)JrlaTn(q))a (16)
Now, we need to prove that {r,,} is a p Cauchy in (X, p%). neo
Let us consider to the contrary there exists ¢ > 0 such that,
for k > 0, there exist n(q) > m(q) > k for which we can and
find the subsequences {r,(4)} and {r,,(g)} of {r,} and
E
P (Tn(q): Tm(q) 2 € ®) lim suppE(rm(q)H,rn(q),l) < ke. 17

. . n— oo
and n(q) is the smallest index so that the above statement

holds: that is
As I is Lg-admissible (or IZg-admissible) and by (3), we

E
p (Tm(fl)’rn(fI)—l) > € €)) get 6(7‘m(q),7“m(q)+1) > 1 and ﬁ(’l‘n(q),’rn(q)+1) > 1.

Then we get
gE By using (1) we get
€ <P (Tn(e) Tm(e))

< ka (Tm(q)v Tn(q)—l) + ka (Tn(q)—la rn(q)) (10)

wl ka(rm )
< ke + k‘pE(rn(q),l, Tn(q)) ( (@+1 )

< ﬁ(rm(q)v rm(q)-i-l)ﬁ(rn(q)’ rn(‘l)+1)
. 1 (ka(FTM(Q)’ 7‘n(q)—l)) (18)
E < hnrggpr (Tm,(q)v rn(q)—l) < wl (Af (TM(q)v T”(Q)*l))

Taking the limit supremum for (9) as n — oo, we get

. (11)
< lim suppE(rm(q)7 Tn(g)—1) < € — 12 (Ag(rm(q)v Tu(g-1))
n—oo
Also, from (10) and (11), we get 0
where
e < lggiorépr(rm(q)’T"(q)_l) < ke.
We deduce, Al (Tm(q)s Tn(g)-1)
E
pE(rm(q)-‘rla rn(q)) pE(T’m(‘Z)7 T”(‘Z)_l)’
< kp® (P15 Tma)) + k27 (Ton()s Tna)) If ("m(@)> Frm(a)),
S ka(r'm(q)—'rlarWL(q)) + k2pE(rm(q)arn(q)—l) p (Tn(q)—laFTn(q)—l)a

E E
2 E = 1max P (Trm(a) Fro()=1)+P" (Tn(9)—1:F Tm(q))
+k p (Tn(q)—la rn(q)) 4k ’

E . E/(.
< kpE (P41, Tm(g)) + K2 + kQPE(rn(Q)*laTn(q)l)z) £ (Tm(‘”’ﬁﬁfi)p( )(Tr"(f e fot@=),
( (T

P (") Fron(@)P” (Ta()— 1, F (g —1)
Then by taking upper limit as n — oo in (12), we get

1+dB (Frop(q): Frn(g)-1) (19)

E
P (T"m(q)sTn(q)—1)>
Hm sup p= (P () 415 Tn(g)) < ke (Fm(g)s Tn(g)-1)

n—oo pE(T'm(q)a 7am(q)-‘,—l)»
Finally, PE(Tn(g)—1:Tn(a)):
= B (o)) 1P (Pa(@)—1-Tm
pE(Tm(q)—‘rlaTn(q)—l) max{ 27 (rm(q)"n(q)) Ijlk(r (@)=17 <q>+1),
< kP (P15 Tma)) + kPF (Pon(q)s Tr(gy—1)  (13) PE“m(qff;n];g;+1()1)7’i(r<wl><q>131qu))7
E m(q)" n(q)—
< kp (rm(q)-&-la Tm(q)) + ke. PE(Tm(q)J’m(q)+1)PE (Pn(g)=1:"n(q))

AE (71 (q)+1>Tn(q
Also, by taking upper limit as n — oo in (13), we get Mm@ Tnw)

lim SuppE(TnL(q)a Tn(q)—l) < ke.
n—o00

By taking the upper limit as n — oo in (19) and using (7),
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(14), (15) and (17) we obtain

limsup AL (Fn(g), Tn(g)—1)

k—o0
lim sup pE(Tm(q)a rn(q)*l)’
n—o00
En sup pZ (), Tm(g)+1)s
n—o0
lim sup pE (Tn(q)—h Tn(q))v
n— o0
lim sup pE(rm(q)’ Tn(q))
n— oo
+ lim SuppE(Tn(q)—la Tm(q)+1)
n—r 00
1k ’
= max lim SuppE(Tm(q)77°m(q)+1)
n—oo
lim sup 2 ()15 Tnq))
n—r 00
1+ lim sup dE(Tm(q)a rn((z)—l) ,
n— o0
lim sup p” (pn () Pim(a) +1)
n— oo
lim sup pE(Tn(q)fu Tn(q))
n—r 00
1+ lim sup dE(Tm(th Tn(q))
n—oo
lim suppE(T’m(q)a V’n(q)—l)v 0,0,
n—o0
lim sup p* (7 (g)s Tn(q))
n— o0
— max :
+ lim SuppE(Tn(q)fl’ Tm(q)+1)
n—roo
1k ’
0,0
S
max < €, -
= ) 2

=€

(20)

Next, taking the upper limit as n — oo in (18) and using
(16) and (20) we get

€ .
U (k/’E) <1 (hm Sup kPE(Tm(q)“’T”(q)))

n— oo

< (lim sup AL (1) Tn(q)—1)>

n— oo

— 12 (h,{ggf (Ag (Tm(a)» TH(Q)*I)D
< 1 (e)
.. F
— 2 (lggl(gf (A4 (Pmg)s Tn<q>—1))>

which implies that
¢2 (lgglo%f (Af(rm(q)a Tn(q)—l))) =0
or

linrr_l)ioréf Af(rm(q), Tn(g)—1) = 0.

Therefore by using (18) we obtain,

hnrgicgpr(rm(q)a 74n(q)—1) =0
which conflicts with (14). Therefore, {r,} is a p-Cauchy
sequence in the partially £—cone metric space (X, p¥). As
(X, p¥) is a pP-complete, then (X, p¥) is a p¥-complete
partially E-cone metric space. So from the completeness it
follows that ¢ € X exist such that,
lim pf(r,,t) = 0.

n—oo

Therefore, by using (7), the condition

PP (rnyrn) < pE(t, 1)

and
lim pZ(r,,7) =0
n—oo
we get
lim pf(r,,t) = lim pZ(r,,r,) = pP(t,t) = 0.
n—oo n—oo
We obtain

pP(t, Ft) < kpP(t, Fr,) + kp®(Fr,, Ft).  (21)

So taking limit as n — oo in (21) and using the continuity
of F' we get

PP (t, Ft)
<k lim p®(t,rpy1) +k lim (Fr,, Ft)
n—oo n—oo
= kpP(Ft, Ft)

(22)

Since (¢, t) > 1 and by (1) we get

Y1 (kp® (Ft, Ft))
< B(t, Ft)B(E, Ft) (kp” (Ft, Ft))

< (A7 (1,1)) —ha (AL (¢, 1))
where
AL (t,t)
pE(t,t),p" (t, Ft), p¥(t, Ft),
pZ (t,7t)+p” (t,Ft)

4k ’
= max PP (t,Ft),pT (t,Ft)
14+pE(t,t) )

p”(t,F1),p" (t,Ft)
1+p®(Ft,Ft)

< pP(t, Ft).
Therefore
Y1 (kp” (F't, Ft))
< B(t, FH)B(t, Ftygn (kp” (Ft, F't))
< Uy (pP(t, Ft)) — o (p® (¢, Ft))
Since 1/, is nondecreasing kp”(Ft, Ft) < p¥(t, Ft) and
kp®(Ft,Ft) = pP(t, Ft), which is possible only when
(pE(t,Ft)) = 0 and Ft = t. Hence, a fixed point of F
is t.
We observe that the prior result is still applicable for F that
is not always continuous. The outcome is as follows. ]

(23)

Theorem 17. Let (X,=,p") be a pP-complete ordered
partially E-cone metric space with the coefficient k > 1.
Let F: X — X be a (8 — 11 — 1p2)-contractive mapping of
type-1. Suppose that the following conditions hold:
(i) F' is B-admissible and Lg-admissible (or Rg-
admissible);
(i1) There exists 1,
B(’I"l,FTl) >1;
(iii) F' is nondecreasing, w.rt <;
(iv) If a sequence {r,} in X such that r, X 7V n €
N, B(rp,mpny1) > Land r, > r € X, as n — oo,
then 3(rp,r) > 1V neN

Then, F has a fixed point.

€ X such that v = Fry and
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Proof: Along the same lines as Theorem 16, the se-
quence {r,} defined by r,y1 = Fr,, Vn € N is
a nondecreasing p”-Cauchy sequence in the p”-complete
partially E-cone metric space (X, p¥). According to (X, p¥)
completeness, there exist ¢ € X such that li_>rn r, = t.
Assuming on X, we deduce r,, <t, Vn € N. "lzbhugoit suffices
to show that F't = ¢t. Then by using (16) and S5(r,,r) > 1
for all n € N, we have

v (kp® (v, Ft))
< 6(“17 Frn)ﬂ(ta Ft)wl (ka(FTﬂu Ft))
< ¢1 (Af (’I“n, t)) - ¢2 (AE(TH’ t))

(24)

where
Af; (rpn,t)
PP (rn, t),

P (rp, Frn), p" (t, Ft),
p? (v ,Ft)p® (Fr, t)
4k

= max )
pE(rn,Frn)pE(t,Ft)
1+pE (rn,t) ’
p” (rn, Frn)p” (¢, Ft)
1+p¥(Fr,,Ft)

P (rp, t),
pE(Tnv Tn+1)7pE (tv Ft)?
pE (T‘n ,Ft)+pE(T7,,+1 ,t)

4k )

(25)

< max

PP (rn,rne1)p” (4,t)
14+p¥ (rn,t) )

I)E (rn,Tn+1 )pE (t,t)
14+pE (rnt1,t)

Now by taking the limit as n — oo in (25) and using Lemma

12, we get
E P (t,F1)
p (t7Ft> _ . E k
2 = mingp (t, Ft), pp

< liminf AF (1, 1)
n—0o0

< limsup AL (r,,, 1) (26)
n—oo
kpE(t, Ft
< max {p% Ft), pflk)}

= pE (tv Ft)
Also, using (24) and applying the upper limit as n — oo
1 (kp® (rny1, Ft))
< B(rna F?“n)ﬁ(t, Ft)wl (ka(Frn7 Ft))
< 1/11 (AE(T’n7 t)) - 1/J2 (Ai(rna t))v

and using Lemma 12, we get
1
Y1 (PE(ta Ft)) =11 (kka(rn+1, Ft))

<1 (’f lim sup p” (rp 41, Ft))

n— oo

< <lim sup AF(r,,, t))

2 (lmnf A (1, )
<1 (pE(t7 Ft))7

a contradiction. Therefore ¢ = F't. Hence, a fixed point of
Fist. u
Result-IT Type-II (5 — ¥; — 13)-contractive mapping in
ordered partially E-cone metric space was introduced to
support our second finding.

Definition 18. Let (X,p”) be a ordered partially E-cone
metric space with coefficient k > 1. The mapping F : X —
X is called a (8 — 11 — 9)-contractive mapping of type-
II, if there exist two altering distance functions 11,o and
B:X x X —[0,00) exists such that

B(r,Fr)B(s, Fs)i (kd® (Fr, Fs))

27
< 1((An)g (1) = v2((Ar)y (r,5))
for all comparable r,s € X, where
(Ap)g (r.s)
p(r,s),
pP(s, Fs),p"(r, Fr),
pZ(r,Fs)+p” (s,Fr) (28)
= max 4k ’

p? (r, Fr)p® (r,Fs)+p" (s,Fs)p” (s,Fr)
L4k [p (r, Fr)+pE (5,Fs) ’
pZ (1, Fr)p” (r,F5)+p” (5,Fs)p* (s,Fr)
14+pE(r,Fs)+p¥(s,Fr)

Theorem 19. In replacement of the Type-1 (8 — 11 — 1s)-
contractive condition in Theorem 16, suppose that Type-I1I
(8 — 1 — a)-contrative condition is satisfied. Then F has
a fixed point.

Proof: Let 1 € X such thatr < Fry and (1, F'ry) >
1. A sequence {r,} in X is defined by r,,41= F'r,,V n > 1.
We have ro = Fr;y = Fro = r3 since r; = Fry and F is
nondecreasing. Also, 73 = Fro <X F'rg = ry since ro < F'rg
and F is nondecreasing. We obtain by induction,

LTy XT3 2T D Tpgy 20

If r, = rp41 for some n € N, then » = r, is a fixed
point of F' and the proof is finished. So we may assume that
Tn 7 Tn41 for some n € N. Since F' is - admissible, we
deduce

B(r, Fry) = B(ri,r2) > 1
=[(Fri, Fr) = B(ra,r3) > 1

By induction on n we get

B(Tnarn-‘rl) Z 1 and B(rn+lvrn+2) Z 1 (29)

for all n € N.
Therefore by using (29) V n € N, we get

U1 (p” (Tng1,Tns2))
< By Frog1) B(Pnst, Froe)r (kp® (Fro, Fryog))

<Y1 ((ADS (s rna1)) — Y2 ((AD)E (rnrnga))
(30)
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—max

—max

<max

where

(Al)g(rm 7"n+1)
pE(Tn7 Tn+1)a

pE(Tm Frn),pE(Tn+1, Frog1),

pZ (rn, Frog1) 40" (rat1,Fra)
)

(rna FTn)PE(Tm Frn+1)

%

+ P (rns1, Frop1)p? (rgr, Fry,)

1+k [pE(m, Fra)+pE (rosa ,Fm+1)]
(’f‘n, Frn)pE({rna F'rn+1)
+ pE ("1, Frn+1)pE(

U

T'n+1, FT'”)

1+p¥ (7"71,7F7"n+1 )+pE(rn,+l JFry)
E E
p (TTH Tn-‘rl)a p (Tn-‘rla Tn+2)a
P (rn,rnt2)+p” (rpt1,rny1)
4k ’

(’rny Tn+1)pE (T’ru Tn+2)
+ pF (rrg1, T 2)PP (Prg1, Tns1)

1+k [;DE(Tn,TnJrl)*FPE (Tn+1 ,Tn+2)]
(Tna 7‘"+1)pE (TTH 7‘n+2)
+ pE (rn+1 ) rn+2)pE (TnJrl ) TnJrl)

14+pE (rn,rnt2) +pP (rng1,rn41)
PE(Tm Tnt1)s ‘pE(Tn+17 Tnt2),
{ ka(rnv T"L-‘rl) + ka(rn-‘rla T7L+2)

+ P (rna1, Tng2)PE (Png1, Tns)

1+k [PE (T Tnt1)+pE (rpg -,7“n+2)]

+ 2ka (T’I’L+l7 Tn+2>
(Tns Tt 1)PE (Pn Trg2)
+ B (rng1, Trs2)p® (Pg1, ag1)

4k
(s Prg1)P" (Fns Tnga)

1+p¥ (rn ,Tn+2)+pE (T7L+1 sTn41 )

<max{p” (rn, Tn41), 2" (Fng1, Tni2) }

From (30) and (31) we get

1/}1 (pE (Tn+17 rn+2))
< wl (max {pE(Tna T7z+1)a pE(T7z+1a Tn+2)})

— 2 ( max {pE(Tm Tn+1)7pE(Tn+17 Tn+2)}

Assume that

max {pE (Tna Tn+1 ) y pE (Tn+1 5 T7L+2) }

= pE (rn+1; rn+2)-

Then (30) implies that

U1 (kp® (rng1,7n42))

<1 (7 (rny1,nr2)) — Y2 (P (Png1, Tng2)

<1 (p" (rng1,mnr2)).

which is contradiction. This implies that

max {PE (Tn, 7°n+1)7pE(7°n+17 7’n+2)}

= pE (TTM Tn-i-l)

and then

’(/)1 (pE (T7L+1 , Tn+2))

< (pE(rna rn+1)) — 2 (pE(rm Tn+1)).

)

€29

(32)

Thus the sequence {p”(ry,,7,41)} is nondecreasing. There
exists v > 0, as it is bounded from below, such that
lim p®(rn,rni1) = 7. Then by applying the properties

n— oo . .
of functions ; and 5 we obtain

1/}1 (7) < liminf 1/}1 (pE(Tn+17 Tn+2))
< limsup 1 (p” (rnt1, rns2))

< lim sup {1&1 (p" (rnsTns1))

— o (¥ (rn, 7”n+1))]
< limsup ¢y (p” (rn, Tn 1))
— liminf 1y (pE(Tn, Tnt1))
< i(y) = ¢2(v)
<¥1(7).
which is not possible for v > 0. Thus,

v = lim pZ(r,,7my1) = 0. (33)
n—oo

Now, we need to prove that {r,} is a p Cauchy sequence

in (X, p¥). Suppose to the contrary that there exist € > 0

such that, for k > 0, there exist n(q) > m(q) > k for which

we can find the subsequences {7,,(q)} and {7y,(g)} of {r,}

and

pE(Tn(q)vrm(q)) > €, (34)

and n(q) is the smallest index so that the above statement
holds; that is

pE<rm(q)>rn(q)fl) <, 35
Then we have
€< pE(Tn(q)y Tm(q))
< ka (Tm(q)v Tn(q)—l) + ka (Tn(q)—la Tn(q)) (36)
< ke + k:pE(rn(q),l, Tn(q))-
Applying the upper limit for (35) as n — oo , we get
€ N E
7 < Iminfp=(rigg), Taig-1) -
< lim suppE(rm(q), Tn(g)—1) < €
n—oo
Also, from (36) and (37), we obtain
€ < lim SuppE(Tm(q)arn(q)—l) < ke
n—oo
We deduce,
pE (T’rn(q)-‘rla T’n(q))
< ka(rm(q)+17 Tm(q)) + ka (Tm(q)a rn(q))
<R (Pia) 1 Pta) F K iy Tt -1)

+ £ (Fu(g)-1: Tn(a))
< kp® (rm()+1: Tm()) + ke
+ k2" (Pn(g)-15Tn()):
by applying the upper limit as n — oo in (38), we obtain
lim suppE(rm(q)H, Tn(g)) < k2e
n— oo
Finally,
" (Pim(q)+1> Tn(@)-1)
< kpP (Pi(g)+1: (@) + k0" (Pi()s Tn()—1)
< ]WDE(Tm(q)Jrl7 Tm(q)) + Ke.

(39)
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Also, by applying the upper limit as n — oo in (39), we where
obtain

lim SuppE(Tm(q)+l7 Tn(q)—l) < ke.

n—oo

Hence, (AI)S(Tm(q)a Tm(q)—1)
PP (rma) Tn(@=1), P* (Pm(a)» F (o)),
PE(rn(g)—1, Fro(g—1);
€ . .. F {pE(Tm(q)vFTN(q)—l) }
7 < Hminf p=(ro ), ragg)-1) w0 + 0P (ru(g) =1, Frm(g)
X 1% )
< hgl_)s;ippE(rm(q)vrn(q)*l) <e. pE(Tm(q)7 Frm(q))
pE(Tm(q)vFTn(Q)—l)
+0" (o)1 Frngg)-1)
o =max pE (rn(q)—lv Frm(ZI))
Similarly, {1 P Tm(q),FTm( ) } )
+ kpE (rn(g)—1, Fro(g)-1)
("m(a): Frmia))
B Froio—
lim sup p (), (o) < ke, (1) [ s r :(:(ql))y nia)-1)
PE (g1, Frm(g)
L+ p*(Pim(g): (g -1)
{ + pE(Tn(q)*l’ Frig) }
PE(Pi(g)s Tn@)—1) PF (Tm(a) Tm(a)+1);
pE(rn(q)—l’ Tn(q))>
E T'm sTh
Iz = hggio%pr(rm(Q)“’T”(q))’ 42) {p EFP%)(’“n(q(;]i)h7"m(q)+1)}
& ;
PE(Tin(q)> Tm(a)+1)
PP (") (@)
+0" (Tu(@)=1: (@)
= max PF (ra(g)—1; 'm(g)+1)
L+ kp® (Fim(q)s Tm(q)+1) ’
lim suppE(rm(q)H, Tn(q)—1) < ke. (43) { + kp® (Tn(@)=1>Tn(g)) }
nee PE(i(g)> Tm(q)+1)
PE(rm() Tnia))
P ()1, Tn(a))
As Fis Lg-admissible (or Rz-admissible) and by (29), we pE(Tn(q)—lvrm(Q)H)
get B(Tm(q)> Tm(q)+1) > 1 and B(ryn(q), Tn(g)+1) > 1. 1 +pE(Tm(q):7"n(q))
{ + PP (Fn() -1 Tmig) +1) }
By using (27) we get (45)
D1 (kp® (Fm(a) 41, Tn(a)))
< B(rma)s "m(a)+1)B8(Pn(a)s Tn(g)+1)
wl(ka(FTm(Q)»Frn(q)—1)> 44)
<91 (A% (Pm()> Tn(a)=1))
=2 (AN (Pi(g)s Tnia)-1)) By taking the upper limit as n — oo in (45) and using
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(33),(40),(41),(43) we obtain

i sup (A7) (Fm(q)s "n(q)-1)
n—oo

Lim sup p® (Fyn(q) s Pn(g)-1):
n— o0

1 Sup p2 (Fon(g)s () 41)s
n—oo

lim sup pE(""n(q)—ly Tn(q))a
n—oo

{ lim suppE (Tm(q)v Tn(‘])) }

n—><>$> E
+ limsup p® (n(g) 15 "m(g) +1)
n— 00
ik ’

lim sup pE (T’rn(q) 5 T’m(‘])'l‘l )
n— 00

lim sup pE(T’m(q), Tn(q))
n— 00

+lim suppE(?“n(q)—h Tn(g))
n—oo
lim sup pE(Tn(q)A, Tm(q)+1)
n—oo

1+ klimsup p® (rm(q), Fm(q)41) |
n—oo
+ klim suppE(rn(q)_l, Tn(q))

= max

n—oo

i sup pZ (P (q)s Tm(g)+1)
n—roo

lim sup pE (rm(q) » T'n(q) )
n— oo

+ lim sup pE(Tn(q)—h Tn(q))

n— oo E
lim sup p (Tn(q)—l’ Tm(q)+1)
n— oo

{ 1+ limsup pE(Tm(q)a Tn(q)) }

n—o0

+ lim SuppE(Tn(q)*h Tm(q)+1>
n—oo

lim sup p” (ry(q), Tn(g)-1), 0,0
n—s

{ lim sup pE(Tm(q) ) 74n(q)) }

n—oo

+ lim suppE (Tn(q)—lv T’m(q)+1)
n—r 00

—max

4k ’
0,0

<max{e, %}

—¢€.

(46)

Then by applying the upper limit (44) as n — oo and using
(42) and (46) we obtain

€ .
Y1 (k*) < w1(hm sup ka<7"m(q)+1v7"n(q)>)
k n—so0
< ¢y (limsup(A7) (Fu(g)s (g -1))
n— o0
— o lglrggf(Az)f(rm(q>7 Tn(g)-1))

< ¢1(e)
— Yo (Hminf (A7)} (Fm(g)s Tn(g)-1))

n—oo

which implies that

2 (Hminf (A7) (g Tn(g)-1)) = 0
or

lim inf(AI)fj(Tm(q), Tn(g)—1) = 0

n—roo

Therefore by using (44) we obtain,

PF (Fm(g)s Tn(g)-1) = 0

which conflict with (35). Therefore,{r,,} is a p”-Cauchy se-
quence in partially E-cone metric space (X, p¥). As (X, p¥)
is a pP-complete, then (X, p¥) is a p¥-complete partially E-
cone metric space. So from the completeness it follows that
t € X exist such that,

lim pZ(rp,t) = 0.

n— o0
Therefore, by using (33), the condition pZ(r,,r,) <

pP(t,rn) and lim pP(r,,r,) =0 we get
n— 00

lim pE(rn,t) = lim pE(rn,rn) = pE(t,t) =0.
n—oo

n—oo

We obtain
pP(t, Ft) < kpP(t, Fr,) + kp®(Fr,, Ft).  (47)

So by using the continuity of F and applying limit as n — oo
in (47), we obtain

p"(t, Ft)
<k lim PE(t, Tny1) + k lim pP(Fr,, Ft)
= kp®(Ft, Ft).
As B(t,t) > 1 and using (27) we obtain
Y1 (kp” (F't, Ft))
< B(t, Ft)B(t, Ft)p: (kp” (Ft, Ft))
<1 (A5 (1) = a2 ((Ar)y (1))

(48)

here

(Ar)g (1)
pP(t,t), p"(t, Ft), pP(t, Ft),
pZ (t,7t)+pT (t,Ft)
4k ’
PP (6, Ft)p” (¢, Ft)+p® (t,Ft)p® (t,Ft)
1+k |pE(t,Ft)+pE (t,Ft)

p” (t,Ft)p” (¢, Ft)+p” (¢, Ft)p” (t,Ft)
1+pP (LEO+pP (L FD)

= max

< pE(t,Ft)
Y1 (kp® (Ft, Ft))
< B(t, F)B(t, Ft)n (ka(Ftv Ft))

Since 1; is nondecreasing kpT(Ft,Ft) < pF(t, Ft)
and kp®(Ft,Ft) = pP(t, Ft), which is true only when
pE(t, Ft) =0 and Ft = t. Thus, t is a fixed point of F.

|
Similarly result can be design for (5 — 11 — 12)-contractive
mapping of type-II in the line of Theorem 17. Now from our
main result, we have the following consequences:

(49)

Corollary 20. Let (X, =,p%) be an pP-complete ordered
E-cone metric space. Assume that there exists 11,1s and
B: X xX —[0,00). Suppose F : X — X is an increasing
mapping with respect to =< such that an element rq € X
exists with v =< F™(rq), and satisfying (8 — 1 — 19)-
contractive mapping of the form

B(r, E™r)B(r, F™ 1)y (kd® (F™r, F™s))

<1 (AL (r,s)) — o (AL (r,5)) e
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for all comparable r,s € X, where
p*(r,s),p" (r, F™r),
p¥ (s, F™s),
p? (r,F™s)+p” (s,F™r)
ik J

AF(r,5) = max (51)
pE(r,Fmr)pE(s,Fms)
1+pE(r,s) ’
pE(T‘,F”lT‘)pE(S,F”lS)
1+pE(Fmr, Fms)
Consider the following statements hold:
(i) F is P—admissible and Lg—admissible (or

Rg—admissible)
(ii) ry € F exists such that 11 < Fry and 5(r1, Fr1) > 1;
(iii) If F™ry — t then $(t,t) > 1 and F is continuous

Then F has a fixed point.

Corollary 21. Consider a p®—complete ordered E-cone
metric space (X, =,p") with coefficient k > 1. Assume that
11, Wo are mappings. Let F' : X — X be a continuous and
nondecreasing mapping satisfying

Y1 (kd® (Fr, Fs)) < ¢1(Ay(r,5)) = v2(A,(r,9))
for all comparable r,s € X, where

pE(TaS)apE(T,FT),
pP(s, Fs),

B (1 Fs)tpP (s, F
Af(ﬁ $) = max %W’
pZ (r,Fr)p©(s,Fs)
W»
pE(T;F’I‘)pE(S7FS)
T 1fpP(Fr.Fs)

If there exists 1 € X such that vy < Frq, then F has a
fixed point.

Corollary 22. Consider a p®—complete ordered E-cone
metric space (X, =, p¥) with the coefficient k > 1. Assume
that U, o are mappings, Let F' : X — X be a continuous,
nondecreasing mapping satisfying

1 (kd® (Fr, Fs)) < 1 ((Any (r,5) = 2 (A0 (1, 9))
for all comparable r,s € X, where

(Ar)y (r,5)
pE(ra S)va(ra FT),pE(SvFS)a
p” (r,Fs)+p” (s,Fr)
4k )
pZ (r,Fr)p? (r,Fs)+p® (s,Fs)p” (s,Fr)
14k |pE(r,Fr)+pE (s,Fs)
" (r,Fr)p” (r,Fs)+p” (s,Fs)p”® (s,Fr)
1+pE (r,Fs)+pF(s,Fr)

If r1 € X exists such that r < Frq, then F has a fixed point.

— max

)

Example 23. Let X = [0,00) with the partial order <
defined by
r<s&r<s

and the function p¥ : X x X — Rt defined by p¥(r,s) =
(max{r,s})2 V r,s € X. Clearly, (X,pF) is an ordered
partially E-cone metric space with k = 1.
A mapping F : X — X defined by

Fr) = {\/3;@ ifre [072}7’

=4 .
= otherwise.

and : X x X — [0,00) by
1

0 otherwise.

ifr,s €10,2],

Now using control functions yn(p) = p and

3/p+1 .
[ENEEL fpeo2),
Ya2(p) = 3p .

Then F is increasing and continuous, 0 < F0.
We will prove the following:
(i) F:X — X is an (8 — 11 — 9)-contractive mapping
of type-I, with 1 (p) =p ¥ p > 0;
(ii) F' is B-admissible;
(iii) r1 € X exists such that r1 < Fry and 3(r1, Fr1) > 1;
(iv) If a sequence {ry} _, in X such that B(rn,7m+1) > 1
and r, = 1, as n — oo, then B(r,,r) > 1, Vn e N

Proof:
(i) Clearly F' is (8 — 1)1 — 1)2)-contractive mapping with
Uvi(p) =p, Vp>0,since Vr,s € X,

B(r, Fr)B(s, Fs)i, (k:pE(Fr, Fs))

= (PE<\/3:T’\/3;T>) ,
ol ) )

keeping generality intact if 0 < s < r < 2, then
B(r, Fr)B(s, Fs)iy (kp” (Fr, Fs))

)
~o () )

 \3r+42

and
F
A (rys)
r2,r2, 52,
2
7’2—0— maxy 8, —m—s
= max ( {4 3T+2}) , =2
(7"2)(822) (r*)(s*)
1+ P 9 r
" 1+< 3r+2
Then

B(Ta Fr)ﬁ(S»FS)l/fl (ka(Frv FS))
< r? ) 9 <3r3+r2>
— S re - ——
3r+2 3r+2
< 1 (r?) — a(r®)
= 1/)1 (Afj(ra S)) - 102 (Aﬁ_‘(?”, 8))
(i) Let (r,s) € X x X be such that 3(r,s) > 1. From the

definition of F' and 8 we have both F'r = \/“JW’ and
Fs = —=2= are in [0,2], so we have B(Fr,F's) =
1 > 1. Then F' is an [-admissible.

(ili)) Assuming r; =1 € X, we get

B(thrl) = 6(1?F1) = 6(17

Volume 55, Issue 2, February 2025, Pages 441-454



TAENG International Journal of Applied Mathematics

(iv) Consider a sequence {r,} in X such that
B(rn,rne1) > 1, forallm € N and r,, - r € X as
n — 00. As B(rp, 1) > 1, Vn € N and by the
definition of 8, we obtain r,, € [0,2], V n € N and
r €[0,2]. Then B(r,,r)=12>1.

At this point, every hypothesis in Theorem 16 is true.

Therefore, F' has a fixed point.

It is noted that without for the /3 term, the contraction
condition (1) is not true. For example at » = 1 and s = 3,
we obtain

U1 (pP(F1,F3)) = (FE(\}gj))
=11(25) =25 £10=25-15
= 11(25) — ¥2(25)

= ¢ (AL(1,3)) — w2 (AL(1,3)).

Example 24. Ler X = [0,00) with the partial order =<
defined by

r<s&sr<s

and the function p® : X x X — RT defined by p®(r,s) =
(max{r,s})Q, V r,s € X. Clearly, (X,p¥) is an ordered
partially E-cone metric space with k = 1.

A mapping F : X — X defined by

Fr) = T e [072],7
r+2  otherwise.

and 3: X x X — [0,00) by

Mn@:{1”“3€“%

0 otherwise.

Now using control functions 1y (p) = p and

petd fp e o,2),
Ya2(p) = (p+1) .
= ifp=22,

Then F is increasing and continuous, 0 = F0.
We will prove the following:
(i) F:X — X is an (8 — 1 — 9)-contractive mapping
of type-II, with 11 (p) =p ¥ p > 0;
(ii) F' is B-admissible;
(iii) There exist 11 = 0 € X such that r1 =< Fry and
ﬁ(Tl,FTl) Z 1;
(iv) If a sequence {rn}zo:l in X such that B(rp,rpy1) > 1
and v, — 1, as n — oo, then f(r,,r) > 1, Vn eN.

Proof:
(i) Obviously F' is (3—11 —1)2)-contractive mapping with
P1(p) =p, Vp>0,since V r,s € X,

B(r, Fr)B(s, Fs)i (kp® (Fr, Fs))

o (e )
:¢1<(max{\/rzﬁ7\/;?}> >

keeping generality intact if 0 < y < x < 2, then
5(7”7 FT)B(S7 FS)¢1 (ka(Frv FS))

. )
o ((5=))
- (+%)

and
F
Ay (rys)
7'2, 82, 7”2,
2
r2+<max{s, L }>
r245
1 s
= ma 2 =72
- X (TQ)(T2)+(82)<max{s,++r}> -
1+(r2+s2) ’
2
2 2 r
()+(5%) (max{s. 2 })
1+72+s2
Then

ﬁ(ra Fr)ﬂ(S»FS)i/fl (ka(Fh FS))

_ 2 <2 rt 4+ 4r?
r24+5) 245

P1(r?) = a(r?)
= ¢1 (Af(’l‘, S)) - ¢2 (Af(’r? 5))

(i) Let (r,s) € X x X be such that 3(r, s) > 1. From the
definition of F' and 3 we have both F'r = TT =, and
Fs = —=— are in [0,2], so we have B(Fr,Fs) =
1> 1. Then F is an $-admissible.

Taking 71 = 1 € X, we have

6(r17FT1) = B(lvFl) = 5(1u

Consider a sequence {r,} in X such that
B(rp,rne1) > 1, forallm € Nand r,, - r € X as
n — oo. Since B(rp,Try1) > 1, ¥V n € N and by the
definition of §, we obtain r,, € [0,2], V n € N and
r € [0,2]. Then B(ry,r) =1> 1.

At this point, every hypothesis in Theorem 19 is true.
Therefore, F' has a fixed point.

IA

(iii)
)=1>1.

(iv)

It is noted that without for the /3 term, the contraction
condition (1) is not true. For example at » = 0 and s = 3,
we obtain

Y1 (pP(FO, F3)) = ¢y (FF(0,5))
:¢ﬂ%):25g12—25—13
= 1(25) — 12(25)
=11 (AL(0,3)) — 2 (AL(0,3)).

IV. AN APPLICATION TO INTEGRAL EQUATION

Consider the following integral equation

0= [ Keohlee@)ivper =07, 62
0
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where 7 > 0,h: I xR — Rand K : [0, 7] x
are continuous functions.

[0,7] — [0, 00)

In this section we prove an existence theorem for a solution
of (52) using Theorem 17.
Assume the space

X =C(I,R)={x:1I— R | zis continuous on I}.

Define p¥ : X x X — R* by

pP(z,y) = sup
p€(0,7]

(l#2)] + lyto)l) ¥ 2y € X.

Obviously, (X, p¥,2) is a complete partially E-cone metric
space. Define an order relation < on X by

r3siff r(p) <s(p), Vpel.

Then (X, <) is a partially ordered set. Thus, (X, p¥, 2, <)
is a complete ordered partially E-cone metric space.

Theorem 25. Consider the following assertions hold:

(1) f:I xR — R is continuous;
(ii) A nondecreasing function h(k,

), Ykel0,7], ie,
r,s € Ryr <s= h(q,r) < h(g,s);
(iii) consider
[h(q, ) + (g, 8)] < Ou(r, 5)

where

Oy (1, s)

[N

(r+s)%,

(r+ Fr)2, (s + Fs)?,

( (r+Fs)?+(s+Fs)? )
1k

= max ’

14+(r+s)

(r+Fr)(s+Fs) 2
1+ (Fr+Fs)

( (r+Fr)(s+F's) ) 2

for all r,s € X with r < s and for every q € I;
(iv) there exist xg € C(I,R) such that

/ K(p,q)h(p,r0(q))dq, p,q€l;

sup / K(p,q)dq <
pG[OT

Then x* € C(I,R) is a solution of the integral equation
(52).

l\D\»—t

Proof: A mapping F': X x X is defined as

v) = /T K(v,q)h(g,2(q))dg ¥ v € [0, 7].
0

It follows from (i)-(ii) that p is non-decreasing and contin-
uous mapping with respect to <. Again (iv), zg € F' exist
such that xg < Fzo.

For all v € [0, 7], and condition (iii) and (v), we get,

)
Jo K(v.q lh(q, Q))|dq )2
|1(a,5(0))|dq

IN

Nl

(r,s)%,
(r+ Fr)?,
(s + Fs)?,
(T'+Fs)2+(s+Fs)2 dq
4k

)

IN
o\\‘
=
=
=
B
Q
»

( (r+Fr)(s+Fs) ) 2
14+ (r+s) ’

( (r+Fr)(s+F's) ) 2
1+(Fr+Fs)

(Il + Isl),
(Il + [Fr))*, (Is| + 1 Fs])?,

(Ir+1Fs)) "+ (1s|+1Fs1)”
4k

3

< (jr1+17r1) (s1+1Fs)) )2 7

1+ (Irl+1s])

( (jrl+1r)) (15141 7s)) ) 2

1+(\Fr|+\Fs\)

IN
=

Now, by considering the control functions 1,1 :
into itself defined by:

[0, +00)

¢1(’U) =D, and IIZ)Z(p) =7 for Pz 01

we get

1/}1 (pE(Fr> FS))
pP(r+s),
pE(r + Fr),pP(s, Fs),

p? (r+Fs)+p® (s+Fs)
4k ’

<1

max

(pE(r+F'r')pE(s+Fs))

1+pE(r+s) ’

(pE (r+Fr)p?(s+Fs) )
1+pE(Fr+Fs)

pP(r+s),
pE(r+ Fr),p¥(s, Fs),
PP (r+Fs)+p®(s+Fs)
max 4k ?
pZ (r+Fr)p?(s+Fs)
T+pE(rt5) )
(pE(r+Fr)pE(s+Fs) )
1+pE(Fr+Fs)

— 2

Thus all the hypotheses of Corollary 21 are fulfilled. There-
fore z* € C(I,R) is a solution of the integral equation (52).
|
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V. CONCLUSION

The investigation into fixed point theorems for (5 — 1 —1)2)
contractive conditions in partially E-cone metric spaces
offers valuable insights into the behavior of mappings within
this specific framework. Through rigorous analysis and math-
ematical reasoning, this research has contributed to our
understanding of fixed point existence and uniqueness in par-
tially ordered cone metric spaces. The study has illuminated
the significance of (8 — 1 — 1)2) contractive conditions
in establishing the existence of fixed points for mappings,
providing a theoretical foundation for further exploration in
this area. By elucidating the properties and implications of
these contractive conditions, the research has enriched the
discourse on fixed point theory and its applications in metric
spaces. Despite the progress made in this study, notable gaps
in research remain, particularly concerning the extension and
generalization of results to broader classes of mappings and
spaces. Future research endeavors should aim to address
these gaps, thereby enhancing our understanding of Fixed
Foint Theory in diverse contexts and uncovering new avenues
for exploration.

REFERENCES

[1] Zahia Djedid and Sharifa Alsharif, “New Fixed-Foint Theorems on
Fartially E-Cone Metric Spaces” Jordan Journal of Mathematics and
Statistics (JJMS), Vol. 16, No. 2, pp 249 - 267, 2023.

[2] Zahia Djedid and Sharifa Al-Sharif, “Results on the T- Stability of
Ficard Iteration in Fartial E-Cone Metric Spaces”, Fualestine Journal
of Mathematics, Vol. 12, No. 3, pp 691 - 701, 2023.

[3] M. Al-Khaleel, and S. Al-Sharif, “Cyclical nonlinear contractive
mappings fixed point theorems with application to integral equations”,
TWMS J. App. Eng. Math., Vol. 12, No. 1, pp 224-234, 2022.

[4] Tahair Rasham, Muhammad Sajjad Shabbir, Praveen Agarwal, Shaher
Momani, “On a pair of fuzzy dominated mappings on closed ball
in the multiplicative metric space with applications”, Fuzzy Sets and
Systems, Vol. 437, pp 81-96, 2022.

[5] Tahair Rasham, Praveen Agarwal, Laiba Shamshad Abbasi & Shilpi
Jain , “A study of some new multivalued fixed point results in a
modular like metric space with graph”, The Journal of Analysis, Vol.
30, pp 833-844, 2022.

[6] Hasanen A. Hammad, Fraveen Agarwal and Juan L. G. Guirao,
“Applications to boundary value problems and homotopy theory via
tripled fixed point techniques in partially metric spaces”, Mathematics,
Vol. 9, No. 16, 2021.

[7] Yan Han, Shaoyuan Xu, “Generalized Reich—éirié—Rus—Type and
Kannan-Type Contractions in Cone b-Metric Spaces over Banach
Algebras”, Journal of Mathematics, pp 1 - 11, 2021.

[8] Sahar Mohamed Ali Abou Bakr, “Theta cone metric spaces and some
fixed point theorems”, Journal of Mathematics, pp 1 - 7, 2020.

[9] Guo-Cheng Wu, Thabet Abdeljawad, Jinliang Liu, Dumitru Baleanu,

Kai-Teng Wu, “Mittag-Leffler stability analysis of fractional discrete-

time neural networks via fixed point technique”, Nonlinear Analysis:

Modeling and Control, Vol. 24, No. 6, pp 919 - 936, 2019.

H. Aydi, E. Karapinar and V. Rakoccevi ‘c, “Nonunique fixed point

theorems on b-metric spaces via simulation functions”, Jordon Journal

of Mathematics and Statistics, Vol. 12, No. 3, pp 265-288, 2019.

Huaping Huang, “Topological properties of E-metric spaces with

applications to fixed point theory”, Mathematics, Vol. 7, No. 12, 1222,

2019.

Mohammad Al-Khaleel, and Sharifa Al-Sharif, “On cyclic (¢ — 9)-

Kannan and (¢ —1))-Chatterjea contractions in metric spaces”, Annals

of the Universityof Craiova-Mathematicsand Computer Science Series,

Vol. 46, No. 2, pp 320-327, 2019.

Nayyar Mehmood, Ahmed Al Rawashdeh and Stojan Radenovié,

“New fixed point results for E-metric spaces”, Fositivity, Vol. 23, No.

S, pp 1101-1111, 2019.

S. Aleksi“c, Z. Kadelburg, Z. D. Mitrovi‘c, and S. Radenovi’c,

[10]

[11]

[12]

[13]

[14]

“A new survey: Cone metric spaces”, Bulletin of The Society of

Mathematicians Banja Luka., pp 93-121, 2019.
Fraveen Agarwal, Mohamed Jleli , Bessem Samet, “Fixed point theory
in metric spaces”, Recent Advances Applications, Springer, 2018.

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

(33]

[34]

[35]

[36]

[37]

[38]

[39]

Achille Basile, Maria Gabriella Graziano, Maria Fapadaki, loannis A.
Folyrakis, “Cones with semi-interior points and equilibrium”, Journal
of Mathematical Economics, Vol. 71, pp 36-48, 2017.

Muhammad Usman Ali and Fahim Ud Din, “Discussion on «-
contractions and related fixed point theorems in Hausdorff b-Gauge
spaces”, Jordon Journal of Mathematics and Statistics, Vol. 10, No.
3, pp 247-263, 2017.

FadhanS.K., Jagannadha Rao G.V.V., Nashine Hemant Kumar, and
Agarwal R.F,, “Some Fixed Foint Results for 5—1)1 —2)-Contractive
Conditions in Ordered b-Metric-Like Spaces”, Vol. 31, No. 14, pp
4587-4612, 2017.

Huaping Huang, Zoran Kadelburg and StoJan Radenovic, “A note on
some recent results about multivalued mappings in TVS-cone metric
spaces”, J. Adv. Math. Stud., Vol. 9, No. 2, pp 330-337, 2016.
Krishna Fatel and G M Deheri, “On the generalization of some well
known fixed point theorems for noncompartible mappings”, Jordon
Journal of Mathematics and Statistics, Vol. 9, No. 4, pp 287-302,
2016.

W.B. Domi, S. Al-sharif and H.Almefleh, “New results on cyclic non
linear contractions in partial metric spaces”, TWMS Journal of Applied
and Engineering Mathematics, Vol. 5, No. 2, pp 158-168, 2015.
Animesh Gupta and R.N. Yadava, “On p-Contraction in G-Metric
space”, Jordon Journal of Mathematics and Statistics, Vol. 7, No. 1,
pp 47-61, 2014.

Animan Mukheimer, “o — 1) — ¢ contractive mappings in ordered par-
tial b-metric spaces”, Journal of Nonlinear Science and Applications,
Vol.7, pp 168-179, 2014.

Nawab Hussain, Jamal Rezaei Roshan, Vahid Parvaneh, Zoran Kadel-
burg, “Fixed Foints of Contractive Mappings in b-Metric-Like Spaces”,
The Scientific World Journal, Vol. 1, No. 471827, 2014.

M. Al-Khaleel, Sh. Al-Sharif, and M. Khandagqji, “Some new results
and generalizations in G-cone metric”, J. of Advan. Math. Comp. Sci.,
Vol. 4, No. 11, pp 1542-1550, 2014.

Sh. Al-Sharif, A. Alahmari, M. Al-Khaleel, and A. Salim, “New results
on fixed points for an infi- nite sequence of mappings in G-metric
space”, [talian Journal of Fure and Applied Mathematics, Vol 37, pp
15421550, 2014.

S.K. Malhotra, Sstish Shukla and J.B. Sharma, “Cyclic contractions
in gf-Complete partial cone metric spaces and fixed point theorems”,
Jordon Journal of Mathematics and Statistics, Vol. 7, No. 3, pp
233-246, 2014.

Satish Shukla, “Fartial b-metric spaces and fixed point theorems”,
Mediterranean Journal of Mathematics, Vol. 11, No. 2, pp 703-711,
2014.

Zoran Kadelburg, and Stojan Radenovic, “A note on various types of
cones and fixed point results in cone metric spaces”, Asian Journal of
Mathematics and Applications. Vol. 2013, pp 7, 2013.

A. Al-Rawashdeh, W. Shatanawi, and M. Khandagqji, "Normed ordered
and E-metric spaces”, Int. J. Math. Math. Sci., vol. 2012, pp 11, 2012.
H. Kunze, D. La Torre, F. Mendivil, and E.R. Vrscay, “Generalized
fractal transforms and self- similar objects in cone metric spaces”,
Computers & Mathematics with Applications, Vol. 64, No. 6, pp
1761-1769, 2012.

M. Alamagir Khan, Sumitra and R. Kumar, “Semi-Compatible maps
and common fixed point theorems in non-Archimedean menger FM-
Space”, Jordon Journal of Mathematics and Statistics, Vol. 5, No. 3,
pp 185-199, 2012.

Mohammad Al-Khaleel, Sharifa Al-Sharif and Mon Khandagqji, “Fixed
points for contraction mappings in generalized cone metric spaces”,
Jordan Journal of Mathematics and Statistics (JJMS), Vol. 5, No. 4,
pp 291-307, 2012.

Mehdi Asadi, and Hossein Soleimani, “Examples in cone metric
spaces: A survey”, Middle -East Journal of Scientific Research, Vol.
11, No. 12, pp 1636-1640, 2012.

M. R. Ahmadi Zand and A. Dehghan Nezhad, “A generalization of
partial metric spaces”, Journal of Contemporary Applied Mathematics,
Vol. 1, No. 1, pp 2222-5498, 2011.

Slobodanka Jankovié, Zoran Kadelburg, and Stojan Radenovié, “On
cone metric spaces: A survey”, Nonlinear Analysis: Theory, Methods
and Applications, Vol. 74, No. 7, pp 2591-2601, 2011.

Wei-Shih Du, “A note on cone metric fixed point theory and its
equivalence”, Nonlinear Analysis: Theory, Methods & Applications,
Vol. 72, No. 5, pp 2259-2261, 2010.

Ismat Beg, Akbar Azam, and Muhammad Arshad, “Common fixed
points for maps on topological vector space valued cone metric
spaces”, International Journal of Mathemtics and Mathematical Sci-
ences, Vol 2009, pp 8, 2009.

Sh. Rezapour, and R. Hamlbarani, “Some notes on the paper; Cone
metric spaces and fixed point theorems of contractive mappings”,
Journal of Mathematical Analysis and Applications, Vol 345, No. 2,
pp 719-724, 2008.

Volume 55, Issue 2, February 2025, Pages 441-454



TAENG International Journal of Applied Mathematics

[40] Huang Long-Guang, Zhang Xian, “Cone metric spaces and fixed point
theorems of contractive mappings”, Journal of Mathematical Analysis
and Applications, Vol. 332, No. 2, pp 1468-1476, 2007.

[41] Zead Mustafa and Brailey Sims, “A new approach to generalized
metric spaces”, J. Nonlinear Convex Anal., Vol. 7, No. 2, pp 289-297,
2006.

[42] D. Dey, and M. Saha, “Fartial cone metric space and some fixed point
theorems”, TWMS Journal of Applied and Engineering Mathematics,
Vol. 3, No. 1, pp 1-9, 2003.

[43] 1. A. Bakhtin, “The contraction mapping principle in almost metric
space”, Funct.Funct.Ana. Gos. Fed. Inst. Unianowsk., Vol. 30, pp
26-37, 1989.

[44] M.S. Khan, M. Swaleh, S. Sessa, “Fixed point theorems by altering
distances between the points”, Bulletin of the Australian Mathematical
Society, pp 1-9, 1984.

[45] S. Reich, “Kannan’s fixed point theorem”, Boll. Un. Mat. Ital., Vol.
4,No. 4, pp 1-11, 1971.

[46] Stefan Banach, “Sur les op “erations dans les ensembles abstraits et
leur application aux “equations int “egrales”, Fund. Math., Vol. 3, No.
1, pp 133-181, 1922.

[47] Thokchom Chhatrajit Singh, “Some Theorems on Fixed Points in N-
Cone Metric Spaces with Certain Contractive Conditions,” Engineering
Letters, vol. 32, no. 9, pp 1833-1839, 2024.

Volume 55, Issue 2, February 2025, Pages 441-454





