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Characterizing Regular and Intra-regular
Semigroups in Terms of Bipolar Complex Fuzzy

Bi-Ideals
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Abstract—In 2022, Rehman et al. established the concept of
bipolar complex fuzzy sets and proved the properties of bipolar
complex fuzzy ideals in semigroups. This research gives the
concept of bipolar complex fuzzy bi-ideals in semigroups. We
prove the basic properties of bipolar complex fuzzy bi-ideals
and study the relationship between bipolar complex fuzzy ideals
and bipolar complex fuzzy bi-ideals in semigroups. Finally, we
characterize a regular and an intra-regular semigroup in terms
of bipolar complex fuzzy bi-ideals.

Index Terms—BCEF sets, BCF ideals, BCF bi-ideals, regular,
intra-regular

I. INTRODUCTION

HEORY of semigroups is an algebraic structure that
was applied in computer science, coding theory, graph
theory, medical science, formal languages, and many more.
The bi-ideal in semigroups studied in 1952 by Good and
Hughes [1]. The theory of bipolar complex fuzzy sets is an
extension of bipolar fuzzy sets. It is studied in the structure
of real numbers positive, negative, and imaginary numbers
positive, and negative with generalizations of bipolar fuzzy
set.
The concept of fuzzy sets by Zadeh in 1975, [2]. After that,
it has applications in several areas like medical science, im-
age processing, decision-making methods, etc. After, Kuroki
[3] studied fuzzy subsemigroups and types of fuzzy ideals in
semigroups. Jun and Song [4] present fuzzy interior ideals in
semigroups. In 1994 Zhang [5] developed the notion of fuzzy
set go to bipolar fuzzy sets whose membership degree range
is enlarged from the interval [0, 1] to [—1, 1], and used them
for modeling and decision analysis. In 2000, Lee [6] used
the term bipolar valued fuzzy sets and applied it to algebraic
structures. The theory of complex fuzzy sets is interesting by
Ramot et al. [7]. It is a tool for dealing with uncertainty and
complex information. Tamir et al. [8] studied the complex
fuzzy set in structure cartesian by transforming the range
from the unit circle to the complex plane. Al-Husban [9]
discussed complex fuzzy groups. Hu et al. [10] developed the
complex fuzzy set in orthogonality and application to signal
detection. The complex intuitionistic fuzzy soft sets intro-
duced by Kumar and Bajaj [11]. Moreover, research in types
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bipolar fuzzy ideals, such as Kang [12], studied bipolar fuzzy
subsemigroups in semigroups. Chinnadurau and Arulmozhi
[13] discussed the bipolar fuzzy ideal in order I'-semigroups,
and Khamrot and Siripitukdet [14] explained generalized
bipolar fuzzy subsemigroups in semigroups. Gaketem and
Khamrot [15] studied bipolar weakly interior ideals in semi-
groups. Mahmood [16] introduced bipolar soft set. Gaketem
et al. [17] expand cubic bipolar fuzzy subsemigroups and
ideals in semigroups. In the same year, Rehman et al. [18]
presented bipolar complex fuzzy sets and bipolar complex
fuzzy ideals in semigroups. Recently, Khamrot et al. [19]
presented the concept of bipolar complex fuzzy interior ideals
and we prove relations between bipolar complex ideals and
bipolar complex interior ideals in semigroups.

In this study, we give details of bipolar complex fuzzy
bi-ideals in semigroups and discuss the properties of bipolar
complex fuzzy bi-ideals in semigroups. The remainder of this
paper is organized in the following. In Section 3, we study the
connection biploar complex fuzzy ideals and bipolar complex
fuzzy bi-ideals in semigroups. In Section 4, we characterize
a regular and an intra-regular semigroup in terms of bipolar
complex fuzzy bi-ideals. The conclusions are presented in
Section 5.

II. PRELIMINARIES

In this topic, we will survey some basic definitions and
theorems of semigroups, fuzzy sets, bipolar fuzzy sets, and
bipolar complex fuzzy sets, which will be helpful in the next
topic. This paper will denote a semigroup (SG) by X.

By a subsemigroup (SSG) of X we mean a non-empty

subset 9t of ¥ such that 92 C M.
A non-empty subset 9 of X is called a left ideal [LID] (right
ideal [RID]) of X if X0t C 9t (MX C 9M). By an ideal (ID)
9 of X we mean a LID and a RID of X. A generalized bi-
ideal (GBID) of 91 is a non-empty subset of X such that
IMEM C M. An SSG M of X is called an bi-ideal (BID)
of X if MXIM C M. A regular of X if for each ¢ € X,
there exists v € X such that ¢ = €vk. A left (right) regular
of X if for each £ € X, there exists t € X such that £ = vb?
(¢ = €2v). An intra-regular of X if for each £ € X, there
exist t,j € X such that £ = vt?j.

For any & € [0,1], i € J, define

V & :=sup{¢} and A & := inf{g}.
ieJ 165{ } ieJ iej{ }
We see that for any ¢, € € [0, 1], we have

tL Vi, = max{?l,ég} and h; Aty = min{{?l, Eg}
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A fuzzy set 7" of a non-empty set ¥ is a function 7" : T —
[0,1].

Definition 2.1. A bipolar fuzzy set (shortly, BF set) 1 on T
is an object having the form

Y= {(T,7),rNE) | te T},
where Y : T — [0,1] and TV : T — [-1,0].

Remark 2.2. For the sake of simplicity we shall use
the symbol T = (X;7F,TN) for the BF set T =
{(X, 776, TV () | te X}

Definition 2.3. [20] A BF set ¥ = (X;7F,7N) on X is

called a

(1) BF subsemigroup (BFSSG) on X if TP (b)) >
TP(El) A\ Tp(gg) and TN(E]_EQ) < TN(El) V Tn({fg)
for all &1,¢; € X.

(2) BF left ideal (BF LID) on X if TV (£182) > TP (€2) and
TN (818) < TN (k) for all £1,8 € X.

(3) BF right ideal on X if YT (t18) > TF(&)) and
TN(E1€2) < TN(El) for all t1,%, € X.

(4) A BF set T = (X;7F,TN) on X is called a BF ideal
(BF ID) on X if it is both a BF LID and a BF RID on
Xx.

(5) BF interior ideal (BF IID) on X if T = (X;7F,TV)
is a BF subsemigroup on X, T (b1€283) > 1T (€3) and
TN(E]_EQE?,) < TN(EQ) fOl’ all 1,8, 83 € X.

(6) BF bi-ideal (BF BID) on X if ¥ = (X;7F,TN) is a BF
subsemigroup on X, YT (£18283) > TP (£1)ATT (83) and
TN(9182E3) < TN(El) \Y TP(Eg) for all &%, 85 € X.

Definition 2.4. [I/8] A bipolar complex fuzzy set (shortly,
BCF set) TR! on X is an object having the form

TEL = (X, 7P() = TEP®e) + PE), TN E) =
TEN(&)+. 71N (€)) | € € X}, is called the positive supportive
grade and negative supportive grade respectively, where
TEP rIP . x - (0,1, and TEN TN . X — [-1,0].

Remark 2.5. For the sake of simplicity we shall use the sym-
bol TR = (%, 7P, TN) = (X, TEP +., 7P TEN 4 TIN)
for the BCF set TR = {(X, TEF (&) + . 71F(¥), YEN (¥) +
IV (B) | €€ X}

Definition 2.6. [18] A BCF set T* = (%, 7, rN) =
(X, TRP 4, 7P RN o+ YINY on X is called a BCF
subsemigroup (BCF SSG) on X if for all £1,8; € X,

(1) TP(EIEQ) > TP(El) A\ TP(E2> = TRP(Elﬁg)
TRP<31) AN TRP(EQ) and TIP(Elgg) > TIP(El)
TIP(EQ)

(2) TN(flég) < TN(El) \/TN(EQ) = TRN(&EQ)
TEN(e)) vV TEN (k) and TV (18) < TIN(#)
TIN(E,) .

Definition 2.7. [18] A BCF set T* = (x; 77, rN) =

(X TRE 4+ TP RN 4 TINY on X is called a BCF left

ideal (BCF LID) on X if for all £,%; € X,

(1) TP(Elfg) > TP(EQ) = TRP(Elkg) > TRP(EQ)

(2) TN(&EQ) < TN(EQ) = TRN(Eleg) < TRN(EQ) and
TIN(18) < VIV (£y).

Definition 2.8. [18] A BCF set T* = (x; 77, rN) =
(X TRE + 1P RN 4 TINY on X is called a BCF right
ideal (BCF RID) on X if for all £,,%; € X,

> |V

< IA

(1) TP(EIE2) > TP(El) = TRP(Elfg) > TRP(El)
and TIP(Elfg) 2 TIP(El)

(2) TN(91€2) > TN(El) = TRN(Blfz) > TRN(El)) and
TIN (£185) > TIN (8y).

A BCF set T = (7P, rN) = (57FF +
XIP RN 4 rINY on X is called a BCF ID on X if it
is both a BCF LID and a BCF BCF RID on X.

Definition 2.9. [19] A BCF subsemigroup YT =
(%7P, 7N = (X 7FF + P RN 4 rINY on X is
called a BCF interior ideal (BCF IID) on X if for all
Ela EQ; E3 € x;

(1) TP(Elfgfg) 2 TP(EQ) = TRP(E1E2E3) Z TRP(EQ) and
TIP (8 boty) > TTP ()

(2) TN(hEQEg) < TN(?Q) = TRN(31E2E3) < TRN(EQ)
and TN (€18283) < VIV (€g).

Next, we review the definition of the characteristic bipolar
complex fuzzy function.

Let 9t be a non-empty subset of X. The characteristic
bipolar complex fuzzy set (shortly, CBCF set) x&/ =
(X xoms XR) = (Xixat + X - Xai© + exan ) s defined
as follows:

14 if tem
RP IP
P (e) =
Xan + o (¢) {O+1,O if e om,
—1—1 if teM

RN IN

() =
Xar + o (8) {0+LO if B oM,

for all £ € X and X%I is a characteristic bipolar complex
fuzzy set.

In the following theorem, we give a relationship between
a subsemigroup (left ideal, right ideal, ideal) and the BCF
function which is proved easily.

Theorem 2.10. [I8] Let I be a non-empty subset on X.
Then M is a SSG (LID, RID, ID) of X if and only ifxg'{ =
(X xExm) = ExET + oxag s xan” + exap ) is a BCF
SSG (LID, RID, ID) on X.

Definition 2.11. [18] A BCF set T® = (X; 77, 7N) =
(X TRE + 1P RN 4 TINY on X with w,m € [0,1] and
0,0 € [—1,0]. Define the set

(1) PO 4 X7 (r)) = (¢ € % | TRP(E) >
7, YTP(€) > n} is called positive (7,n)-cut of a CBF
set of X.

(2) N 1 XN (0,0)) = {h € X | TRN() <
0, VIN(8) < o} is called negative (o, c)-cut of a CBF
set of X.

(3) PA((TFP 4 X7 (w,m)), (FFN 1 1TV (0,0)) =
PEL + 7P (7,n) N N(TEN + 71N (g,0)) is
called ((w,n), (0,0))-cut of a CBF set on X.

In the following theorems, we give a relationship between
a SSG (LID, RID, ID) and the ((m,7), (0, 0))-cut of a BCF
set which proved easily.

Theorem 2.12. [18] A BCF set T = (x; 7P, 1V) =
(X, TRP 4, 7IP TEN 1 Y INY is a BCF subsemigroup (left
ideal, right ideal, ideal) of a semigroup X if and only if
the non-empty subset PN ((YEF + . 71F (7,m)), (TEN +
(YN (9,0))) is a SSG (LID, RID, ID) on X for all w,n €
[0,1] and o,0 € [-1,0].
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Next, we study intersection and product of BCF sets as
define.
Let YR = (X, 7P, 7N) = (X; TP + 1P TEN 4, 7IN)
and YR = (297, YN) = (X PP + TP, BN 4 1IN
are BCF sets of X. Define
(1) (PR Npf)(e) = TR (h) AR (), TIF(6) AT ()
and TN (&) VBN (B), TIN (8) vopI N () for all £ € X.
(2) THI(6) 3 o0 () = TEP(e) < ¢FP(E), TI7(E) <
I (€) and TEN (h) > BN (h),
TIN(h) >IN (€) for all € € X.
(8) TR @ i = (%717 o 9P, TN o yN)

(%; TRPOwRP-i-LTIPOwIP, TRNO’L/)RN—FLTINOwI )
where; (TRP o PP (€) =
{ V. ATRP () ARP(0)if Ae # 0
(s,t)€Ae (TIP o
0 if Ay =0,
Vo A7) AP0} if Ae £ 0
W) = { eoea
0 if Ay =0,
TR o RN -
A AT (s) VN ()} if Ae # 0
(s,t)EA, (TIN o
0 if Ay =10,
A AT (s) voIN(H) if Ae #0
W1 = { w0
0 if Ag = 0.

Obviously, the operation © is associative [18]. For ¢ € X,
define A := {(s,t) € X x X | t = st}.

Next, we study equivalent conditions are important proper-
ties for BCF subsemigroups of semigroups which are shown
in the following theorems.

Theorem 2.13. [18] A BCF set T = (x;77,7N) =
(%, 7R 4 7P TEN 4 7INY is a BCF SSG of X if and
only if TR @ TYRI S TR

III. BIPOLAR COMPLEX FUZZY BI-IDEALS

In this part, we give the concepts of bipolar complex fuzzy
bi-ideals in semigroups and we study important properties of
bipolar complex fuzzy bi-ideals in semigroups.

Definition 3.1. A BCF SSG T* = (x;7°,7VN) =

(X; TRE 4,712 TEN 1 7INY on X is called a BCF bi-ideal

(BCF BID) on X if for all ,,%¥;,¢¥3 € X,

(1) TP(ﬂEQEg) > TP(El) A TP(E3) = TRP(31?233) >
TRP(El)/\TP(Ez;) and TIP(E1EQE3) > TIP(El)/\TP(E3)

(2) TN(Elégég) < TN(El) vV TP(Eg) = TRN(Elézﬂg) <
TEN(6) v TP () and TIN(b1taty) < TIN(8) v
TP (ty).

The following example is a BCF BID of a semigroup.

Example 3.2. Consider a semigroup (X,-) defined by the
following table:

Lo T

QUL Q QR
Q2 Q>
Q2 Q Qo
Q QX

A BCF set TRI = (x;7P,7V) =
I TEN L Y INY in X as follows:

(X;TRP 4+

TEP 4 P BN L rIN = {(a,(0.8 + 10.8,—-0.6 —
10.6)), (b, (0.5 + 10.5, 0.5 — 10.5)), (¢, (0.6 + 10.6, —0.7 —
10.7)), ((d,0.34:0.3, —0.1—10.1)) }. By routine calculation,
TR = (7P, 7N) = (X, 7RP + 7P, TEN + .71V s a
BCF BID of X .

Definition 3.3. A BCF set T™! = (x;7°,7V) =

(% 7RP 4,712 TEN 4+ TINY on X is called a BCF

gneralized bi-ideal (BCF GBID) on X if for all £, %5, €5 € X,

(1) TP(&{?QE:;) > TP(El) 74\ TP(E3) = TRP(E1EQES) >
TRP (El)ATP(Eg,) and TP (31?293) > rir (El)/\TP(Eg)

(2) TN(918283) < TN(El) vV TP(E:;) = TRN(Elggﬁg) <
TRN(El) V TP(E?)) and TIN(31?293) < TIN(El) \
TP (e3).

It is clearly every BCF BID is a BCF GBID in semigroups.
The following example is a BCF GBID of a semigroup.

Example 3.4. Consider a semigroup (X,-) defined by the
following table:

QU T -
Q Q2 QR
ISERSERSEESE AN
SR Q0
SR Q QX

A BCF set TR = (x;7F,1N)
I TEN Y INY i X as follows:
TRP | 7IP TRN | 7IN" — (4 (0.8 + 0.8, —0.8 —
10.8)), (b, (0 4+ ¢0,—0.1 — :0.1)), (¢, (0.7 + 0.7,—0.7 —
10.7)), ((d,0.44:0.4, —0.4—:0.4))}. By routine calculation,
TRI — (%;TP,TN) — (x;TRP +LTIP,TRN —|—LTIN)
is a BCF GBID of X. But it is not a BCF BID of X,
since TRE + ., 171P(?) = TRP 4, 71P(h) = 0+ 0 #
0.6 + 0.6 = TEP 4 . 71P(c) A TEP + YTP(c) and
TEN + XN (ca) = TEN 4.7V (b)) = —0.4 — 104 £
—0.7 — 0.7 = TEN 1 . 7YIN(e) v TEN + .71V (a). Then,
(1) TP(?) =TP(b) =0 # 0.6 =T ()N =TF(c) =

TEP(c?) = TRP(B) = 0 # 0.6 = TEP(c) A TEP(c)
and TP (%) = TP (b)) =0 £ 0.6 = TP (c) ATTP(c).
(2) TN(ca) =TV () = 04 £ —0.7=TN(c)ATN(a) =
TEN(ca) = TEN(B) = —04 £ —0.7 = TEN(c) v
TEN(a) and TN (ca) = TN (b) = —04 £ —0.7 =
TIN(e) v TN (a).
Thus, TR = (X; 77, 7TN) = (X; TRE .08 [ TEN £ IN)
is not a BCF SSG of X. By Definition 3.1, it is not a BCF
BID of X.

(X780 +

Theorem 3.5. In regular and intra-regular of X, the BCF
BIDs and BCF GBIDs coincide.

Proof: Let TR = (7P, rN) = (7P +
XIP RN 1IN be a BCF BID of a regular of X and
let €1,€2 € X. Since X is regular, we see that there exists
h € X such that €5 = £5H€;. Thus,

(1) TP(tity) = TP(bi(bt) = TP(e1(Eah)er) >

TP(El) A\ TP(EQ) = TRP({HBQ) = TRP(El(EQhEQ)) =

TRP<31 (EQh)Eg) > TRP(&) A\ TRP(EQ> and

TP (618y) = TIP(81(8h8)) = TIP(ki(E2h)E) >
TIP(8) ATTP (8)
(2) TV (t1t2) = TN(e1(tabta)) = TV (Ei(E2h)Ea)

I IA

TN(E) VTN (8) = TEN (6185) = TEN (& (E25E2))
TRN(EI(EQEJ)EQ) < TRN(El) V TRN(EQ) and
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TV (818y) = TIN (8 (62hE2)) = TN (8 (82h)E) <
TIN (£) v TIN (8y).

Hence, 71! = (; 7P, TN) = (%, VEP + ,71P TEN

(YY) is a BCF SSG of X. By Definition 3.1, 77 =

(%7P, 7N = (X, 7B 4,712 TEN 4+ 7IN) is a BCF
BID of X.
Similarly, we can prove the other cases also. [ |

Theorem 3.6. Every BCF ID of X is a BCF BID of X.

Proof: Let TR = (X;7P,rN) = (%78EP +
XIP RN 7N be a BCF ID of X and
let &,8 € X. Then T = (X; TR + 7P TEN 1 71N s
a BCF LID and BCF RID of X. Thus,
(1) TP(Elgg) > TP(EQ) = TRP(Elgg)
TIP(hEg) > TIP(EQ),
(2) TN(Elfg) < TN(EQ) = TRN(Elfg)
TIN(E1E2) < TIN({’Q).
Hence,
(1) TP(Elfg) > TP(El) A\ TP(EQ) = TRP(&EQ) >
TRP(El) A TRP(EQ)
and TP (31?2) > Yir (El) ATIP (32),

Y

TEP(¢y) and

IN

TEN(¢;) and

(2) TN(Elfg) < TN(El) V TN(EQ) = TRN(Eleg) <
TEN(8) v TEN(€5) and
TIN(Elég) < TIN(El) V TIN(EQ).

This show that Y7 = (77, YY) = (X7FF +

(IPTEN 4 INY is a BCF SSG of X.

Let €1, 85,83 € X. Then,

(1) TP(Elggég) = TP((Elgg)Eg) > TP(Eg) =
TRP(31€293) = TRP((Elkg)?g) > TRP(E:),) and
TIP (16585) = TIP((E12)Es) > TIP(Ey),

(2) TN(Elfgég) = TN((Elgg)Eg) < TN(Eg) =

TIN(918283) = TIN((Elﬁg)Eg) < TIN(Eg .

Thus,

(1) TP(Elggég) > TP(Eg) > TP(El) AN TP(Eg) =
TRP(31€QE3) > TRP(El)/\TRP(Eg) and TIP(EEQE;))) >
TP () AT (8),

(2) TN(Elfg{fg) < TN(El) \Y TN(Eg) = TRN(E1E233) <
TEN(8)) v TEN(€3) and
TIN(&EQB?,) < TIN(El) V TIN(Eg)

Therefore, 77 = (X; 7P, TN) = (X, TR+, 1P TRV

(YN is a BCF BID of X. ]

Corollary 3.7. Every BCF ID of X is a BCF GID of X

Remark 3.8. In example 3.2 we can show that the converse

of the above theorem is not true in general.

Consider YRP +.71F (ca) = TP +.71F (b) = 0.5+10.5 #

0.84+:0.8 = TP 1,717 (a) and TN +1X™N (ca) = TEN +

IV (B) = —0.5 — 0.5 £ 0.6 — 0.6 = TEN 4+ 1IN (a).

Then,

(1) TP(ca) =TP(b) = 0.5 # 08 =7F(a) = T (ca) =
TEP() = 05 # 08 = YEP(a) and T1¥(ca) =
TP () = 0.5 # 0.8 =71 (a).

(2) TV(ca) = TN®b) = =05 £ —0.6 = TN(a) =
TEN(ca) = TEN(b) = —0.5 £ —0.6 = TEN(a) and
TN (ca) = TN (b) = —0.5 £ —0.6 = TV (a).

Thus, YT = (X; 7P, TN) = (X; YR 4,712 TRN 4 IN)

is not a BCF ID of X.

The following theorem shows that the BCF BIDs and BCF
IDs coincide for some types of semigroups.

Theorem 3.9. In regular of X, the BCF BIDs and BCF IDs
coincide.

Proof: Let TH! (7P, TN (X TRP +
(XIPTEN £ 71N be a BCF BID of a regular of X and let
1,8 € X. Since X is regular, we have €€, € (£,X8)X C
£, X¢; which that €,¢5, = £,ht; for some h € X. Thus,

(1) TP(Elfg) = TP(Elhkl) > TP(El) A\ TP(El) =
TRP(Eleg) = TRP(Elf)El) > TRP(El) A TRP(El) and
TIP(818) =TI (61h8)) > TIP (&) ATIE (8))

(2) TN(#18) = TN(EbE) < TN@E) vV INE) =
TRN(Elég) = TRN(Elf)El) < TRN(El) vV TRN(?l) and
TIN(e18y) = VIV (E1hEy) < TIN (&) v TIN(8)).

Hence, TRl = (X, 77, 7N) = (X, TEP + 7P TEN 4

(YN is a BCF RID of X. Similarly, we can prove that

TR = (7P, 7N) = (X, 7B + TP RN 1,71V s a

BCF LID of X. Thus, Y7 = (X; TRP +,7IP TEN 4, IN)

is a BCF ID of X. |

Corollary 3.10. In regular of X, the BCF GBIDs and BCF
IDs coincide.

The following theorems are basic properties.

Theorem 3.11. Let 9 be a non-empty subset on X. Then
9 is a GBID of X if and only if X3 = (X;x&h, X&) =
(3 X8 + oxE Y + oY) is a BCF GBID of X.

Proof: Suppose that 9T is a GBID on X and let
31732, t; € X.

If E1,83 € R, then £18:¢3 € K. Thus, 1 +:¢1 = Xgp(gl) =
xgt(es) = xF(e2) = xi(e3) = x§"(Litaty) =
X{@P(Elszzg) and —1 — (1 = XIR?N(El) = Xy}«EN(E3) =
X (1) = xR (83) = XN (£18283) = x & (E1€283). Hence,
(1) xg(trkabs) > xF(81) A x5 (E3) = xid7(Eitats) >

xal(6) A x@P(k3) and X7 (B1kats) > x§7(81) A
IP e )
Xﬁ ( 3)s
(2) x5 (Bit2ts) < xJ(k2) V xJ (k3) = x§V(t1tats) <
XN (er) V xRN (e3) and xgY (Brbats) < x§V(E1) V
IN E )
Xa ( 3

If €, ¢ Rort; ¢ &, then 0+ 0 = x5 (&) = xE(¢5) and
0+ 00 =x5(t1) = x¥(¢3). Thus,

(1) xjg(trkats) > xG(61) A x§(83) = xF7(E1kats)
Xal(81) A xgP(e3) and x(Bitats) > xE7 (1)
P
Xg (€3),

(2) X3 (Bitats) < xR (E2) V XX (83) = xEV(Bitats) <
XgN(El) V XgN(Eg) and XéN(Elszg) S XéN(El) V
N
X (€3)-

Hence, xi' = (X x5, X&) = (& +ox i x @ +ox )

is a BCF GBID of X.

Conversely, suppose that xEI = (X;xE,x¥) =
(X XBP 4+ i\ LP BN + xIV) is a BCF GBID of X. Let
t,8,,3 € X and ¢1,83 € K. Then 1 4 (1 = Xgp(gl) =

> |V

>
5
S
=
&
Il
=,
S
=
NS
I
=
"~
=
S
o
=
o
|
_
|
-
a
I
>
Sy
Z
=
=
Il

14
(1) xG(trtats) > xE(8) A xE(ks) = xEP(t18ats)
Xgp(él) A Xgp(kz;) and Xép(flkgkg) Z X%P(El)
Xi (€3)
(2) xgq (Brtats) < XN (B1) V x§ (83) = x3ZV(Eitat3)
Xa(81) VxRN (e3) and x g (e182t3) < xEY (&)
X&" (83).

> |V

< IA
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Thus, ¢1¢>¢3 € K. Therefore, K is a GBID on X. [ |

Corollary 3.12. Let 9 be a non-empty subset on X. Then
M is a bi- ideal of X if and only if x5 = (X; x4 xdh) =
(X XEE + &P XEN + 1xtY) is @ BCF BID of X.

Proof: Tt follows from Theorems 2.10 and 3.11. ]

Theorem 3.13. A BCF set 11! (7P, TNy =
(X, TRP 4+ 1P RN 4 TINY is a BCF GBID of
X if and only if the non-empty subset PN ((TEF +
XIP (7,n), (TRN 4 .YV (p,0))) is a GBID of X for
all m,n € [0,1] and p,0 € [-1,0].

Proof: Let TR = (x;77,TVN) (X TRP +
(TP TEN 4 TINY s a BCF GBID of X. Then TR =
(X2, rNy = (TR 4 P rEN Iy s a
BCF SSG of X. Thus by Theorem 2.12, PN ((YTF +
I (m,m), (TEN +.71N (,0))) is a SSGs of X.

Let €;,8, 85 € X, 7,7 € [0,1] and p,0 € [—1,0].

If ¢, € PN((YEP .7 (m,n)), TEN .71V (0,0)))
and €3 € PN ((YEF +.071F (7,m)), VEN 47N (0, 0))),
then TRP(El) A TRP(E?,) >, TIP(El) N TIP(EP,) > n and
TRN(El) \Y TRN(Eg) S Q,TIN(El) \Y TIN(Eg) S ag. By
assumption,

( ) TP(Elggég) > rP (El) A\ TP(E3) = TRP(Elégﬁg)
TRP(E) T P(E ) and TIP(Bléggg) > TIP(EQ)
TIP(Eg)

( ) N (Elfggg) < N (El> \Y TN(E:;) = TRN(E1€2E3)
TRN(El) v T N(E ) and TIN(31E2E3) § TIN(El)
TIN(g3).

Thus,

XIP (7

2
A
<
%

£82€3 is an  element of PN((TEF +

), (TN +.01N (o, 0))).

If €, ¢ PN((YEP +.71F (7,n)), (VEN +. 7N (0,0

or €3 & PN((YEP +.7P (7, 7)), (TEN +. 7N (9,0)

(1) TP(319233) > TP(El) 74\ TP(Eg,) = TRP(Elggﬂg)
TRP(EQ) N TRP(E3) and TIP(Elkgkg) > TIP(EQ)
TIP(E:;)

( ) N (E1E2E3) < N (El) \Y TN(E3) = TRN(Elfgég)
TRN(E) v T N( ) and TIN(Elfgﬂg) < TIN(El)
TIN (¢3).

Thus, £8:¢3 is an element of

X (7)), (TN 400N (0, 0))).

Hence, PA'((T7F + 717, (m, ), (TRN 4+ 71N (0,0)))

is a genrelized bi-ideal of X.

Conversely, suppose that PN((TEP +
P (m,n), (TEN 4+ YN (0,0))) is a GBID of X.
By assumption, PN (YR’ + 7P (7, 9), (YN +
(YN (p,0))) is a SSGs of X. Thus by Theorem

)
)

)

)

— —

> |V

<
%

PN(YEP +

2,12, TR = (% 7RP 4 P TRN 4 rINY s
a BCF SSG of X. Let ¢,85 € X,m,n € [0,]]
and o,0 € [-1,0]. By assumption, £ €€3 is an

element of YR = (X;TRP 4 ,IP RN L 7IN),
Thus, TEP(f18283) > m = TEP(e) A TEP(g3),
TIP(Elegfg) > n = TRP(El) AN TRP(Eg),
TRN(&{%Q{’B) < o = TRN(El) V TRN(ES) and
TIN(hEQEg) < o = TIN(El) V TIN(E{),). Hence,
TR — (x; TP,TN) = (X; TRP 4 LTIP,TRN + LTIN) is
a BCF GBID of X. |

Theorem 3.14. A BCF set THI = (X;77,7N) =
(%; TRE 1 TP TEN 4 Y INY is a BCF BID of X if and only

if the non-empty subset PN ((YEF +. 7P (7 n)), (TEN +
YN (0,0))) is a bi-ideal of X for all m,n € [0,1] and
0,0 € [—1,0].

Proof: Tt follows from Theorems 2.12 and 3.13. ]

Some equivalent conditions are important properties for

a BCF BID of a of X which are shown in the following
theorem.

Theorem 3.15. A CBF set THI = (X;77,7N) =
(X, TRP 1P RN 4 TINY s a BCF GBID of X if
and only if TR © X © TR < TR ywhere X7 =
(%; 2P, 2N) = (xBP 4 xIP xBN 4+ xINY) is a BCF set
of X.

Proof: Assume that TR = (X; 7P, 7N) = (X; TR +
(XIP RN 1INy is a BCF GBID of X. Let £ € X. Then
(TRI © X @ TR (£) = ((XB o TEL) o XB1)(b).

If Ay = (), then it is easy to verify that, (TFF o X%P) o
TEP(E) < TEP(E), (TYIF o XIP) o YIP(¥) < TTP () and
(TRNO,'{RN)OTRN(E) > TRN(E), (TINO:{IN) OTIN(E) >
TIN(e).

If Ay # (), then

(TRP o Z{RP) ° TRP({%)

= V AT ox™)(x) AT (0)}
t,0)EA:

" \)/E { V A7) AXEP (0} AT (0)}
(v,0)€Ae (u,t)EA,

= V { V {T*PW) AL} AT (0)}
(v,0)€Ae (u,t)€A,

= V { V {T*W}AT"(0)}
(v,0)€Ae (u,t)EA,

= VvV V {T*u) AT (0)}
(v,0)EAe (u,t)EA,

< V{7 (uto)}
(t70)eA€

— TRP(E)

Thus, (T o XEP) o TEP () < TEP(¢). Similarly, we can
show that (717 o XIP) o TP (£) < TP (¥). And

(TRN ° xRN) ° TRN(E)
= A A@W o xXN)(r) VIV (0)}
v,0)EA
" v XEN (o)} VIEN (o)}

= AN LA ATW

= A { A {ITWA-1 VTN (o))
)}V TN (o)}
VTN (o)}

Thus, (TN o XBN) o TEN (). Similarly, we can show that
(YN o XIN) o TIN (£). Hence, TH! © X1 @ TR L TR,

Conversely, suppose that TR @ XBI @ rif < TR,
Let £,8,8 € X. Then by assumption, (T7F o XfF) o
TRP(Elfgfg) < TRP(Blfgﬁg), (TIP O:{IP) OTIP(812233) <
TIP(£18083), (TEN o XBN) 0 TEN (£18083) > TEN (£,8583)
and (TIN ] XIN) o TIN (91E233) > TIN (913293). ThUS,

> (TRP ° xRP) ° TRP(91?293>
{(TFF 0 X2 (x)) AT (o)}

TRP (8,828;)
=V

(v,0)€Ae eqt4
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=V  { V {T™uArxPO} AT (0)}
(t,0)€EA eyt (W HEAL

= vV {V

(v,0)€EAe 065 (u,t)EAL
=V VAT w) A
(t,U)GAelezgS(u,t)GAt
> TRP(8,) A TRP (8).

Hence, T (8 £283) > TEP (&) A TEP (€3). Similarly, we
can show that T7F (€1€083) > TP (8)) A TTE (€3).
Therefore, TP(Elégéd) > TP(E1) AN TP(EJ) =
TRP(Elfggg) > TRP(Bl) A\ TRP(Eg) and TIP(Elégég) >
TIP(e)) ATIE (83).

TEN (g16583) < (TEN 0 XBN) o TEN (g, 8,8,

= N A@ToXN(v)) vITN(o)}
(t,0)EA gty

= N {A

(t,U)GAelEQE?’ (u,t)GAr

= AN LA

(t,0)€Ap e (U, H)EAL

= N A v
(t,0)€A¢e gty (u,t)EAL

< TRN(El) V TRN(E;;).

Hence, TN (€18583) < TEN(€)) v TEN (83). Similarly, we
can show that 7TV (g1€283) < TTN (&) v YTV (€3).
Therefore, TV (£18283) <  TN(E) v TV(E3) =
YEN (E132E3) < TEN (El) v TRN (33) and
TIN (1tots) < TIN (8) v TIN (k).

Consequently, Y7/ = (x; 77, rN) (X TEP +
(IPTEN 4 INY is a BCF GBID of X. [ |

Theorem 3.16. A CBF set T* = (X;7P,7N) =
(X, TRP 4 rIP TRN +\ 7INY) is a BCF BID of X if and
only ifTRI ©® TRI < TRI and TRI ©® xRI ©® TRI j TRI
where XBI = (X; XP XN) = (XBP 4 1P xRN 4 xIN)
is a BCF set of X.

Proof: It follows from Theorems 2.13 and 3.15. [ |

{77 () AL} ATEP ()}

TR ()}

{77 (w) v XN (6} VTN (0)}

{7 () v =1} v TN (1)}

IV. CHARACTERIZATIONS OF REGULAR AND
INTRA-REGULAR SEMIGROUPS.

In this topic, we will characterize a regular and intra-
regular of X using in terms of BCF bi-ideals and BCF ideals.

This lemmas is a tool of characterization a regular and
intra-regular of X in terms of BCF BIDs.

Lemma 4.1. [18] If T® = (X077, vN) = (X;7FF +
XIP RN 4 YINY s @ BCF RID and %T =
(597, M) = (GRP + P PPN N is a BCF
LID of %, then TR @ BRI 2 TRl

Lemma 4.2. [I8] Let R and £ be a non-empty subsets of
X. Then

(1) x I © X = Xﬁg

(@) X X = X

The following theorem shows an equivalent conditional
statement for an intra-regular of X.

Theorem 4.3. Let X be a SG. Then the following are

equivalent:

(1) X is intra-regular,

(2) TR Nyl X TR @ BRI for every BCF LID TT! =
(7P, TN = (%, VEP 4 1P TREN 4 TINY of X

and every BCF RID ¢*! =
Ll[)IP,?//RN + LwIN) of%

Theorem 4.4. Let X be a SG. Then the following are
equivalent:

(X7, M) = (X 97 +

(1) X is intra-regular,

(2) TRENYRT L TR g o © X1 for every BCF GBID
TR = (x; TP JIYNY = (X 7RP 4 TP RN 1IN
of X and every BCF LID &1 = (X;9F V) =
(X 0FP 4 P RN IV of X,

(3) TR Ny 2 TR R 0 XBI| for every BCF BID
TRI — (x’ TP,TN) — (%;TRP—FLTIP,TRN +LTIN)
of X and every BCF LID %' = (X;9F V) =
(X5 P TP, R 4 Ny of .

Proof: (1) = (2) Let TR = (X;7P, V)
(x; TRP + LTIP7TRN + LTIN) and ’L/)RI — (:{’ 1/JP,1/JN) —
(X; B + 1pIP pBN 4 9pIN) be a BCF GBID and a BCF
LID of X respectively. Let £ € X. Then there exist t,e € X
such that £ = vé%e. Also, £ = vé%e = v(vt?e)be = (v2€)(Leke).
Thus,

(TRP ° ¢RP ° %RP)(?)

=V AT A @™ o X)) (0)}
(u,0)€A;
> VAT () A (P 0 XTP) (kete)}
(u,0)EA
=V {T*Pon V@ () AXEP)(0)
(u,0)EA (ro,c)EAcee
> TRP () A (7 (eet) A X1 (e))
=TEP(6) A (W7 (ket) A1) = TR (€) AP (tet)
> TEP () A (7P (6) A TP (£) > TRE(8) AP (E)
)-

(TRP A ’(/)RP)(E

Hence, (TEF o ot o XBP)(£) > (YEP A BP) (k).
Similarly, we can show that (71 o P o XI1P)(¢) >
(YIP A pIP)(€). And

TRN wRN xRN)(E)

= A ATEN(@) A (BN 0 XFN)(0)}
(u,0)EA
< A {TEP(et%e) v (BN o XEN) (keke)}
(u,0)EA
A AT v A (N () v XN (o)}
u,0)EA, 1,0)EApcre
< (TRJ)V (&) V (7N (keb) V(%I%N(e))
=TEN(£) v (N (ket) vV —1) = TEN (8) v 1IN (tet)
<TEN () v (7N (8) v wRN( )) < TEN(8) v N (¢)

= (TN V) ().

Hence, (TEN o BN o XEN)(£) < (TEN v N (¢).
Similarly, we can show that (YN o !N o XIN)(¥) <
(YINvpIN)(€). Therefore, YEINyY R S TR gypltl @ X B
(2) = (3) Since every BCF GBID is BCF BID in of X.

(3) = (1) Let TR = (x;77,7N) = (7R +
LTIP TRN +LTIN) and wRI (% ,(/}P wN) (x7 wRP_i_
WP BN 4 1pTN) be a BCF GBID and a BCF LID of
X respectively. Since every BCF RID of X is a BCF BID,
we have ¥ is also a BFC BID of X. Thus, by hypothesis
TRINR L 7RG (Rl oX B X TR 9y By Theorem
4.3, X is intra-regular. ]

Theorem 4.5. Let X be a SG. Then the following are
equivalent:

(1) X is intra-regular,
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(2) YRIN YR 3 xR @ YR @ @RI, for every BCF GBID
TRI = (X, 7P, TN) = (X; TRP £, TIP TRN 1 TIN)
of X and every BCF RID T = (X;9F V) =
(X ORP 4 P YRN 4 piN) of %,

(3) TR Nyl 2 xR o TR © ¢!, for every BCF BID
TRI — (x’ TP,TN) — (x’ TRP+LTIP,TRN +LTIN)
of X and every BCF RID T = (X;9f V) =
(X5 ORF 4 P RN 4 pIN) of .

Proof: (1) = (2) Let TR = (xX;77,TVN)
(x TRP—FLTIP TRN+LTIN) and le (x wP wN)
(X; P 4+ 1pIP pBN 4 19pIN) be a BCF GBID and a BCF
RID of X respectively. Let £ € X. Then there exist t,e € X
such that € = vé%e. Also, & = vé%e = ve(ct%e)e = (vbet)(ke?).
Thus,

(}:RP OTRP O’l/)RP)(E)
=V A& oT ) (u) AT o)}

i {(XFP o TRP) (veet) A 7P (%))

u,0)EAg

VOV @) TR ) A
)

>

PP (Ee?)
(u,0)€Ar (10,¢)EA e

(XRP (v) A TEP (ket)) A 7P (8)

(1 A TEP (c8)) A HRP (8) = THP (c8) A RP ()
(TRP (&) A TP (8)) A 1P (8) = TRP (8) A PP (1)
(CRP AR ).

Hence, (X1 o TEP o ofPP)(8) > (TRP A RP)(¥).
Similarly, we can show that (X o TP o IP)(£) >
(TIP AP (E). And

(xRN ° TRN ° wRN)(E)
= A A& oTEN)(u) v TN (o)}

v I v

< (u’o/)\e Ae{(aeRN o TRN)(ctet) v PN (£e2))
u,0)EAe
= ( /)\ { A (X)) vTEN (o)) v BN (£e2)

(u,0)€Ae (0,c)EAcece
< (XAN () v TN (kek)) v PN (8)
=(0A TRN(EtE)) \Y, z/;RN(E) = TEN (tet) v wRN({*)
S (TEN() VRN () v N (8) = TEN (6) v N (¥)
= (TRN AR ().

Hence, (X1N o TEN o fiN)(g) < (YEN v 1/JRN)()
Similarly, we can show that (XN o TN o IN)(¥) <
(YIN v IN)(€). Therefore, YEINyRT < XRI@)TRI@d)RI
(2) = (3) Since every BCF GBID is BCF BID of X.

(3) = (1) Let TFI = (X;7P,7N) = (X;7RF +
I,TIP TRN —|—I,TIN) and ¢R1 (x wP ¢N) (x’ wRP +
TP BN 4 12pTN) be a BCF GBID and a BCF RID of
X respectively. Since every BCF LID of X is a BCF BID,
we have ¥ is also a BFC BID of X. Thus, by hypothesis
TRI ﬂwRI j (xRI @TRI)@wRI j TRI @wRI' By Theorem
4.3, X is intra-regular. [ |

Lemma 4.6. [2]] Let X be a SG. Then X is regular and
intra-regular if and only if B = B2 for every bi-ideal B of
X

Lemma 4.7. [18] For a SG X, the following conditions are
equivalent:

(1) X is regular and intra-regular,
(2) TRINgRL Z (YR RYN (R @ TR for every BCF
LID TR = (%, 7P, 7N) = (%;TRP + 1P RN 4

(YI™N) and every BCF RID ¢! = (X;9F ¢N) =
(3 " + " P PN it of X

Theorem 4.8. For a semigroup X, the following conditions
are equivalent:

(1) X is regular and intra-regular,

(2) B =B © B for every BCF BID B of X,

(3) TRI N wR[ ,-—j (TRI ©® ,(/}RI) e (wRI ©® TRI) for
every BCF BIDs TR = (X;7P, vN) = (X8RP +
OEE RN L PINY and B (X;9F ) =
(X5 7P 4 1P, RN 1+ pIN) of X,

(4) TRINgRL L (YRLeyp BN (B @ TR for every BCF
BID YR = (x;7P,7N) = (X, TRP + 1P TEN 4
(YN and every BCF LID ¢ = (X;4F ¢N) =
(X5 0RP 4 P RN 4 IN) of X,

(5) TRINYRL S (YR RN (v @ TRT) for every BCF
BID YR = (x;7P,7N) = (x;YRP 4+ 1P TREN 4
(YI™N) and every BCF RID ¢! = (X;9F ¢N) =
(X 0P 4 P RN 1Y) of .

Proof: (1) = (3) Let TR = (X;7P, V)
(X TRP 4 TP PEN 4 PINY and T = (X; ¢P PplV) =
(X3 B 4+ TP BN 4+ 1pIN) be BCF BIDs and ¢ € X.
Then there exist t,e,t € X such that ¢ = £t and ¢ = et>t.
Also, € = vt = Ebet = ve(eb?t)re = (Evet)(Etet). Thus,

(TEP o 7P () = ( \)/A {(rEP)(u) ApBP(0)}
> TRP (veet) A PP (btt)

> (TEP(&) ATEP(8)) A (07 (8) A pFP(8))
=TEP(e) A B (8) = (TR A B (B).

Hence, (T o 1P (€) > (TEP A BP)(€). Similarly,
we can show that (Y7 o !P)(€) > (YIF A pIF)(€). And

(TN 0 BN () = ( /)\A {(rN) () v "N (0)}
< TRN (cet) v RN (Etet)

< (PN TIP) V(0 (1) Y (8)
= TRV (R IV () = (TR Y ) ).

Hence, (TN oypfBN)(8) < (YEN v BEN)(¥). Similarly, we
can show that (71N oIV (€) < (YIN VI N) (k). Therefore,
TRENRE <X TR R In the same way we can show
that YRT N7 < R @ TR Thus, YRI 9P 5 (TH @

wRI) N (wRI ©® TRI).

(3) = (Q)TRI = YRI ARl = (TRI @TRI) ) (TRI ©®
TEL

(3) = (4) Since every BCF LID is BCF BID in X

(4) = (1) By Lemma 4.7.

(3) = (5) Since every BCF RID is BCF BID in X

(5) = (1) By Lemma 4.7.

(2) = (1) Let B be a BID of X and £ € B. Then

by Corollary 3.12, x& = (X;x&,x&) = (XxEF +
X XEN 4+ oxld') is a BCF BID of X. By hypothesis,
(it © X&) (E) = 1+ 01 and (G @ x&V)(8) = =1 — o1,

Then
\/ @R () A B ()} = (TRF 0 pRF)(8) = 1,
(u,0)EA
\/ @) ) AT (o)) = (T 0! T)(E) = 01

(u,0)EA
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and

A @) w) vt (o)) = (X 0 T) () = -1,

(u,0)€A;

A A@™M) @) v (e)} = @ o ™)) = 1.
(U,O)EAE
Thus, ¢ € BB. Hence, B C B‘B. Clearly BB C ‘B. By
Lemma 4.6 X is regular and intra-regular. ]

Corollary 4.9. For a SG X, the following conditions are
equivalent:

(1) X is regular and intra-regular,

(2) TRI N le j (TRI ©® wRI) ) (wRI ©® TRI) for
every BCF GIDs Y™ = (%, 7P, 7rN) = (;TFF +
LTIP,TRN + LTIN) and wRI — (x;wP,wN) —
(3 0FP + P, BN 4 V) of X,

TRINYRE < (TR ey (p T @ TR for every BCF
GBID TR = (%, 77, YN) = (%, TP 4, TP TEN 4
(YT™N) and every BCF LID yfT = (X;4F ")
(x;wRP+LwIP7,(/)RN+LwIN) of%,

TERINRE < (TRL ey RN (I oY ED) for every BCF
GBID TRI — (%;TP,TN) — (x;TRP —I—LTIP,TRN +
(YN and every BCF RID ™ = (X;47,yN)
(.%;ZZ}RP‘FL’l/)IP,wRN‘FLZ[}IN) 0f3€

3)

V. CONCLUSION

This paper gives the concept of bipolar complex fuzzy
bi-ideals in semigroups. We investigate the properties of
bipolar complex fuzzy bi-ideals and between relation bi-
ideals and bipolar complex fuzzy bi-ideals. Additionally, we
find conditions bipolar complex fuzzy ideals and bipolar
complex fuzzy bi-ideals coincide and bipolar complex fuzzy
generalized bi-ideals and bipolar complex fuzzy bi-ideals
coincide. Finally, we characterize a regular and an intra-
regular semigroup in the bipolar complex fuzzy bi-ideal.
Further, we study bipolar complex fuzzy quasi-ideals in
semigroups or algebraic systems.
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