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Abstract—This paper presents a family of quasi-quartic
trigonometric Bézier curves generated using six novel quasi-
quartic trigonometric Bézier-like functions characterized by two
parameters. These functions exhibit properties similar to those
of conventional quartic Bernstein basis functions. The proposed
curves can fit the control polygon more closely than various
other Bézier-like curves and the conventional quartic Bézier
curve when the control points are fixed. This is achieved with
ideally low algorithmic complexity, making it computationally
efficient. Besides, adjustments only to the shape parameters
allow for linear control over the configuration of the quasi-
quartic trigonometric Bézier curve due to the ease of obtaining
the curve’s derivative. Furthermore, when multiple quasi-
quartic trigonometric Bézier curves are combined, the resulting
composite curve achieves C> N FC? continuity automatically,
provided that the C? continuity condition is satisfied. This
ensures smooth transitions between curve segments without
additional constraints.

Index Terms—trigonometric Bézier curves, trigonometric
Bézier functions, shape parametric, geometric continuity.

I. INTRODUCTION

EZIER and B-spline curves have been widely used,

especially in interactive curve and surface design. How-
ever, the shape of a Bézier curve is entirely determined
by its control points. While non-uniform rational B-spline
(NURBS) curves can address this issue to some extent,
their rational forms may be unstable, and calculating their
derivatives can be challenging. In computer graphics and
computer-aided geometric design (CAGD), parametric curves
and surfaces are commonly expressed as a linear combination
of basis functions and control points.

Some methods for generating curves using trigonometric
Bézier-like functions with shape parameters have been pro-
posed, to improve the shape and enhance the fitting accuracy
of curves. a-basis [1] with shape parameters for the space
spanned by {1, ¢, cost, sint, tcost, tsint}, is suitable for
the design of curve that retains its shape. Some quadratic
and cubic trigonometric spline curves with single or multiple
shape parameters were shown in [2], [3] and [4]. C-Bézier
basis, which can help to accurately represent high order
polynomial curves and circular arc, for the space which is
spanned by {1, t, t2,..., t"~2, sint, cost}, was constructed
by using integration in [5]. A practical cubic trigonometric
Bézier curve similar to the conventional cubic Bézier curve
was given in [6], which has two shape parameters. In their
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subsequent work, [7] conducted an analysis on the charac-
teristics of the shape of a cubic trigonometric Bézier curve
with a single shape parameter, exploring the relationship
between the shape and the parameter. A trigonometric Bézier
curve characterized by two parameters created using five
new trigonometric blending functions was introduced by [8],
and a generalization of this curve was shown by [9]. A
trigonometric Bézier curve similar to the quintic Bernstein
curve constructed by six quartic trigonometric polynomial
hybrid functions was introduced in [10]. Six new trigono-
metric basis functions were presented to get a new quasi-
quintic trigonometric Bézier curve [11]. [12] demonstrated
the total positivity of the quasi-cubic trigonometric Bézier ba-
sis. A new rational cubic trigonometric curve was introduced
by [13]. [14] proposed a family of cubic trigonometric non-
uniform spline basis functions which have one local shape
parameter. A quintic trigonometric Bézier curve was given
by [15], which has two shape parameters. [16] presented an
alpha-B-spline curve similar to the standard cubic uniform
B-spline curve. A new quasi-quintic trigonometric Bézier
curve was proposed by [17]. An extended cubic Bézier
curve having four parameters was constructed in [18]. [19]
introduced a new generalized blended trigonometric Bézier
curve with one shape parameter.

This paper introduces a family of quasi-quartic trigono-
metric Bézier curves generated using six novel quasi-quartic
trigonometric Bézier-like functions, characterized by two
parameters. The new family of quasi-quartic Bézier curves
offer several notable advantages:

(A) Enhanced fitting accuracy with low complexity. The
proposed curve fits the control polygon more closely than
many other Bézier curves, including the conventional quintic
Bézier curve and those presented in [1] and [5], while
maintaining ideally low algorithmic complexity. Although
it performs slightly less effectively than the quasi-quintic
trigonometric Bézier curve [17] in terms of fitting accuracy,
it significantly reduces the computational complexity and
accelerates the operation.

(B) Linear shape control and ease of derivative calculation.
The shape of the curve can be controlled linearly, and
its derivative is straightforward to compute. This feature
enhances the flexibility and efficiency of curve manipulation.
(C) Automatic high-order continuity. When multiple quasi-
quartic trigonometric Bézier curves are combined to form
a composite curve, the resulting curve achieves C2 N FC3
continuity automatically, provided that the C? continuity
condition is satisfied. This ensures smooth and continuous
transitions between curve segments without additional con-
straints.

The remainder of the paper is organized as follows. In sec-
tion II, we introduce the quasi-quartic trigonometric Bézier-
like functions and discuss their characteristics. Section III



constructs the associated quasi-quartic trigonometric Bézier
curve and provides a comparison with other Bézier curves.
Section IV demonstrates how to manipulate the shape of
our proposed curve. Section V details the conditions for C*,
C? and C? N FC? continuity when connecting quasi-quartic
trigonometric Bézier curves and also includes examples of
designing parametric curves. Finally, Section VI presents the
conclusion.

II. THE QUASI-QUARTIC TRIGONOMETRIC BEZIER-LIKE
FUNCTIONS

Definition I1.1. The quasi-quartic trigonometric Bézier-like
functions are defined as follows, for 6 € [0, 7],

fo(8) = (1 —sin6)*,
f1(0) =4(1 —sin6)® [sin€ + (1 — k) cos + k — 1],
f2(0) =4 (1 —sin6)* (1 —cos ) [(1 + k) sinf + 5 cos 0

—k—1]+ 117 (sinf + cosf —1)*
f3(0) =4 (1 —cos0)? (1 —sinf) [(1 4 1) cosf + 5sin b
—1—1]+ g(cos9+sin97 1)*,
f4(0) =4(1—cos0)® [cosO + (1 —1)sinf+1—1],
f5(6) = (1 —cos6)*,
in which k,l are shape parameters and 0 < k,[ < 4.

Some characteristics of the quasi-quartic trigonometric
Bézier-like functions are similar to those of the conventional
quartic Bernstein basis functions:

(A) Non-negativity: f; g@) >0,i=0,1,...,5.

(B) Unity partition: ) " , f; () = 1.

(C) Symmetry: f; (0;k,1) = f5—; (g —0;l, k) ,i=0,1,2.
Proof: (A) Indeed, the value range of k£ and [ is obtained

by letting f; (6) > 0,i=0,1,...,5, when 6 € [0, T].

It is easy to know that f; (6) > 0,7 = 0,5. Let f; (6) >

0,7 =1,2, we have
1——cosf —sinf < k(1 —cosb),
1
(1 —sin6)® (1 —cosf) k < 1—2 (sinf + cosf — 1)* +
(1 —sin)® (1 —cos) (5cosh +sinf — 1),

then 0 < k£ < 4. Similarly we have 0 <[ < 4.
(B) By performing some operations, there are

fo(0)+ f1(0) + f2(0) = %Scos2e+sin49

5 T 7 T
360 + Z) - 5\/§cos (9+ Z> +1/2,
f30)+ f4(0)+ f5(0) = —g cos 260 — sin 46

+g\/§sin (39—|— Z) + ;\/icos (9+ %) +1/2.

Therefore, S°0_ f; (0) = 1.
(C) After some simple computations, there is

fo (8:k,1) = (1 —sin6)*

1o (5-9)

= £ (5 —0:L.k).

3

Similarly, we have fy (0;k,0) = fi(5 —6;1,k) and
f2(0; k1) = f3 (g—ﬁ;l,k). ]

Fig. 1 illustrates various quasi-quartic trigonometric
Bézier-like functions generated by adjusting the shape pa-
rameters k and [. It provides a visual demonstration of the
three characteristics mentioned earlier.

III. THE QUASI-QUARTIC TRIGONOMETRIC BEZIER
CURVE

Definition IIL.1. Let Q; (1 = 0,1,...,5) be points in either
R? or R3. Subsequently, a quasi-quartic trigonometric Bézier
curve can be formulated as

5
r(6) = ;Qifi @), 6elo, g],k,z € [0,4].

The quasi-quartic trigonometric Bézier curve has charac-
teristics as follows, similar to the conventional quartic Bézier
curve:

(A) Characteristic of end-points.

7(0) = Qo,

r(3) = Qs

7' (0) = 4(Q1 — Qo) ,

" (3) =4(Qs — Qa),

7 (0) = 12Q0 +4Q1 (k —7)4Q2 (k — 4),

" (3) =12Q5 +4Q4 (1 — 7)—4Qs3 (1 — 4),

" (0) = —20Q¢ — 4Q1 (9% — 26) + 12Q2 (3k — 7),
P (2) = 20Qs5 + 4Q4 (91 — 26)-12Qs5 (31 — 7).

ey
(B) Convex hull characteristic. Due to the non-negativity
and unity partition mentioned before, the quasi-quartic
trigonometric Bézier curve must be located within the
convex hull of the control polygon constructed by the
control points {Qo,Q1,...,Q5}
(C) Symmetry. Control points {Qo,Q1,....Q5} and
{Q@5,Qu4,...,Qo} define the same quasi-quartic trigonometric
Bézier curve, i.e.,

r(0;k, 15 Qo, Q1, Q2, @3, Qu, Q5)
—r (5 = 01,k @5, Q1. @5, @2, Q1, Qo )

where()g@gg,oglmlgél.

Fig. 2 displays a comparison of five different curves. These
include the quasi-quintic trigonometric Bézier curve [17]
(Line 1), our quasi-quartic trigonometric Bézier curve with
varying parameter values (Line 2 and Line 3), the conven-
tional quintic Bézier curve (Line 4), the C-Bézier curve [5]
(Line 5), and the a-Bézier curve [1] (Line 6). As shown in the
figure, our curve fits the control polygon more closely than
the other curves, with the exception of Line 1. This indicates
that our curve is superior in preserving the characteristics of
the control polygon compared to the other curves, except for
the quasi-quintic trigonometric Bézier curve [17]. Moreover,
while our curve performs slightly less effectively than Line
1 in terms of fitting accuracy, it significantly reduces the
computational complexity and accelerates the operation.
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Fig. 1 Different quasi-quartic trigonometric Bézier-like functions generated by adjusting the shape parameters
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Fig. 2 The quasi-quartic trigonometric Bézier curve and other Bézier-like curves
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Fig. 3 Different quasi-quartic trigonometric Bézier curves generated by adjusting the shape parameters

IV. SHAPE CONTROL OF THE QUASI-QUARTIC
TRIGONOMETRIC BEZIER CURVE

Carry out the partial differentiation of the quasi-quartic
trigonometric Bézier curve r (#) with regard to the parame-
ters k and [, then there are

aggf) = 4(sin 6 — 1)3 (cosf—1)(Q1—Q2), (2)
8%(19) = 4(cosf —1)® (sinf — 1) (Qs — Q3).  (3)
Therefore, % and arT([o) are independent of £ and [,

which means the derivatives are easy to compute. This also
indicates that when 6 € [0, g] and the control points Q;
(¢ =0,1,...,5) are fixed, the corresponding point on the
curve will move in the directions given by (2) and (3) linearly

as k and [ are changed, respectively.

Fig. 3 (a) displays the quasi-quartic trigonometric Bézier
curves when £k = 0 and [ = 0,1, 3,4. It is clear that if k
is fixed and [ varies from [ = O to [ = 4, the curve moves
parallel to the boundary vector (3. Relatively, Fig. 3 (b)
displays the curves when £ = 0,1, 3,4 and [ = 0. Similarly,
if [ is fixed and k varies from & = 0 to k =_4, the curve
moves parallel to the boundary vector (Q2@;. The curve
moves towards the control points ¢); and @4 as k and [
change from 0 to 4 simultaneously, as Fig. 3 (c) shows.

V. CONNECT SEVERAL QUASI-QUARTIC TRIGONOMETRIC
BEZIER CURVES

We can creat more complex curves by merging several
quasi-quartic trigonometric Bézier curves. To construct a C°
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Fig. 4 A closed and an open C° continuous quasi-quartic trigonometric Bézier curve

continuous curve, we can connect two curve pieces at a single
point by ensuring that the starting point of the following
curve coincides with the endpoint of the previous one. Fig. 4
shows examples of both a closed C° continuous curve and
an open C° continuous curve, each constructed by merging
four curve pieces.

The following discussion focuses on the connection condi-
tions required to achieve C'' and C? N FC? continuity when
connecting two of our curves. Denote the two curves as

5

ri(03ky,0) =) Qifi (ki ), “)
zio

vy (B3 ka,la) = > Tifi (k2 1), ®)
i=0

where k1, ko, l1,lo are shape parameters and 0 < kq, ks, 11,
lo < 4. For knots v; < vy < w3, the curve r (v) connected
by (4) and (5) is defined as

( ) T (% . U;fl;klyll) , UVE [U17U2]?
rv)=
T (%%:27k27l2)7 DS [U27’U3]7

where h; = v;41 — v;,¢ = 1,2. We obtain the following
theorems by direct calculation.

Theorem V.1. r (v) is C continuous at the knot va, for
ki, l; €[0,4], i = 1,2, when the condition

haTy + hoQy
hi + ho

holds. r (v) is C* continuous at the knot va, for ke € [0, 4),
k1,11,12 € ]0,4], when the condition (6) and the condition

_h3 (1 —4) Qs — [huha (k2 = 7) + h3 (1l — 7)] Qa4

Qs =Ty = (6)

. hi (ko —4)
o Lo 1) (k2 = 7) — 383 + 32 Qs
hi (ko —4)

)

hold simultaneously.

Proof: Based on the end-point characteristic of the
Bézier-like functions shown by (1), do some simple oper-
ations then there are

T(UQ_) :Q57
r(v;r) = To,

7"/(“2_) = hT(Qs—Q4),
(o) = 1 (1= Th).
2
" (vy) = %1 3Qs + (I — 7) Qu — (I — 4) Qs],
7T2

BTy + (ko — )Ty — (ks — 4) T) .

Therefore, when the condition (6) holds, 7 (v) is C'* con-
tinuous at v, since 7 (vy ) =7 (v3) and v’ (v3 ) =7/ (v5)
hold. Besides, when the condition (7) holds at the same time,
7 (v) is C? continuous at vo, since r”’ (vy ) = 7" (v]) also
holds. These indicate the theorem. [ |

It is interesting that if 7 (v) is known to be C'! continuous
at the knot vo, the determination of 73 is solely influenced
by @5 and @4, irrespective of the two shape parameters.

We often use the connection matrix to describe Frenet
continuity (FC) [20], [21]. We now say that r (v) is FC3
continuous at v, if

T (IU;_) 1 O O O r ('UQ_)
r (U;_) 0 w1 O 0 ! (02—)
r” (U;) 0 wo w? 0 " (v;) ,wip >0
P (U;r) 0 w31 wie wi] " (v;)

[21] showed that C?(FC? continuity is a reasonable
smoothness property for use in practice. We get a result as
follows, based on the end-point characteristic.

Theorem V.2. r (v) is C* (" FC? continuous at the knot v,
when the conditions (6) and (7) hold simultaneously.

Proof: According to the conditions, r (v) is C? contin-
uous at v by Theorem V.1. Besides, based on the end-point
characteristic of the Bézier-like functions given in (1), there

) (o) [ G et (5) e
(e,
7 (vF) = (2};) K o (O To+ fi" () Ty + f5" (0) T2

Since

o (0)+ /1" (0) + £5" (0) =0,
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Qs — Q4= %T/ (v2),

_ 3h1 1 h% 7

Q3 Q4 - 271_ (l]_ _ 4>7' (UQ) (Zl _ )T (UQ),

h
T1 — TO = 272,,«’ (1]2) y

™

3ha / h% "
T—Ty=——"2
2-h= o — " ) T, — ()
we have

[ ) ( ) (Q3 —Qu) + f3’ (g) (Qs — Q4)]
3
(3 [z o
g )|+ (5) g )}

G

~14"(0) {zﬂ (ZLQ_ n Dt (E— 5" ) ] }
- [ 5"(0)2% + £ (0 (ZZT— 4>} . (”2)}

Therefore,

) <o ()
- (;}J {—fg'(o)&r” (v2)

oz v o] e}
3

) L S
N {_(;) [ oL f”’<0>27r<?ff>]
( 3

{ 3 (77) #h,) + £ (—) ;ﬂ }T' (v2).

This means that under the condition of smooth connection
in C? continuity, the gained composite quasi-quartic trigono-
metric Bézier curve may achieve C2 () FC? continuity au-
tomatically. ]

The combination of two quasi-quartic trigonometric Bézier
curves is shown in Fig. 5. The black dash-dotted line corre-
sponds to k; = 0 =[5, the black dashed one corresponds to
ko = 0 = ls, and the blue solid line corresponds to k3 = 2
and l3 = 0 respectively. Fig. 5 (a) shows C' continuity at
the connection point Q5(7p) of the two curves, satisfying
condition (6). Fig. 5 (b) demonstrates C? N F'C?3 continuity
at the connection point Q5 (1), satisfying both conditions (6)
and (7).

Fig. 6, 7 and 8 depict the combination of several pieces
of our curves. Designers have the flexibility to make minor
adjustments to the shape of the obtained curves by simply
modifying the values of the shape parameters k and .

Fig. 9 (a) and (c) display space C? N FC?3 continuous
curves constructed by combining three quasi-quartic trigono-
metric Bézier curves. The related porcupine plots illustrate
the normalized curvature along their principal normal, fa-
cilitating a clearer observation of the C? N FC? continuous
curves. Additionally, Fig. 9 (b) and (d) show the correspond-
ing torsion curves.

VI. CONCLUSION

The quasi-quartic trigonometric Bézier curve, constructed
using six novel quasi-quartic trigonometric Bézier-like func-
tions characterized by two parameters, offers practical value
in the field of Computer-Aided Geometric Design (CAGD).
This curve exhibits properties similar to those of conventional
quartic Bézier curves but with enhanced fitting capabilities.
Specifically, it can fit the control polygon more closely
than many other Bézier curves, while maintaining ideally
low algorithmic complexity. As a result, it will be more
in tune with the shape of the control polygon. Moreover,
the shape of the curve can be linearly controlled, and its
derivative is straightforward to compute. When multiple
quasi-quartic trigonometric Bézier curves are merged, the
resulting composite curve can achieve C? N FC? continuity
automatically, provided that the C? continuity condition is
satisfied. This feature ensures smooth transitions between
curve segments without additional constraints. Furthermore,
the shape of the curve can be precisely altered by adjusting
the shape parameters, even when the control points remain
unchanged. This flexibility allows designers to make minor
modifications to the curve’s shape as needed, enhancing the
curve’s adaptability and usability in various applications.
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