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Modification of Cox-Snell and Martingale Residual
for Estimating Change Point in a Covariate within
the Cox Proportional Hazard Model

Muhammad Hasan Sidiq Kurniawan, Gunardi, and Danardono

Abstract—The Cox Proportional Hazard (Cox-PH) model can
be segmented into two parts if there is an indication of a change
point. A method is developed to detect a change point through
the residuals of the Cox-PH model. These residuals are modified
to obtain the optimal estimate for the Cox-PH model with a
change point. The modification is carried out by calculating
the residuals based on the Kaplan-Meier estimator and the
Koziol-Green model instead of the Nelson-Aalen estimator.
The presence of a change point is tested by calculating the
empirical likelihood ratio of the residuals. The distribution of
the proposed test statistic is analyzed using P-P plots from the
simulation data. The performance of the Cox-PH model with
an estimated change point was evaluated through simulations.
For real data application, PBC data is analyzed using the
proposed method, and the results are compared with the results
of previous studies with the same dataset.

Index Terms—Cox-PH, Change point, Empirical likelihood
ratio, Residuals, Kaplan-Meier, Koziol-Green.

I. INTRODUCTION

N survival analysis, the observed data is the time to event

and its censoring status. This allows for the estimation
of the hazard function that indicates the risk level at ¢. In
some cases, covariates are also analyzed. If so, the Cox-
Proportional Hazard (Cox-PH) Model is commonly used. In
practice, the hazard function can undergo drastic changes
due to changes in the covariate values. Failure to anticipate
these changes can lead to analysis results that may not
accurately reflect the actual conditions and could endanger
patients in care. On the other hand, determining life insurance
premiums must also consider these changes to ensure fairer
premiums for the patients. A similar issue has also been
discussed regarding the lifetime of components in an adjacent
parallel structure [1]. So, estimating the covariate value that
will change the hazard function drastically is essential. The
occurrence of these changes is referred to as change points.

Previous studies have explored the estimation of change
points in the Cox-PH model. The change point estimation
can be conducted for the time variable [2], [3]]. The Cox-PH
model was upgraded to include a change point parameter
in both studies. Therefore, the partial likelihood function
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will also undergo adjustments. Estimations are those that
maximize the partial likelihood function. Liu et al. (2008)
performed a Monte Carlo simulation to detect change points
in the same model [4]]. Modifications can also be made to
the Cox-PH model to allow the detection of change points
in its covariate [3]], [6]. The estimation of the change point
parameters are those that maximize the partial likelihood
function. A further advanced study was carried out by Jensen
and Liitkebohmert (2008), enabling the detection of more
than one change point in a single covariate [7]]. Change point
detection can also be conducted by performing a likelihood
ratio test [8]]. This test relies on the partial likelihood function
of the Cox-PH model, which includes change point parame-
ters.

A common aspect of the previous studies is modifying the
Cox-PH model to include change point parameters before
estimating these parameters. Some modifications often have
complex forms. In this paper, we will attempt to estimate
the change point based on the basic form of the Cox-PH
model without needing to add a change point parameter. If
there is a sample consisting of time ¢, censoring status &,
and a single covariate x, written as (¢;,d;, ;)" such that
z; < z;41 and the suspected change point is zj, with ¢ =
1,2,...,k,k+1,...,n, then the model to be discussed in this
paper is

h(tili) = ho(t:) a exp(Br2s) 7= )
ho(t;) B exp(Baz;)

n
i=k+1

Because there is no change point parameter, the change
point is determined by trying each possible value of k in
the model (I). An empirical likelihood ratio test will test
whether zj is a change point. This procedure was inspired
by the studies by Liu and Qian (2010), who applied it to
a linear model with a single covariate [9]. Gamage and
Ning (2021) also used it in an autoregressive model [10].
In both studies, change point detection was performed by
calculating the likelihood ratio of the model’s residuals. The
empirical likelihood ratio is calculated because the residuals
are not assumed to follow a specific distribution. However,
the residuals in the Cox-PH model have a different formula.
There are several formulas for the Cox-PH residuals. In this
paper, the martingale residual formula will be discussed.
Therneau et al. (1990) have shown that martingale residuals
can detect the presence of outliers in a sample [[11]]. If there
are outliers, a specific Cox-PH model can be estimated. This
aligns with the idea of the change point. Farrington (2000)
indicates that the martingale residual is a modified version
of the Cox-Snell residuals [12]]. Therefore, the Cox-Snell
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residual will also be discussed in this paper.

This study will attempt to detect and estimate a change
point in a single covariate using Cox-Snell and martingale
residuals. Both residuals are formed based on the Nelson-
Aalen estimator for the cumulative hazard function. Modifi-
cations will be made to the cumulative hazard function for
both residuals to obtain the best residuals for the change point
estimation. We will modify by changing Nelson-Aalen with
another estimator, such as Kaplan-Meier [13]] and the Koziol-
Green model [14]. Modifying the estimator of the hazard
function using the Koziol-Green model can lead to a better
model [15]. On the other hand, the Kaplan-Meier estimator
has its strengths and weaknesses compared to Nelson-Aalen,
depending on the data characteristics[16]. Also, the Kaplan-
Meier is one of the most used techniques in survival analysis
[17].

The structure of this paper is as follows. Section II
discusses Cox-Snell and martingale residuals for the Cox-
PH model with a single covariate. Section III provides the
detection and estimation of a change point by calculating the
empirical likelihood ratio of both residuals and then defining
a statistic to test for the presence of a change point. The
distribution of this statistic was examined through simulation.
In Section IV, modifications are made to the Cox-Snell
and martingale residuals by substituting their cumulative
baseline hazard functions with other estimators than Nelson-
Aalen. These modifications are used to detect and estimate
a change point. In Section V, we conduct simulations and
real data analysis. Also, we calculate the average remaining
lifetime based on covariate intervals constructed based on the
estimated change points to illustrate the implementation of
change point estimation in healthcare and insurance fields.
Section VI contains a discussion.

II. RESIDUAL FOR Cox-PH MODEL
A. Cox-Snell Residual

Let t; and x; be time-to-event and covariate values for
i-th observations, respectively, for ¢ = 1,2, ...,n. A Cox-PH
regression model with a single covariate x can be formulated
as

h(tilz:) = ho(t;) exp(Bz;) (2)

ho(t;) is the baseline hazard before the covariate effect is
added into the model, and 3 is the Cox-PH’s parameter. The
cumulative of the baseline hazard is written as Ho(t). The
distribution for the cumulative baseline hazard is exponential
(A =1). By estimating § and Hy(t), the Cox-Snell residual

for Eq. (2) is
écsi = Ho(t;) exp(B;) 3)

Therefore we can see that E(2¢s;) = exp(3i). The estima-
tion for the cumulative baseline hazard is defined as [18]]

X d;
Hy(t) = p— 4)
d; is the number of events at ¢; and W(¢;, B) =
D jeR(t;) €XP (ij), with R(t;) is the number of objects
at risk, at ¢;. If there are no covariates, the Eq. @) will take

the form of the Nelson-Aalen estimator for the cumulative
hazard function. Therefore, the Cox-Snell residual become

d;
Ecsi = &)
tz:gt R(t;)

B. Martingale Residual

The martingale residual is calculated using a counting pro-
cess approach that counts the number of objects experiencing
the event in the interval [0,¢). For ¢ = 1,2,...,n and ¢ > 0,
we define the counting process N;(t) = I[T; <t,0; = 1] so
that N(t) = i Ni(t) = >, -, 0; represents the number
of events at time ¢ or before t. Let Y;(t) = I[T; > t] be
an indicator that object number ¢ is at risk on ¢ so that
Y;(t) = 1 for t; > t. By looking at the Cox-PH model
with a single covariate, the intensity function for the counting
process N;(t) is defined using the following equation [19]

Ai(t) = Y;(t)h(t|x) (6)

The cumulative function for the intensity function is

A = [ Yi)h(t|z)dt

Yi(t) exp(Bx)d(Ho(t))

0\8 0\8

= Ho(t) exp(Br) 0

The difference between the counting process and the cumula-
tive intensity function is called the Martingale. By estimating
Hy(t) and (8, we will obtain the formula for the Martingale
residual.

énri = Ni(t) — Ho(t;) exp(Bz;)
= 0; —écsi ®)

Based on the estimated Cox-PH model, the Martingale
residual can be interpreted as the difference between the
actual number of events and the expected number of events.
Mathematically, the Martingale residual is the difference be-
tween the censoring indicator (d;) and the Cox-Snell residual
(écsi). Therefore, the expected value for the Martingale
residual is E(Zp;) = E(6;) — exp(fZ). Assuming that §;
is Bernoulli (6), the value of E(§;) = 6 is the proportion of
the uncensored objects.

III. DETECTING CHANGE POINT VIA COX-PH RESIDUAL

Using the residual formula of Cox-PH, we propose the
procedure to estimate the change point at the covariate x.
The proposed method is inspired by the work of Liu and
Qian (2010), which calculates the empirical likelihood ratio
of the linear model’s residual to detect the existence of a
change point in a single covariate [9].

Let (¢;,0;,2;)7, is the observation sorted by x so that
x; < z;41. Then the observation is divided into two parts
so we will get (¢;,0;,2;)F_, and (t;,6;, ;)" ;. Then, the
segmented Cox-PH model we get is as in Eq. (I)). For each
segment, the parameter 3 is estimated so that the Cox-Snell
residual for (I)) is

k ) A k
Zi:l W(Zly,él):| exp(ﬁlxi) |i:1

eXP(B2xi)|?:k+1

)

Ecsi(k) = N o
ikt Wit B
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When there is no change point, we will get 51 ~ (2 =~ (. If
so, the Eq. (9) can be written as

) 5 k
S s | ex(Baw) [
Ecsi(k) = = WBe) |l71n

n 4 5 (10)
D ikt W} exp(B12)],_y g

Under the null hypothesis Hp : 31 = 32 the expected value
of écgi(k) would be E(éCSi(k)) = E(éCSi) = exp(ﬂi).
When the null hypothesis is true, x; is not the change
point. We will use the empirical likelihood ratio to test the
hypothesis [9], [10].

Suppose the switched Cox-Snell residuals
(Ecsiy .-y Ecsn) are sample from population with unknown
distribution function so that p; = P(ecs; = Ecs;i), then its
empirical likelihood function is

L(F)=]]»: (11)
=1

Since p; is probability then it holds both p; > 0 and
> pi = 1. Since the Cox-Snell residual has an expected
i=1

value E(écg;) = exp(ST), the empirical likelihood ratio is
defined as [20],

—2log R(k) = —2sup {Zlog(npi)} (12)

i=1

where S piécsi(k) = exp(Bz). To calculate —2log R(k),
i=1
we need to estimate p; first. For that purpose, the Lagrange

function is formulated as,
R= Z log np; — na <Z pifcsi(k) — exp(Bm))
i=1 i=1

—7 (sz— - 1> (13)
=1

o and ~ are the Lagrange multiplier. The values of p;
that optimize )., log(np;) can be obtained by solving
OR/0p; =0 fori=1,...,n.

1 —napiécsi(k) —vpi =0 (14)
By taking v = n the estimation for p; is
. 1
Pi= 15)

n(aécsl-(k) + 1)

To determine p;, we need to estimate «. Substituting Eq.
into Eq. (I2) we will obtain

—2logR(k) =2 [Z log(aécsi(k) +1) (16)

i=1

The value of « that optimizes the empirical likelihood ratio
can be obtained by solving

d(—2logR(k))
da

L sty
=2 [Z (aéogi(k) + 1)2

i=1

=0 17

The second derivative of —2log R (k) for o will be negative,
so the estimated « will maximize —2log R(k).

Now, we will explain the change point detection using
martingale residual. For each segment of the Cox-PH model,
the martingale residual is

v A k
i~ | X W(iﬁél)} eXp(ﬁlxi)) -
n ) 5 n
Oi = | Dimht1 m} exp(ﬁzwi)) ’i_k+(118

Emi(k) =

Then, when there is no change point, the martingale residual
can be written as

k d; A k
51' - Zi:l W(ti’ﬁz):| eXp(BQZL'i)) |i=1
n d; A n
0 — | D imkt1 m} eXp(ﬁlxi)) |i=k+1
19)
Using similar steps, the empirical likelihood ratio for the
martingale residual is

Emi(k) =

—2log R* (k) = —2sup {Zlog(npf)} (20)

i=1

where > piéni(k) =6 —exp(BaE),p;k >0,> pr=1,and

i=1 1=1
p§ is the distribution for (€1, ..., £ ). Using the Lagrange
method, we can obtain that

L 1
pi = n(a*épn(k) + 1)
Thus, the empirical likelihood ratio for (£ps1, ..., Eprp) Will
become
—2log R* (k) =2 | > _log(a &nri(k) + 1) 1)
i=1
with o* is the Lagrange multiplier that can be estimated.

If the empirical likelihood ratio is not sufficiently large,
then hypothesis Hj is not rejected, indicating that xj, is not
the change point. Under the null hypothesis not rejected,
the ratio will be sufficiently small. The empirical likelihood
ratio is calculated for every possible value of k. To test the
hypothesis, a test statistic called ”Change-Point Test (CPyey)”
is determined using both residuals. Based on Liu and Qian
(2010), the test statistics are [9].

CP,est(Cox-Snell) = LBrSn]g%cUB(—Qlog?R(k)) (22)
CPtest(Martingale)\/ max (—2log R*(k)) (23)

LB<k<UB

LB and UB are the lower bound and upper bound for k
respectively. There are no specific rules to determine LB and
UB. We decide that LB = (logn)? and UB = n — LB. If
the test result shows that H is not rejected for all &£ within
the interval ¥ € [LB,UDB] then there is no change point
within observation (¢;, 0;, ;)7 4.

A. The Distribution of the CPjes

The C P statistic has been obtained by calculating the
maximum value of the residual’s empirical likelihood ratio.
To utilize the C P4, statistic, the distribution of the C'Pj.g;
should be known. As for the linear model, the statistic to
detect the change point is Gumbel extreme value distributed
[9]. The Gumbel extreme value distribution is a case of the
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generalized extreme value distribution (gev). The probability
distribution function for gev is given by

B —1/¢
F(@;1,0,C) = exp {— [1 +¢ <Z“>} } (24)

with —oo < 2 < 0o and 1+ (z — )/ > 0. The location,
scale, and shape parameters are u € (—00,00),0 > 0,
and ¢ € (—o0,00) respectively. When the shape parameter
is close to zero, the gev will become Gumbel extreme
value distribution. The residuals for the Cox-PH model are
formulated differently, so it needs to be investigated whether
the statistic still has the same distribution in the linear model.
We will simulate whether the C P, statistic follows the
generalized extreme value distribution. The simulation is
designed to include a time variable 7', a censoring status
d, and a covariate X. Additionally, some observations will
be censored in the simulation to mimic real observations
in survival analysis. The algorithm for the simulation is as
follows.

1) Generating data using the following model: 7' =
2X + €. There is no particular reason to use that
linear model except to generate data. X is generated
from an exponential distribution with A = 1/5, and e
is generated from normal distribution with p = 10
and 0 = 3. We also need a censor status variable
(6) to have (T,0,x). 0 is generated from a Bernoulli
distribution with p = 0.7. The generated sample size
is n = 200, resulting in (7T}, §;, x;)2%9.

2) Resampling via the bootstrap method with 600 itera-
tions for (T3, d;, 7;)2%}. The sample size for each iter-
ation is 200 to have (T3, 85, z:;)2%%;j = 1,2, ..., 600.

3) For each iteration, the C P;.,; statistics is calculated to
have (C Piest;) 32 Then, the parameters of the gev dis-
tribution are estimated using the maximum likelihood
method.

4) Creating the P-P plots of (C’Plestj)?ozol to investigate
whether C'Pyy; follow the gev distribution. P-P Plot
can show the cumulative relationship between C P
and the theoretical distribution, making it more sensi-
tive to small differences that may not be visible in a
histogram.

The P-P plots of the calculated CPj.s; using Cox-Snell
and Martingale residuals are presented on Fig. [I] and Fig.
The P-P plot indicates that the observed probability of
the C P,.s; approximates the expected probability using gev
distribution. Thus, the C Py, is a generalized extreme value
distributed. Let GEV,, represent the critical value for the
CP;.st at significance level «, denoted as P(CPiost >
GEV,) = a. If the statistics CPy.s; exceeds GEV,, then
the null hypothesis is rejected at the significance level «,
indicating the presence of a change point for covariate x.
For k* € [LB,UB]|, if CP;est = \/—2logR(k*) then the
estimation for the covariate change point is the corresponding
value to x«. So, the model will be

h(ti|z;) = {ho(ti)f‘ exp(B12;); T3 < ke

25
ho(t;) B exp(Bax;); T > xp~ 25)

IV. MODIFICATION OF THE COX-PH RESIDUAL

The Cox-Snell and Martingale residuals are calculated
using the Nelson-Aalen estimator for the cumulative hazard

04 06 0.8 1.0
1 |

Observed probabilities

02

T T T T
0.0 02 04 086 0.8 1.0

Expected probabilities

Fig. 1: the P-P plot of the C'P;.s; using Cox-Snell residuals

0.8 1.0
|

06

Observed probabilities
04

02
1

0.0
|

T T T T 1 1
0.0 02 04 06 08 10

Expected probabilities

Fig. 2: the P-P plot of the C'P,.s; using Martingale residuals

function. When covariates are not present, the Cox-Snell
residual can be calculated by estimating the Nelson-Aalen
cumulative hazard function as in Eq @ Meanwhile, the
Martingale residual can be calculated by taking the dif-
ference between the censoring status of each observation
and the Cox-Snell residual. In addition to Nelson-Aalen,
there are other estimators for the cumulative hazard function.
In this article, the Cox-Snell and Martingale residuals will
be calculated by modifying the estimation of its baseline
cumulative hazard function (Ho(t)). This modification is
executed by estimating (Hy(t)) using estimators other than
Nelson-Aalen, which are Kaplan-Meier and Koziol-Green.
The results of these modifications will be compared to
determine a better estimation for the change point.

A. Modification using Kaplan-Meier

Given tq,...,t, with t; < t;;1 representing the times of
occurred event for n objects. For ¢, < ¢, the Kaplan-Meier
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(KM) estimator for the survival probability is [13]

5@”“4;0_£%>

By knowing that H(t) = —logS(t), the Kaplan-Meier
estimator for the cumulative hazard function is

— log ( )) (27)

t;<t
To modify the cumulative baseline hazard Hy(t), we have to
recall that in the absence of covariates, the Cox-Snell residual
can be calculated using Eq. (5), that is the Nelson-Aalen’s
hazard cumulative. Suppose we modify by replacing the
Nelson-Aalen with the Kaplan-Meier estimator. In that case,
when there are no covariates, the formula for the Cox-Snell
residual will be the same as the Eq. (27). Both equations
(@) and share the same characteristics as both of them
consist of d; and R(¢;). By looking at the original formula of
the baseline hazard cumulative in Eq. @, then the formula
of the baseline hazard cumulative using the Kaplan-Meier
estimator can be written as

(26)

K]W

d;
log (1 — ) (28)
kM = ; Wt f)
with W(t;,3) = 3 exp (Bx])
JER(t:)

B. Modification using Koziol-Green

Modifications will also be made using the estimation of
cumulative hazard function based on the Koziol-Green (KG)
model. Let Y denote the duration until an object experiences
an event, and C represents the censoring time for each
object. The cumulative distribution functions for Y and C are
denoted F'(t) and G(t), respectively. Let T; = min(Y;, C;)
be a random variable representing the survival data. If
T; =Y, then the ¢-th observation is uncensored; conversely,
if T; = C}, the i-th observation is right censored. The
cumulative distribution for 7' is

K(t)=P(T<t)=1-(1-F@))1-G() (@9

If § =1, then T =Y or Y < C. Let the cumulative

distribution function for T under the condition 7' = Y be

Fi1(t) = P(T < t]Y < C). The probability density function

for (T=Y|Y <C)is

Pt <Y <t+ At)
AtP(Y <C)

Since T'=Y and according to Eq.(29)

dFl(t) = lim

At—0

(30)

P(T<t)=P(Y <t)=F(t)=1—(1— Ft)(1 - G(t))

will hold if and only if (1 — G(t)) = 1. Therefore, the

probability density function for Y can be written as

Pt <Y <t+At)
At—0 At

=(1-G@)dr@E) G

By assuming the censoring indicator ¢; = I(Y; < C;) fol-
lows a Bernoulli distribution with the probability of success

(uncensored) for i = 1,2, ..., P(Y < (), we will

obtain

nis vy =
PY<C) = P(Y <C|Y =u)dF(u)

P(u < C)dF(u)

Il
0\8 0\8 0\8

— [ (- G)dF) (32)
Next, the Koziol-Green model is defined as [14]
(I-F()”=01-G() (33)

with ¢ as the censoring parameter. Using Eq.(33)), v can be

written as
o0
/ u))?dF (u)
0

B <p+1 (34

Using Eq.(29),(33). and (34), the survival function based on
Koziol-Green model is

2
Il

P(T>t)=(1-K(t)"

Using the maximum likelihood, the estimation for + is
(1/n) > ;. Empirically, the function K (¢) can be calculated
i=1

as P(T < t) = (1/n) > I(T; < t). Therefore, the estima-

=1
tion of the survival using the Koziol-Green (KG) model is

1 n % El i
Ska=(1—— I(T; <t (35)
(t ( e Q
The 4 represents the proportion of the uncensored ob-
servations. Therefore, when 4 ~ 1 (almost no censored
observations), the estimation of the Koziol-Green survival
function will be the same as the Kaplan-Meier estimator,
which is the empirical survival probability P(T > t). Then,
the estimated cumulative hazard function using Koziol-Green
can be written as

Ht)ka = —

n 1 n

; ]log (1 n;I(ﬂgt)> (36)
Using Nelson-Aalen and Kaplan-Meier estimators, R(t) is
the divisor. Meanwhile, the Koziol-Green estimator uses
n as its divisor. The presence of censored observations is
accommodated through the parameter . By revisiting the
Nelson-Aalen’s cumulative hazard, the Cox-Snell residual is
calculated by modifying R(t;) to W(t;,3) (see Eaq. @)),
similarly when modification is done with the Kaplan-Meier
estimator (see Eq. @). In the Koziol-Green estimator, that
W (t, B) cannot be applied since its divisor is n. Therefore,
instead of using W (¢;, B) for the Koziol-Green estimator,
we propose the form of W (5).

3) = Z exp(Ba:i)
i=1

(37
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The proposed value of W(B) is determined based on the
formula of W (;, 3). The difference is that W (/3) is not time-
dependent. This is consistent with the estimation using the
Koziol-Green model, which uses n, whose value is also not
time-dependent. Furthermore, based on Eq. (36) and Eq. (37),
by replacing n with W(ﬁ) the cumulative baseline hazard
function using Koziol-Green model is

. 1 <
Ho(t)ka = —4log (1 -—— > I(T; < t)) (38)
W(B) ;
with 4 = (1/n) 3.7, d; is the proportion of the uncensored
observations.

C. Change Point Detection using Modified Residuals

To detect a change point using Cox-Snell residuals, where
the baseline cumulative hazard has been modified using
Kaplan-Meier, Eq. (9) can be written as

Ho(t, B exp (B ]46_
Ecskmi(k) = {ﬁgit» g:;]:]\j exf)églxii;?_;rl >
where
Ho(t, Bp)reas = Zlog <1 B d)
W(ti, Bp)

for p = 1, 2. If the baseline cumulative hazard is estimated
using the Koziol-Green, the Cox-Snell residual can be ex-
pressed as

. Ho(t, B1) ke eXP(lei)V?_
i(k) = N i=1 40
Ecskai(k) = {Ho( b o) exp(az)|, (40)

where

. ~ 1
Ho(t, Bp) kG = —plog [1 T WD

for p = 1,2. The estimation for parameters 7y; and 7o
are —(1/k)(327_, 6:) and (1/[n — k])(3i 4, 6:), respec-
tively. By referring to EAq., we find that W(B) =
Zf 1 exp(f1z;i) and W(BZ) e k1 €XP(B25).

As in Eq.(9) and Eq 1f Xy, is not a change point, then
ﬁl and ,82 in Eq and i can be exchanged each other
to obtain 5CSKM1(k) and 5CSKG¢(I€).

. o Holt, B2) ke exp(Bas) |i€:1
Ecsxmi(k) = {Ho( b B senr exp(Bu) ‘:;k“ (41)
_ Hy(t, B2) ke exp(ﬁzﬂ%)‘k
i(k it 42
Ecskailk) = {Ho(t ﬁ1)KGeXp(B1xl)‘l " (42)

Since the distribution of the cumulative baseline hazard is
exponential (A = 1), then E(Hy(t)xr) = E(Ho(t)ka) =
1. Thus, when zj is not the change point, we will get
E(cskm(k)) = E(écsxa(k)) = exp(BZ). Then, the
empirical likelihood ratio for the Cox-Snell residual modified
using the Kaplan-Meier and the Koziol-Green are

—2log Reskm (k) = —2sup {Z log(npkm:) } (43)

=1

Qbserved probabilities

00 02 04 06 08B 10

Expected probabilities

Fig. 3: P-P plot of the C'P,.,; using Cox-Snell-Kaplan-Meier
residuals, fitted with generalized extreme value distribution

where pkwy is the probability distribution for Ecsgm. As the
empirical likelihood ratio of the Cox-Snell modified using
the Koziol-Green is
—2log Reska (k) = —2sup {Z log(npKGi)} (44)
i=1
with pgg is the probability distribution for cskg.

The —2log R (k)’s are calculated for each possible value
of k, then used to calculate the statistic C'P;.4; by taking the
square root in Eq and (44).

Suppose a change point is to be detected by modifying the
Martingale residual. In that case, the modification using the
Kaplan-Meier (KM) estimator and Koziol-Green (KG) model
can be accomplished by leveraging the results obtained from
the modified Cox-Snell residual. Hence, the modification of
Martingale residual can be expressed as Evkm; = 03 —EcskMi
and évikgi = 0; — €cskgi- To test using the modified
Martingale residual, whether x; is a change point or not,
the empirical likelihood ratios are

—2log Rmkm(k) = —2sup {Z IOg(an*(Mi)} (45)

=1

and

—2log Rykg (k) = —2sup {Z IOg(”Pik(Gi)} (46)

=1

with pgy and pg are the probability distribution for both

Emkmi (k) = 0; — Ecskmi(k)
émkai(k) = 8; — Ecskai(k)

respectively with ¢ = 1,2, ..., n. Thus, the expected values
of évkmi(k) and éyvikg, (k) under the null hypothesis of no
change point (Hy : 81 = f2) is 0 — exp(ST).

We will investigate whether the C' P statistics obtained
by modifying the residuals follow a generalized extreme
value distribution. By adjusting the residuals and using the
same simulation algorithm as in subsection III.C., the P-P
plot of the modified C Pyt are shown in the Fig. 3, [, [5] and
[6l The simulation results show that statistics C Py.s; follows
the theoretical shape of the gev distribution, suggesting that
statistic C' Py also follows a gev distribution.

V. PRACTICAL STUDY
A. Simulation

In this section, the performance of the change point
estimator using Cox-Snell and Martingale residuals will
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Fig. 4: P-P plot of the C' Py, using Cox-Snell-Koziol-Green
residuals, fitted with generalized extreme value distribution
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Fig. 5: P-P plot of the C'P;.,; using Martingale-Kaplan-Meier
residuals, fitted with generalized extreme value distribution

Observed probabilities

0.0 02 04 06 08 10

Expected probabilities

Fig. 6: P-P plot of the C P,.5; using Martingale-Koziol-Green
residuals, fitted with generalized extreme value distribution

be compared through simulation. The comparison will be
conducted for both the original and modified versions of the
residuals in various situations, such as different sample sizes
and the proportion of the censored observations.

The random sample of variables (7T,0,x) is generated
based on simulation in section III.C. In this section, the
covariate x will also be generated from Gamma (shape =
2, scale = 5) and Log-normal (= 5,0 = 1) distributions.
These distributions, with a domain of x > 0, are selected
because a numerical variable that serves as a covariate in
survival analysis often has positive values. By testing several
distributions for the covariate, we seek to understand whether
variations in the covariate will affect the goodness of the
Cox model with a change point in the covariate. Through
this simulation, we want to know whether or not different
covariate distributions affect the model with the estimated
change point’s goodness. The model’s goodness will be
measured via its Akaike Information Criterion (AIC). The
smaller the AIC, the better the model’s ability to explain
the data [21]. Data generation will be performed using
n = 100 as the sample size. In addition, the proportion of
the uncensored observations (4) will also be varied to see if
the number of censored observations will affect the proposed
method’s performance. We will perform the simulation for
d = (99%, 80%, 50%, 30%). The Cox-PH model’s AIC with

a change point for x is calculated for each varied sample size
and the proportion of censored observations. AIC is used
because it can assess the relative quality of the statistical
model [22]. AIC helps determine the best and most balanced
model to avoid overfitting. Therefore, a model with a lower
AIC is better because it could explain data with a minimum
number of parameters. The change point is estimated through
Cox-Snell and Martingale residuals so that the model will be
as on Eq.(23). Modifications on AIC can be made to adjust
with the studied model. The AIC is modified for the Cox-PH
model with a single change point on covariate z.

AIC = 2p — 2[log(Ly) + log(Ls)] (47)

with p representing the number of estimated parameters in
the model. ﬁl and ﬁg are, respectively, the likelihood values
based on the model’s parameters, estimated for interval z <
xp« and x > xp+. The simulation results are shown in Fig.

and [9]

Cox-Snell-Koziol-Green

Cox-Snell Cox-Snell-Kaplan-Meier

600 00 600
499.67 preg
500 500 500 %0
400 402.28 400 400
300 300 300
2317
200 200 200
1o 1349 100 134.9 100
< Martingale Martingale-Kaplan-Meier Martingale-Koziol-Green
600 500 600
500 478.67 500 48021 500 476.8
400 40437 400 fo1.77 400 395.93
300 300 300
229.53 230.87 229.28
200 200 200
147
100 13386 100 0o 13751
d° go go e do go go oo do ge go g
O F & P & P ® F o P

Uncensored Proportions

Fig. 7: The AIC of the Cox-PH model with a change point
on z, for x ~ exponential(A = 1/5)

For all distributions tested in this simulation, the number
of uncensored observations positively correlates with the AIC
of the Cox-PH model. This also means the more censored
observations there are, the smaller the AIC of the model.
Thus, estimating the change point using the proposed method
will result in a better Cox model in cases where the number
of censored observations increases. A significant proportion
of censored observations can result in less accurate analysis
[23]]. By using the proposed method, this issue can be solved.
The model estimated based on the estimated change point
demonstrates a strong ability to represent the data effectively,
as it has a smaller AIC. Based on the residuals tested in this
simulation, the Martingale residual with its modification is
the most effective in empirically estimating the change point.
This applies when the proportion of uncensored observations
(0) is 30% and 50%. For 6 = 80% and § = 99%, the Cox-
Snell residual still produces a model with smaller AIC (in the
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Fig. 8: The AIC of the Cox-PH model with a change point
on z, for x ~ Gamma(shape = 2, scale = 5)
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Fig. 9: The AIC of the Cox-PH model with a change point
on z, for  ~ Log-Normal(p = 5,0 = 1)

case of x ~ exponential with § = 80%, and x ~ log-normal
with 0 = 99%). Meanwhile, in the case © ~ gamma with
§ = 99%, all residuals give a similar change point estimation,
resulting in identical models among all residual types.
Based on the modifications applied to the residuals, the
modification using the Koziol-Green estimator gives the
smallest AIC for the Cox-PH model with a change point.
In almost every tested covariate distribution, the residual
modification with the Koziol-Green estimator results in the
model with the smallest or second-smallest AIC. Only in
the case x ~ log-normal with § = 99%, the residual

modification with the Koziol-Green estimator produces a
relatively large AIC. Therefore, it can be concluded that
the residual modification with the Koziol-Green estimator
will give a good Cox-PH model for cases with a significant
number of censored observations.

B. Real data analysis

We applied the proposed method for the Primary Biliary
Cirrhosis (PBC) data in [24]]. The dataset consists of 418
observations, with 257 of them being right-censored. The
variable to be analyzed is the duration (in days) from cir-
rhosis patients’ registration until their death (N.days), along
with their censoring status (4). The covariate to be observed
is the bilirubin level (in mg/dl) due to its association with the
cirrhosis patients’ severity [25]. After estimating the change
points for the bilirubin, the Average Remaining lifetime will
be calculated for each bilirubin interval.

Before estimating the change point, bilirubin levels must
significantly impact the mortality risk of cirrhosis patients,
both theoretically and statistically. Additionally, dataset
(N.days,, d;, bilirubin, )18 is sorted by the bilirubin variable
so that bilirubin; < bilirubin,;;;. By constructing a Cox-
PH model, the Wald test statistics for bilirubin levels is
12.26, and it follows a chi-squared distribution with df
(degree of freedom) = 1 because there is only one covariate
being analyzed [26]. For o = 5%, the statistics exceed
xfile = 3.84, indicating that bilirubin levels statistically
affect the mortality risk. Therefore, there might be a change
point for the bilirubin. The estimated Cox-PH model is

h(t|bilirubin) = hq(t) exp(0.142bilirubin)

The change point will be estimated using the original and
modified version of Cox-Snell and martingale residual. The
C P, results are shown in Table [I}

TABLE I: CP,.4 for change point detection using original
and modified Cox-PH residuals

Residuals CPiest  Change Point Candidate  Bilirubin
Cox-Snell (Original) 24.75 bilirubing7 0.7
Cox-Snell (Kaplan-Meier) 52.98 bilirubing 0.7
Cox-Snell (Koziol-Green) 120.36 bilirubiny g2 0.8
Martingale (Original) 21.47 bilirubing7 0.7
Martingale (Kaplan-Meier)  52.93 bilirubingy 0.7
Martingale (Koziol-Green) 119.81 bilirubinj g3 0.8

The C' P, statistics using the modified residuals also fol-
low generalized extreme value distribution. At o = 5%, the
test indicates that all methods conclude that there is a change
point because all of the C'P.est exceed GEV ,_59, = 2.97.
The potential change point may vary, but based on their
bilirubin levels, there are two candidates for the bilirubin
change point, 0.7 and 0.8. Thus, if a Cox-PH model was
formed with a change point at 0.7 and 0.8, the AICs for
both models are shown in Table [IIl As for the original
model without a change point, the AIC is 1651.56. It is quite
clear that the model with a change point performs better.
However, the optimal model is the one with the bilirubin
change point at 0.8 mg/dl, estimated via modified Cox-Snell
and martingale residual using the Koziol-Green model. The
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TABLE II: AIC for the Cox-PH model with a change point
in bilirubin

Bilirubin Change Point  AIC
0.7 mg/dl 1548.03
0.8 mg/dl 1518.81
o
—e— Bilirubin < 0.8mg/d|
Bilirubin > 0.8mg/dl
o
Q
E
=
£ o o
-
[=)]
£ .
£ "
g D\a\
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o - -\
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Year

Fig. 10: The Average Remaining lifetime based on Single
Change Point of Bilirubin Levels

estimated optimal model is

ho(t) 4 exp(3.092bilirubin
ho(t) g exp(0.123bilirubin

h(t|bilirubin) = { ) |bilirubin§0.8

) |bilirubin>0.8

with hg(t) 4 and ho(t) 4 are the baseline hazard correspond-
ing with the bilirubin interval < 0.8 and > 0.8 respectively.
The result is theoretically consistent with the fact that normal
bilirubin levels do not exceed 1.2 mg/dl [27]. Our results
indicate that bilirubin levels above 0.8 mg/dl are already
associated with a higher risk of death. Next, we calculate
the average remaining lifetime for each bilirubin interval,
as shown in Fig. [I0] We can also construct the mortality
tables for each interval, as shown in Appendixes A and B.
The patient with bilirubin levels exceeding 0.8 mg/dl faces
a greater risk of death in the early year of the treatment.
After six years of treatment, patients in both bilirubin inter-
val groups will have relatively similar remaining lifetimes.
Suppose the result is applied to determine the life insurance
premiums during the initial six years. In that case, patients
with bilirubin levels greater than 0.8 mg/dl should pay higher
insurance premiums because their risk is also higher.

The next question is whether the estimated change point
significantly affects the changes in the patient’s survival.
There are 123 patients with bilirubin level < 0.8 mg/dl,
with 18 patients having complete observations, called O;.
Meanwhile, there are 295 patients with bilirubin levels >
0.8 mg/dl, with 143 patients having complete observations,
called Os. Suppose n1; is the number at risk at ¢ for bilirubin

level < 0.8 mg/dl, and no; is the number at risk at ¢ for
bilirubin level > 0.8 mg/dl. Let d; be the number of events
for both categories. The expected value of the occurred event
(death) at ¢ for each group is
it
et = =3
i=1 Tt

X dy;i=1,2 (48)
The expected value of the event occurrence for both bilirubin
categories are Ey = ), ey and Ey = ), ey, respectively.
Under the null hypothesis that there is no difference in
survival function between categories is [28]

2
(05 = Ey)?

The null hypothesis will be rejected at significance level «
if W > X%a’dle). Using the PBC dataset and significance
level 5%, the obtained statistic is W = 46.3 > X%5%7df:1) =
3.84. Then, based on the log-rank test, we can say there is
a significant difference in patient survival for both bilirubin
categories.

Suppose we create a categorical variable based on the
estimated change point for the bilirubin variable. We can
construct a Cox-PH model using the new categorical vari-
able to calculate the hazard ratio between categories. The
constructed model is

h(t|bilirubin) = Ay (t) exp(1.55 x I(bilirubin > 0.8))

(49)

A positive regression coefficient indicates that patients with
bilirubin levels higher than 0.8 mg/dl have a higher risk of
death. To determine how much higher, we will calculate the
hazard ratio (HR)

_ ho(t)exp(1.55 x 1)
~ ho(t)exp(1.55 x 0)

Through the hazard ratio, the risk can be compared. The
interpretation is that patients with bilirubin levels greater than
0.8 mg/dl have a risk of death that is 4.715 times higher
compared to patients with bilirubin levels below 0.8 mg/dl.

After obtaining one change point, an interesting thing to
be investigated is whether there are also change points in
the sub-interval bilirubin < 0.8 and > 0.8. We can apply the
proposed method to each sub-interval. Before that, we need
to test whether bilirubin levels significantly affect each sub-
interval. This is done by creating a Cox-PH model for each
sub-interval and then conducting a Wald test. For bilirubin
< 0.8 mg/dl, the Wald test statistic is 1.483 < Xzf:1,a:5% =
3.84, indicating that bilirubin levels do not have a significant
effect. Therefore, change point detection and estimation are
not needed for this interval. However, for bilirubin > 0.8
mg/dl, the Wald test statistic is 9.712 > xZ_ ,_50, = 3.84.
Since bilirubin levels have a significant effect, estimating a
change point in bilirubin levels within this interval makes
sense. The estimated change point is 1.1 mg/dl using the
Martingale-Koziol-Green residual. Repeating the same steps,
the next change points for bilirubin levels are 1.3 mg/dl, 2.6
mg/dl, and 5 mg/dl. The survival rates of cirrhosis patients
can vary depending on their bilirubin levels. If every cirrhosis
patient is assumed to have the same survival rate, some
patients’ conditions may be underestimated, even though
their condition has already reached a critical stage. Therefore,
creating a mortality table based on these change points can

HR 4.715
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Fig. 11: The Average Remaining lifetime based on Multiple
Change Points of Bilirubin Levels

help reduce the risks for the patients. Furthermore, a specific
mortality table based on the patient’s medical conditions
can be used as a reference for determining insurance pre-
miums for patients (see Appendixes). It is reasonable for
patients with less severe medical conditions to pay lower
premium costs. Using the log-rank test, the hazard rate
between patients with bilirubin < 8 mg/dl and patients with
bilirubin € (0.8,1.1] mg/dl is not significantly different
because the test statistics W = 1 < x?s%’dle) = 3.84.
Patients with bilirubin levels € (1.1, 1.3] mg/dl also do not
have a significantly different hazard compared to those with
bilirubin < 8 mg/dl and bilirubin € (0.8, 1.1] mg/dl, as their
respective log-rank test statistics are 3.4 and 1.1, both of
which are less than x5y 4r—) = 3.84. To simplify the
interpretation, the plot for the average remaining lifetime for
patients with specific bilirubin intervals is only shown for
those with significant survival differences, as shown in Fig
Patients with the shortest remaining lifetime are those
with bilirubin levels above 2.6 mg/dl. The remaining lifetime
becomes even shorter when it exceeds 5 mg/dl. Therefore,
it is reasonable for patients with bilirubin levels below 2.6
mg/dl to pay lower insurance premiums than those with
bilirubin levels above 2.6 mg/dl.

The estimated change point we got using our proposed
method is consistent with previous studies using the same
dataset, which estimated a change point at bilirubin levels
of 2.6 mg/dl [8], 2.8 mg/dl [29], and 3 mg/dl [7]]. However,
using our method, the hazard rate changes can be detected
starting from the bilirubin level of 0.8 mg/dl. This can be
an early warning for patients with bilirubin levels above
0.8 mg/dl. Patients with bilirubin levels between 0.8 mg/dl
and 2.6 mg/dl have a relatively similar remaining lifetime.
However, the lifetime decreases when bilirubin levels exceed
2.6 mg/dl.

If we create a new categorical variable for bilirubin levels

based on estimated multiple change points and then construct
a Cox-PH model using this new categorical variable, the
results are shown in Table

TABLE III: Regression coefficient and Wald Test statistics
for each bilirubin level’s intervals

Bilirubin Intervals B ‘Wald Test Statistics
0.8 < Bilirubin < 1.1  0.330 0.837
1.1 < Bilirubin < 1.3 0.712 0.174
1.3 < Bilirubin < 2.6  1.284 4.348
2.6 < Bilirubin < 5 2.044 7.042
Bilirubin > 5 2.666 9.501

At the significance level 5%, it was found that for Bilirubin &€
(0.8,1.1] and Bilirubin € (1.1,1.3], there is no significant
effect on the patient mortality, as the Wald Test Statistics
for these two intervals is less than xflle}a:‘,)% = 3.84.
However, in other intervals, there is a significant effect.
It can be said that bilirubin levels will only significantly
impact after exceeding 1.3, 2.6, and 5. Suppose we take
interval bilirubin € (1.1,1.3] as the baseline interval for the
normal bilirubin level. The hazard ratio will be calculated
to determine the increased risk for patients in the intervals
that have a significant effect. The hazard ratios are shown on
Table

TABLE IV: Hazard Ratio between Bilirubin € (1.1,1.3] and
other significant intervals

Bilirubin Intervals Hazard Ratio

1.3 < Bilirubin < 2.6 1.771
2.6 < Bilirubin < 5 3.789
Bilirubin > 5 7.057

Patients with bilirubin levels between 1.3 and 2.6 mg/dl
have a risk level almost twice that of patients with bilirubin
levels between 1.1 and 1.3 mg/dl. If bilirubin levels exceed
2.6 mg/dl, the risk level becomes 3.789 times higher. If it
increases to 5, the risk level rises drastically to seven times
higher. These results can be a reference for knowing the
patient’s condition, allowing for appropriate treatment.

VI. CONCLUSION AND DISCUSSION

In this paper, we develop a method for estimating the
change point for a single covariate in survival analysis using
the residual of the Cox-PH model. The residuals applied are
Cox-Snell and martingale. Both residuals are also modified
using the Kaplan-Meier and Koziol-Green estimators. To
detect a change point, a test statistic is determined based
on the likelihood ratio of the residuals. Through simulation,
it was established that the distribution of the test statistic
is a generalized extreme value. The bootstrap simulation
was also performed to evaluate the performance of the
proposed change point estimation method. The performance
was assessed through AIC of the models. The results show
that the proposed method performs exceptionally well when
the number of censored observations is relatively high.
Change point estimation using martingale residuals produces
a Cox-PH model with a smaller AIC. Therefore, when there
are many censored observations, martingale residuals are
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more effective for change point estimation than Cox-Snell
residuals. If modifications are made to both residuals using
the Koziol-Green estimator, it will result in a Cox-PH model
with a change point and a smaller AIC. This is because the
hazard function is also estimated for censored observations,
leading to less biased results. Hence, modifications using the
Koziol-Green estimator for the residuals give better results
for change point estimation.

Our proposed method is designed for a single covariate.
If multiple covariates need to be analyzed, they should be
handled one at a time. Otherwise, the covariate for which the
change point will not be detected can be considered constant.
Consider a dataset (t;,d;,x;,y;)"; with two covariates (z
and y). If a change point is to be estimated for x, then the
dataset must be sorted based on x such that z; < x;41.
However, if the change point estimation is intended for y, the
condition y; < y;41 must be satisfied for ¢ = 1,...,n. Even
the same algorithm can be applied to detect and estimate a
change point for time variable ¢ as long as the dataset is
sorted by ¢ so that ¢; < ¢;41. Next, detecting and estimating
a change point is carried out using the residuals from the
model. This method can only be used to estimate a single
change point. If multiple change points are to be estimated,
a one-by-one approach is necessary. For example, let x be
the change point for covariate x, dividing the existing dataset
into (t;, d;, xi)le and (t;, 0, ;)i 1. We can also perform
change point detection for each of the divided datasets. If a
change point is detected on them, then there will be more
than one change point within the entire dataset (¢;, d;, ;).

We believe that our method can be applied to actuarial
cases. In section V, we obtained intervals for bilirubin levels
based on the estimated change points. We also calculated
the average remaining lifetime for each bilirubin interval.
This can be used as a reference to determine the insurance
premiums for patients with specific bilirubin levels. Some
insurance premiums are often not adjusted based on the pa-
tient’s condition [30]]. Using the obtained result in this study,
further research can be developed to estimate and adjust
insurance premiums based on the change point estimations,
enabling the calculation of premiums that align with the
patient’s condition. This approach can also be applied to
other diseases, including cirrhosis.

In this paper, the change point is estimated using an empir-
ical method. The change point estimation in data analysis in
section V gives such results because those estimated change
point values are also present in the dataset. The estimation
results are highly dependent on the specific covariate values
in the dataset, making the estimation potentially biased
or less generalizable if the dataset is not representative.
Therefore, we are currently developing a parametric change
point estimation method using the same concept in this
study for using the Cox-PH’s residual. The method we are
currently studying employs the idea of Bayesian inference.
This concept has been used to estimate the change point
for the time-to-event (¢) variable without covariates and has
shown promising performance [31]. In the case of a survival
model with covariates, the Bayesian method can also provide
reasonably good model estimation [32], [33]. We plan to
use it for change point estimation involving covariates in
the model. By adding a change point parameter to one or
more covariates, simultaneous change point estimation can

likely be achieved. Moreover, it will provide more precise
estimates of the change point rather than empirical estimates
based solely on the data.

REFERENCES

[1] Q. Zhou and S. Huang, “Strengthened Change Point Detection Model
for Weak Mean Difference Data,” IAENG International Journal of
Applied Mathematics, vol. 50, no. 1, pp. 193-205, 2020.

[2] K.-Y. Liang, S. G. Self, and X. Liu, “The Cox Proportional Hazards
Model with Change Point : An Epidemiologic Application,” Biomet-
rics, vol. 46, no. 3, pp. 783-793, 1990.

[3] O. Pons, “Estimation in a Cox regression model with a change-point
at an unknown time,” Statistics, vol. 36, no. 2, pp. 101-124, 2002.

[4] M. Liu, W. Lu, and Y. Shao, “A Monte Carlo approach for change-
point detection in the Cox proportional hazards model,” Statistics in
Medicine, vol. 27, pp. 3894-3909, 2008.

[5] O. Pons, “Estimation in a Cox Regression Model with a Change-Point
According to a Threshold in a Covariate,” The Annals of Statistics,
vol. 31, no. 2, pp. 442-463, 2003.

[6] L. Xiaolong and J. M. Boyett, “Estimations of a threshold parameter in
cox regression,” Communications in Statistics: Theory and Methods,
vol. 26, no. 10, pp. 2329-2346, 2007.

[7]1 U. Jensen and C. Liitkebohmert, “A Cox-type regression model with
change-points in the covariates,” Lifetime Data Analysis, vol. 14, no. 3,
pp. 267-285, 2008.

[8] C. Y. Lee and K. F. Lam, “Survival analysis with change-points in
covariate effects,” Statistical Methods in Medical Research, vol. 29,
no. 11, pp. 3235-3248, 2020.

[9] Z. Liu and L. Qian, “Changepoint estimation in a segmented linear
regression via empirical likelihood,” Communications in Statistics:
Simulation and Computation, vol. 39, no. 1, pp. 85-100, 2010.

[10] R. D. P. Gamage and W. Ning, “Empirical likelihood for change point
detection in autoregressive models,” Journal of the Korean Statistical
Society, vol. 50, no. 1, pp. 69-97, 2021.

[11] B. Y. T. M. Therneau, P. M. Grambsch, and T. R. Fleming,
“Martingale-based residuals for survival models,” Biometrika, vol. 77,
no. 1, pp. 147-160, 1990.

[12] C. P. Farrington, “Residuals for Proportional Hazards Models with
Interval-Censored Survival Data,” Biometrics, vol. 56, no. 2, pp. 473—
482, 2000.

[13] E. L. Kaplan and P. Meier, “Nonparametric Estimation from Incom-
plete Observations,” Journal of the American Statistical Association,
vol. 53, no. 282, pp. 457481, 1958.

[14] J. A. Koziol and S. B. Green, “A cramér-von Mises statistic for
randomly censored data,” Biometrika, vol. 63, no. 3, pp. 465-474,
1976.

[15] K. Wu, “On Linear Regression Under the Koziol-Green Model of
Random Censorship,” Far East Journal of Theoretical Statistics,
vol. 21, no. 2, 2007.

[16] E. A. Colosimo, F. F. Ferreira, M. D. Oliveira, and C. B. Sousa,
“Empirical comparisons between kaplan-meier and nelson-aalen sur-
vival function estimators,” Journal of Statistical Computation and
Simulation, vol. 72, no. 4, pp. 299-308, 2002.

[17] R. Qi and S. Zhou, “A Comparative Study of Algorithms for Grouping
Cancer Data,” Proceedings of the International MultiConference of
Engineers and Computer Scientists, vol. 1, pp. 346-353, 2014.

[18] J. P. Klein and M. L. Moeschberger, “Semiparametric Proportional
Hazards Regression with Fixed Covariates,” in Survival Analysis,
Statistics for Biology and Health. New York: Springer, 2003, ch. 8,
pp. 243-293.

[19] D. Lin, L. Wei, and Z. Ying, “Checking the Cox Model with Cumula-
tive Sums of Martingale-Based Residuals,” Biometrics, vol. 80, no. 3,
pp. 557-572, 1993.

[20] A. Owen, “Empirical Likelihood for Linear Models,” The Annals of
Statistics, vol. 19, no. 4, pp. 1725-1747, 1991.

[21] J. E. Cavanaugh and A. A. Neath, “The Akaike information criterion:
Background, derivation, properties, application, interpretation, and re-
finements,” Wiley Interdisciplinary Reviews: Computational Statistics,
vol. 11, no. 3, pp. 1-11, 2019.

[22] K. P. Burnham and D. R. Anderson, Multimodel inference: A Practical
Information-Theoretic Approach, 2nd ed. New York: Springer-Verlag
New York, Inc., 2002.

[23] G. Heller and J. S. Simonoff, “Prediction in Censored Survival Data:
A Comparison of the Proportional Hazards and Linear Regression
Models,” Biometrics, vol. 48, no. 1, pp. 101-115, 1992.

[24] T. R. Fleming and D. P. Harrington, Counting Processes and Survival
Analysis. New York: John Wiley and Sons, 1991.

Volume 55, Issue 5, May 2025, Pages 984-996



TAENG International Journal of Applied Mathematics

[25] S. Patil and K. Sharma, “Infantile cirrhosis of the liver - A correlative APPENDIX A
histopathological study,” The Indian Journal of Pediatrics, vol. 36, MORTALITY TABLE FOR CIRRHOSIS PATIENTS WITH
no. 2, pp. 35-38, 1969.

[26] M. P. Fay and B. I. Graubard, “Small-Sample Adjustments for Wald- BILIRUBIN LEVELS < 0.8 MG/DL

type Tests using Sandwich Estimators,” Biometrics, vol. 57, no. 4, pp.
1198-1206, 2001.

[27] P. Chaudhary, A. Kumar, N. Saxena, and U. C. Biswal, “Hyper-

bilirubinemia as a predictor of gangrenous/perforated appendicitis: A Duration [, dg [ qz Average
prospective study,” Annals of Gastroenterology, vol. 26, no. 4, pp. of (number  (number  (number  (propor-  Remaining
325-331, 2013. Tllness of of of cen- tion of Lifetime

[28] E. T. Lee and J. W. Wang, Statistical Methods for Survival Data (Years) living) dying) sored) dying) (Years)

Analysis, 3rd ed. New Jersey: John Wiley & Sons, 2003.

[29] C. Y. Lee, X. Chen, and K. F. Lam, “Testing for change-point in 0-1 123 1 0 0.0081 6.0407
. cote hac » e 1-2 122 4 1 0.0329 5.0902
the covariate effects based on the Cox regression model,” Statistics in
. 2-3 117 0 6 0.0000 4.3077
Medicine, vol. 39, no. 10, pp. 1473-1488, 2020.
. P . . 3-4 111 1 13 0.0096 3.5405
[30] P. Devolder, E. Russo, and A. Staino, “Fair valuations of insurance
. . . A . . - 4-5 97 1 10 0.0109 3.0515
policies under multiple risk factors: A flexible lattice approach,” ASTIN
. 5-6 86 3 13 0.0377 2.4419
Bulletin, vol. 54, no. 2, pp. 385-409, 2024.
. L . . . 6-7 70 4 17 0.0650 2.0000
[31] J. Kim, S. Cheon, and Z. Jin, “Bayesian multiple change-points
I . . . . . 7-8 49 1 12 0.0233 1.8571
estimation for hazard with censored survival data from exponential
o L . 8-9 36 1 8 0.0313 1.5278
distributions,” Journal of the Korean Statistical Society, vol. 49, no. 1,
9-10 27 1 11 0.0465 1.0370
pp. 15-31, 2020. 10-11 15 1 3 00741 0.8667
[32] N. Mahmudah and F. Anggraeni, “Bayesian Survival Dagum 3 Pa- B : :
. . . . . 11-12 11 0 9 0.0000 0.1818
rameter Link Function Models in the Suppression of Dengue Fever in 12-13 9 0 9 0.0000 0.0000
Bojonegoro,” IAENG International Journal of Applied Mathematics, ~ : :
vol. 51, no. 3, pp. 785-791, 2021.
[33] H. Assareh and K. Mengersen, “Bayesian estimation of the time
of a decrease in risk-adjusted survival time control charts,” JAENG
APPENDIX B

International Journal of Applied Mathematics, vol. 41, no. 4, pp. 360—
366, 2011. MORTALITY TABLE FOR CIRRHOSIS PATIENTS WITH

BILIRUBIN LEVELS > 0.8 MG/DL

Duration s dy Co qz Average
of (number  (number  (number  (propor-  Remaining
Illness of of of cen- tion of Lifetime
(Years) living) dying) sored) dying) (Years)
0-1 295 29 0 0.0983 4.2102
1-2 266 16 2 0.0604 3.6692
2-3 248 32 15 0.1331 2.9355
3-4 201 17 36 0.0929 2.6219
4-5 148 14 23 0.1026 2.5608
5-6 111 7 15 0.0676 24144
6-7 89 7 16 0.0864 2.0112
7-8 66 6 16 0.1034 1.7121
8-9 44 5 10 0.1282 1.5682
9-10 29 6 3 0.2182 1.3793
10- 11 20 2 5 0.1143 1.0000
11-12 13 2 4 0.1818 0.5385
12-13 7 0 6 0.0000 0.0000

APPENDIX C
MORTALITY TABLE FOR CIRRHOSIS PATIENTS WITH
BILIRUBIN LEVELS BETWEEN 0.8 AND 1.1 MG/DL

Duration g dg Cy qx Average
of (number  (number ~ (number  (propor-  Remaining
Illness of of of cen- tion of Lifetime

(Years) living) dying) sored) dying) (Years)

0-1 54 1 0 0.0185 5.7037
1-2 53 0 0 0.0000 4.8113
2-3 53 0 1 0.0000 3.8113
3-4 52 0 9 0.0000 2.8846
4-5 43 2 8 0.0513 2.4884
5-6 33 3 6 0.1000 2.2424
6-7 24 1 3 0.0444 2.0833
7-8 20 2 4 0.1111 1.5000
8-9 14 1 7 0.0952 1.1429
9-10 6 0 1 0.0000 1.6667
10 - 11 5 0 2 0.0000 1.0000
11-12 3 0 1 0.0000 0.6667
12 -13 2 0 2 0.0000 0.0000
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APPENDIX D APPENDIX G
MORTALITY TABLE FOR CIRRHOSIS PATIENTS WITH MORTALITY TABLE FOR CIRRHOSIS PATIENTS WITH
BILIRUBIN LEVELS BETWEEN 1.1 AND 1.3 MG/DL BILIRUBIN LEVELS > 5 MG/DL
Duration Ly de Ca gz Averagq (]))furanon i;umber zi:umber ?ralcumber ?[fropor— lézzgig;ing
of (number  (number  (number  (propor-  Remaining Iness of of of cen- tion of Lifetime
Illness of of of cen- tion of Lifetime (Years) living) dying) sored) dying) (Years)

(Years) living) dying) sored) dying) (Years)

0-1 3l 2 0 00645 5.4839 oz e 9 oo 207
1-2 29 1 1 00351  4.8621 : :
2-3 51 17 3 03434 13725
2-3 27 2 0 00741 42222
3-4 31 9 7 03273 12581
3-4 25 2 4 00870 3.5600 1S s 5 3 01481 16000
4-5 19 0 2 0.0000  3.6842 ' :
5-6 10 1 1 0.1053  1.4000
5-6 17 0 1 00000  3.1176
6-7 8 3 2 04286 0.7500
6-7 16 0 4 0.0000 23125 2 g 3 o " 00000 10000
7-8 12 1 3 00952  2.0833 ' :
§-9 2 0 1 0.0000  0.5000
8-9 8 1 1 01333 2.1250 9-10 1 0 1 0.0000  0.0000
9-10 6 0 0 0.0000  1.8333
10-11 6 0 2 0.0000  0.8333
1-12 4 0 3 0.0000  0.2500
12-13 1 0 1 0.0000  0.0000
APPENDIX E

MORTALITY TABLE FOR CIRRHOSIS PATIENTS WITH
BILIRUBIN LEVELS BETWEEN 1.3 AND 2.6 MG/DL

Duration g dg Co qz Average
of (number  (number  (number  (propor-  Remaining
Tllness of of of cen- tion of Lifetime

(Years) living) dying) sored) dying) (Years)

0-1 75 2 0 0.0267 5.0000
1-2 73 4 0 0.0548 4.1370
2-3 69 4 6 0.0606 3.3768
3-4 59 3 13 0.0571 2.9492
4-5 43 5 4 0.1220 3.0465
5-6 34 3 5 0.0952 2.8529
6-7 26 1 4 0.0417 2.7308
7-8 21 2 4 0.1053 2.3810
8-9 15 2 1 0.1379 2.3333
9-10 12 3 0 0.2500 1.9167
10 - 11 9 1 1 0.1176 1.5556
11-12 7 2 0 0.2857 1.0000
12-13 5 0 3 0.0000 0.4000
13-14 2 0 1 0.0000 0.0000
APPENDIX F

MORTALITY TABLE FOR CIRRHOSIS PATIENTS WITH
BILIRUBIN LEVELS BETWEEN 2.6 AND 5 MG/DL

Duration I dy Ca qz Average
of (number  (number  (number  (propor- Remaining
Illness of of of cen- tion of Lifetime

(Years) living) dying) sored) dying) (Years)

0-1 60 7 0 0.1167 3.6167
1-2 53 5 0 0.0943 3.0943
2-3 48 9 5 0.1978 2.4167
3-4 34 3 3 0.0923 24118
4-5 28 5 6 0.2000 1.9286
5-6 17 0 2 0.0000 2.1765
6-7 15 2 3 0.1481 1.4667
7-8 10 1 3 0.1176 1.2000
8-9 6 1 0 0.1667 1.0000
9-10 5 3 1 0.6667 0.2000
10 - 11 1 1 0 1.0000 0.0000

Volume 55, Issue 5, May 2025, Pages 984-996



	Introduction
	Residual for Cox-PH Model
	Cox-Snell Residual
	Martingale Residual

	Detecting Change Point via Cox-PH Residual
	The Distribution of the CPtest

	Modification of the Cox-PH Residual
	Modification using Kaplan-Meier
	Modification using Koziol-Green
	Change Point Detection using Modified Residuals

	Practical Study
	Simulation
	Real data analysis

	Conclusion and Discussion
	References
	Appendix A: Mortality Table for Cirrhosis Patients with Bilirubin Levels < 0.8 mg/dl
	Appendix B: Mortality Table for Cirrhosis Patients with Bilirubin Levels  0.8 mg/dl
	Appendix C: Mortality Table for Cirrhosis Patients with Bilirubin Levels Between 0.8 and 1.1 mg/dl
	Appendix D: Mortality Table for Cirrhosis Patients with Bilirubin Levels Between 1.1 and 1.3 mg/dl
	Appendix E: Mortality Table for Cirrhosis Patients with Bilirubin Levels Between 1.3 and 2.6 mg/dl
	Appendix F: Mortality Table for Cirrhosis Patients with Bilirubin Levels Between 2.6 and 5 mg/dl
	Appendix G: Mortality Table for Cirrhosis Patients with Bilirubin Levels  5 mg/dl



