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Estimation of Coefficient Bounds for a Class of
Meromorphic Bi-univalent Functions Defined by
Generalized Bazilevic Functions

Zongtao Li and Dong Guo

Abstract—Let A* = {z : z € C,1 < |z| < +oo}, and
consider the class Msx(u, A\, ¢) of meromorphic bi-univalent
functions defined in A*. This work focuses on deriving estimates
for the coefficients |bo|, |b1| and |b2| of functions in Mx(u, A, ¢),
utilizing the properties of meromorphic functions. The findings
presented here refine or extend certain results established by
earlier researchers.

Index Terms—analytic function, Meromorphic function, Bi-
univalent function, Coefficient bound.

I. INTRODUCTION
ETA={z:2€C 2] <1} and A° = {z : z €
C,0 < |z| < 1}. The set H comprises all analytic

functions defined in A that can be expressed as

f(Z)=Z+Zanz":z+a2z2—|—a3z3+---. (D)
n=2

where a,, are complex coefficients. An analytic function of
this form is said to be normalized. If, in addition, such
a function is univalent, it is referred to as a normalized
univalent analytic function. The class of all normalized
univalent analytic functions is denoted by S.

In[1], Srivastava et al. introduced the subclasses S*(¢) and
C(¢) . For z € A, let C,, be real numbers with C; > 0, and
define

gb(z):1+ZC’nz":1+Clz+C’gz2+--- 2)
n=1
where ¢(z) maps A onto the right half-plane and is sym-
metric with respect to the real axis. The subclass S*(¢) is
defined as
2f'(2)

S (@) =A{/: ) ¢(2), f(2) € H},
and the subclass C*(¢) is defined as
c) =t 22 <o) ) e .

(i —5
f'(z)

In [2], Liu investigated the subclass B(\, a, 0, 3) of ana-

lytic functions f which satisfied
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)Y, f(2) € H.

where parameters A > 0, > 0,0 < || < 1 and o > 0.
when the parameters take specific values, for instance, A =
1,8 =1, and § = 1, the class reduces to the well-known
class of Bazilevi¢ functions.

The famous Koebe 1/4-theorem asserts that if f is an an-
alytic univalent function in A, then the image f(A) contains
the disc A;/4 where A, /4 represents the open disc centered
at the origin with radius §.

The inverse function of f, denoted by h = f~1, is defined
by the following relations:

h(f(z)) =z, forz € A,

and
f(h(w)) = w, forw € A,,,

where Ay, = {w : [w| <ro(f),ro(f) = 3}
The calculation yields

o0

1 —n n

h(w) =w + E EKn_l(ag,ag,...,an)w
n=2

= w — asw? + (2a® — a3)w® — (5a3 — Sagas + ag)w* + - - -,

where K", is the polynomial defined by the variables
asz,as, ..., a, as introduced in [3].

In [5], Lewin conducted a comprehensive investigation
into bi-univalent functions, establishing that for z € A, and
f € o, both f(z) and its inverse h(w) are univalent. Building
upon Lewin’s foundational research, numerous scholars (see
[[6]-[10]]) have subsequently explored and derived the initial
coefficient bounds for this class of functions, significantly
advancing our understanding in this field.

Let A* ={z:2z¢€ C,1<|z|] < c}. The class ¥ consists
of all meromorphic univalent functions g defined on A* that
admit a Laurent series expansion of the form

o] bn

= —, € A*. 3

g(z) =2+ nE:O n forz 3)

If g € X, then g possesses an inverse h = g~ !, which can
be expressed as

¢
h = — forW € A}, 4
(w) =w+ ;:0 o for M 4)

where A%, = {w : M < |w| < oo, M > 0} is the domain
h. The inverse function h satisfies the following relations:

h(g(z)) = z, forz € A*

and
g(h(w)) = w, forw € A},.
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We say that g is the bi-univalent meromorphic function if
g € ¥,h € X. The class of the meromorphic bi-univalent
functions is denoted by Msx. For g € My, the calculation
yields the following expression for the function h:

=1
h(w) =w—by— > K (b, b, s b

n=1

—w—b by ba + boby bs + 2bgbs + b%bl + b%
=w—by— — — — — - e
w w w
(&)
where K, is the polynomial defined by the variables
b()7 b17 bg, bn in [4]

In 2013, Hamidi et al. [11] conducted an investigation into
the subclass BX(«, A\) C My, resulting in the estimation of
the coefficient |a,, |. Following this work, significant attention
has been devoted to the study of various subclasses of mero-
morphic bi-univalent functions, with numerous researchers
establishing initial coefficient bounds for these classes (see

[12]-[18]).

Definition 1.1: A functin g(z) of the form (2) is said to
g(z) € Ms(p, A, ®), if A and p are non-negative and the
following subordination conditions hold:.

(1= (I3 3203 9G4 e ar, (o)

z g(z) * =z
and
(1= Ny A A ), 0 € a3,
(N
where h(w) = g~ 1(w) is the inverse of g given by (5) and

P(2) = ¢(2) is deﬁned by (2) with the seres expansion

1 = O,
n=1

By varying the parameters associated with the aforemen-
tioned definition, it is possible to ascertain that
(1) Mg(u,)\ 2200y — Mg (A, p, @) (see [10,11]);

d(z) =

(2) Mx(p, A, (251)*) = 3, (ar, 1, A) (see [13]);

(3) Mx(1, A =200y _ pyi(a; )) (see [14]);

& Mx(B,1,(255)*) = B(a; B) (see [15]);

(5) Ms(0, 1, 21200y — $39(0 < a < 1) (see[16]);

(6) Mx(0, (Zﬂ) ) =3*(a)(0 < a < 1) (see [16]);
(7) Mx(B,1,(55)*) = 25(8,0)(0 < o < 1) (see[16]);
(8) Mx(0,0, (24)* ) =3, (a)(0 < o < 1) (see [16]);

©9) Ms (0, 1,®) = Sy (9) (seel17)).

| and |bo| derived
in previous studies were suboptimal, primarily due to the
limited constraints imposed in their derivations. In this work,
we rigorously address these limitations by incorporating
more comprehensive restrictive conditions, thereby refining
and improving upon several existing results.

Consider the classPconsisting of functionsp(z) = 1 +

> ppz™, which are analytic in the domainAand fulfill

the requirement that the real part ofp(z) is positive, i.e.,
Rep(z) > 0. In [19], Goodman proved the following result.

Lemma 1.1: If n > 1 be a fixed integer, z € A,

p(z) =1+ > pu2™ € P, then |p,| < 2. This inequality is
n=1
sharp.

II. MAIN RESULTS AND PROOF
We first estimate the bounds on the coefficients |by|, |b1|
and |by| for functions in the class My (i, A, @).

Theorem 2.1:  Let g(z) € Mx (i, A, ®). Then the following
coefficient bounds hold:
(i) The coefficient by satisfies

¢ 20, 7210, — Oy
A=l VA=) =]

Ci1v2C

|bo| < min{

NG
VICA = ) (1 = p)CF = 2(C2 = Cr)(A — p)?|
(i1) The coefficient by satisfies
C1
< .

(iii) The coefficient by satisfies

[(BA—p) (u—1) (1 —2)CF|

C1+2|Ce 30 =3

—C1|+|C1—2C2+C3|+
[3BA—p]

ba| <

(11

Proof: Let z € A®. We define the functions:G and H as
follows:

1 1
G(z) = g(;) =-*+ anz”
n=0

and -
1 1 n
Consequently, (6) and (7) can be equivalently expressed as
A-NEEE A ED Lo < 6:). (¢ € 4) 12)
G(2)
and
H' H
(1= XN (zH(w))* + )\wH(q(uI;}) (%)” < ¢p(w).(w e A)

13)

Since g € Msx(u, A, @), the definition of subordination

implies the existence of two Schwarz functions u,v : A — A
satisfying

(1= NEGE) - A G () = oulz). = 4,
(14)

and

<1—A><zH<w>>“—A“’§§;” (wH(w)" = p(u(w), we A
(15)

Using the Schwartz functions uw and v, we define the
functions p and g in P as follows:

14 u(z)

p(z) = T~ —al0) L+ piz+pez® +p3z° +--- (16)
and
1+ v(w
Q(w)zl_vgwi =1+ qw+ g’ +gzw’ +---. (17)
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By expanding (16) and (17), we derive the series expansions
for u and v as
p(z)—1 1 3

p() +1 2[p12+(p2—§)2 +(ps—p1p2+—

u(z) = e

4

+-, (18)

1
ZEZ;H = %[(hw + (g2 — )w + (3 —qqg2+ iQ?)ws

+ 1. (19)

Based on (14), (15), (18) and (19), we derive the following
expansions:

v(w) =

(1= NEGE)" = AGE (292" =14 3 Fuga(bo, by, oy by) 2"
n=0

which expands to

2020 — b1 + A=) (e = DY »
2

=1—(A—pu)boz —

6(3A—1)ba +6(3A—pu) (=1)bob1 +(3A—p) (u=—1) (n=2)b7 3
6

+o (20)

and

(1 =N (zH(w))* — /\wg(/g;/) (WH@)* =1+ 3 Fnr1(co,c1y ey €p)w™ L
n=0

which expands to

2020 = )b = (@A = p)(p = DB

2

6(3A—1)b2 =6(3A—1u) (=2)bobr +(BA—p) (u=1) (u=2)b3 | 3
6

NP 1)

Additionally, we have the expansions for ¢(u(z)) and

p(v(w)):

2) =1+ Z ZC’kDﬁ,(pl,pm ey Pn)2"

n=1k=1
which expands to

C Cy—C
( 1P2 2 1 21)2
Cy —2Cy + C

1 2 3 3]3

8 1

Cipy
2
Cy —C4

Cips
Hg et

and

Q17 q2, - 7qn)wn

TRy
which expands to

Ciqa
2
Cy —C4

Cigs
+1 B + 5 q192 +

Cigz  Co—C
we (R 4 2

(& —2024—03(13]“)3_’_”..

8 1
(23)
Here F),;; denotes the Faber polynomial of degree n+ 1 as
defined in [12] and for k < n,

D']:L(plaPQa 7pn) - Z

klplt .. phn
prle !

+

where the non-negative integers i, ...
following conditions(see[20]):

, i, satisfying the

n n
Zﬂi :kvz,uz =n.
i=1 i=1

Consequently, the following relations can be derived by
comparing the initial coefficients.

Cip1

(A= mbo = ==, (24)
— 12020 — )by + (22 — ) (i — D)BE] = LCupy + S22,
(25)

—[(BA=)ba+(3A—p) (u— l)bob1+ (BA—p) (=1) (1 —2)b;)]

C Cy—C Ci—2C,+C
= S P e 2 26)
C
(A — p)bo = ;ql : 27)
1 1 Cy—C
5[2(2>\—M)b1 —(2A—p)(p—1)b3] = §C1Q2+ 2 1 “gi.
) (28)
(3A—p1)ba = (3A— ) (= 1)boba + & (3A— ) (= 1) (1= 2)0
: _ —9 .
= C;‘“ + & 5 G+ S22+ (;2 S @)
(i) From (24) and (27), we obtain the following relations:
P1=—q (30)
and
p2 _ Cli+ai) a1
T B )2
Applying Lemma 1.1 in (31), we obtain
Ch
b (32)
Ibol < A —ul

From (25) and (28), we get
C Cy—C
(P24 @)+ ———

2A—p)(1—p)bg =

A=p)(1—p)by = 1
Applying Lemma 1.1 in (33), we obtain
V2C1 +2|Cy — C4]

(pi+ai). 33)

|bo| < (34)
RV CYEnITEIE
From (30), (31) and (33), we obtain
2 201 (X — )?(p2 + g2)
= . (35
P A (1 — wCE — 2 — o= Y
From (31) and (35), we obtain
C?(p2 + q2)
be = L . (36
0= @ = (A= @) — 4G — = Y
Applying Lemma 1.1 in (36) , we obtain
Ibo| < C1v2C,
~ VIR = 1) (1 = p)CF = 2(C2 = Cr)(A — u)2|(37)

Combined with (32), (34) and (37), we get the same value
of |by| as Equation (7).
(ii)) From (25) and (28), we obtain

~Cilp2 — o)

22\ — )by = 3

(38)
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Applying Lemma 1.1 in (38) once again, we get
Ch

bl < o 39
IS 69
Multiplying (25) by (28), we get
Cy — C1)? Cy — Cy)C
42N — )2 = %pf(ﬁ n %
(p%q2 + Q%p2) + 012])2(]2 — (2)\ — M)Q(l _ /J)Qbé. (40)

Substituting (30), (31) into (40), and applying Lemma 1.1,
we can obtain

1

bl< .
=

@A —w)?(1-p)?C?
G-t
(41)

Substituting (30), (33) into (40), from Lemma 1.1, we can
obtain

V(Ca— G2 420y — GOy + CF +

1
= mﬁ@ —C1)? +4C1|Cy — Cy| +2C2.

(42)
Substituting (36) into (40), from Lemma 1.1, we can obtain

1
bl < ——M.
br] < [2X — pl

(2A—p)?(1—p)2C8
\/(C2 = 1) + 202 = GO+ OF + oo s oot
(43)
Adding the square of (31) to the square of (28), we obtain

C o o (C2=C1)?

4N =" = S+ ) + 5 +a)
Cy —C)C
+%(Zﬁp2 +qiq2) — (22— p)? (1 — )by (44)
From (40) and Lemma 1.1, we get
Cy — C1)? Cy, —C)C
—a@a- ) < (2O gy (2= A e,

+qip2)| + | Bip2aa| + |(2A — p)*(1 — p)?bg| <

4(Cy — C1)? 4 8|Cy — C1|Cy + 407 + (2X — p)* (1 — p)bg.
(45)

From (44) and Lemma 1.1, we get

(Cy — C1)?

02
402X — )23 < | =+
427 — )8} < |53 + -

%)l +| (p1 +ai)|+

Cy — Cy)C
|%(??P2+Q%CI2)|+\(2>\_N)2(1_“)2b3| < 4G

—01)%+48[(Cy—C1)|C1 +4C? + (20— )2 (1 — )by (46)

It can be demonstrated that the two sides of equations
(45) and (46) are identical. Now, substituting (31), (33)
and (36) into (46) respectively yields (41), (42) and (43).
Consequently, by applying the aforementioned methodology
to (39), (41) and (43), we arrive at the following results:

el 1
22X =l [22 = |

|b1] < min{

@A=p)2(A—pw2Ct 1 .
A(A—p)* [2x—p]

\(Ca— C1)2 2|0, — C1|Cy + CF +

@A) (1—p)?BY
T @ a-mcr—2G - =T

Jles

2|)\ | \/2 CQ - Cl) +4|CZ Cl|Cl + 2C2 _Cy

[2A—pl”

— C1)?| +2|Cy — C1|Cy + C?

(iii) Subtracting (26) from (29), we have

23X — p)b2 + 3(3>\ @) (= 1) (= 2)bj =
(g3 — p3) 5 (quae — pipa) + 92524 (¢ — p}).
47)
From (24), we have
Cip1
i 4
bo 30— ) (48)

Considering (30) and (48), we obtain from (47) that

Cy - Cy

C
20X — b2 = (a5 —pa) — — 5 (2 + )1
1 =205+ C5 4 (BA — ) (= 1) (p — 2)CFp}
4 h 24(A — p)? -

Applying Lemma 1.1 to the above equation and perform-
ing a simple calculation yields the result of (iii).

III. MAIN COROLLARIES

By varying p, A and ¢ in Mx(u, A, ®), we can derive
some interesting results that build upon the insights of
existing research. Some of these findings confirm previous
conclusions, while others correct some previous research
errors.

By setting A = 1 in Theorem 2.1, we obtain the following

corollary.
Corollary 3.1: ([11]) Let g(z) € Mx(u, 1, ®). Then

C, /201 +2|Cy — O]

b min ) ’
bol < min{ 1 (2= p) (1 — p)
C1V2Cy }
VIZ=w(1 =B —2(C;— )T — 2|
byl < =
12— p

Let ®(z) = Z+(Zl 120“) 1420=2) 4 2(1 2 for0 <
a < 1. Then C; = Cy = 2(1 — a) From Theorem 2.1, we

derive the following result.

Corollary 3.2: Let g(z) € My (p, A, ZF1=2%) Then,

z—1
__2V/1-a -w?
bo| < 4 Vio—mawr 0SS i
=) 20-a 0w
A=nl 0<1-mpa—mr o<l
and
2(1 — @)
bi| < —~—-
12X — pl

From Corollary 3.2, we further obtain the following result.
Corollary 3.3: Let g(z) € Mx(1, ), M) Then

2(1— 2(1
lbo] < 2517 and [br] < 5=

Remark 3.1: Two coefficient estimates for Corollary 3.2
are the same as those for Theorem 3.2 in [12]. Also, the
conclusion of Corollary 3.3 is the same as that of Theorem
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1.2 in [14].

€ Mx(0,1, ZHU=22)y

Corollary 3.4: Let g(2) o1

Eg‘ 0<a<l).
Then ( )
2(1 — «
< b
[bol < { 2(1 — «),

A N
by

o= O
IAIA
Q 9

and
|bl| S 1—a.

Remark 3.2: The estimates of |by| in Corollary 3.4 is
better than that given by Theorem 1 in [16]. |by| has the
same situation.

Let ®(z) = (2H)> =

20 2a? 403420 1
z—1 1+ z + 22 + 3 23 +

.- for0 < a < 1. Then C; = 2a,Cy = 2a?. From
Theorem 2.1, we derive the following result.

ME(/‘7>‘5(2+1)Q) =

z—1

Corollary 3.5:
27 (e, p, A). Then

Let g(z) €

bal < : 2a 2v2a—a2 ) 2«
Ibol < min{ 550 ZGN 0 Vie G pe TG )
and
by < 2a
YA —pl

Remark 3.3: The estimate of the coefficient |by| in
Corollaries 3.5 improves upon the result given in [13].

9(z) € Mx(B,1,(45)*) = B(a; 8). Then

2v/—a2+2a 2a }
VI@=8)(1-8)" /12=B)(1-B)a+(1—a)(1-5)?| "’

Corollary 3.6:

|bo| < min{‘lzf‘m,

2a
bi| < ——.
"= By

By setting 3 = 0 in Corollary 3.6, we obtain the following
result.

Corollary 3.7: Let 0 < a < 1, g(2) €
Ms(0,1, (24)%) = £*(). Then
2c 2a
bo| < min{2a, vV —2a2 + 4a, =
|0|— 1{ \/1+Oé} \/1+O{

and
|b1| S Q.

Remark 3.4: The estimates for |by| and |b1]| given in
Corollary 3.6 improve upon those given in Theorem 2 in [15]
and Theorem 3 in [16]. Specifically,Theorem 2 obtained by
Halim in [14] states that If g € X*(«) with 0 < a < 1, then
lbo| < 2cr and |by| < v/5a?. However, Corollary 3.7 shows
that the estimate for |b1| is incorrect, and the correct bound
is |b1] < «. Thus, the coefficient estimates in Corollary 3.7
are superior to those in Theorem 2 of [16].

Corollary 3.8: Let g(z) € Mx(0,1,®) = Sy (®P). Then

ol < €, Inl < 5,

and
1
[ba] < 5(C1 +2/Ca — C1| +[C1 = 202 + Cs| + CF).

Remark 3.5: The estimates for |by| and |bz| in Corollary
3.8 agree with the bounds given by Murugusundaramoorthy
et al. [[17], Theorem 2.4(i), (iii)], However, the estimate for

|b1] in Corolly is sharper than the result in Theorem 2.4(ii)
of [17]. This demonstrates that the results in Corollary 3.8
are superior to those in Theorem 2.4 of [17].

IV. CONCLUSION

This paper first determines an accurate estimate of coeffi-
cients for the meromorphic real part function. This estimate
was used as a lemma to study a more extensive class of
Bazilevi¢ functions and obtain more accurate estimates of
the initial coefficients for this class of functions. This paper
not only optimises the conclusions of relevant papers but also
corrects an erroneous result in Halim’s paper (see Theorem
2 in [16]).
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