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Eccentricity-Based Topological Indices of Chain
Graphs
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Abstract—This article delves into the realm of eccentricity-
based topological indices, focusing particularly on a class
of graphs called chain graphs. Topological indices serve as
numerical descriptors derived from molecular structures, aiding
in the elucidation of chemical properties and activities. Today,
topological indices remain a vibrant area of research, with
applications spanning various fields of chemistry, including
drug design, materials science, environmental chemistry, and
bioinformatics. Chain graphs are a special class of bipartite
graphs having the largest spectral radius among all the bipartite
graphs of prescribed order and size. Nevertheless, the high
significance of chain graphs in the field of spectral graph theory,
the domain of various topological indices remains unexplored.
This article categorizes generalized eccentricity-based topologi-
cal indices into two types and explores them. Some of the major
eccentricity-based topological indices like the total eccentricity
index, Zagreb eccentricity indices, ABC eccentricity index, and
geometric-arithmetic eccentricity index of chain graphs are
studied in detail and an inequality connecting their relationship
is provided. Further, the extremities for these indices among
chain graphs are presented.

Index Terms—Chain, Bipartite graph, Bi-star graph, Com-
plete bipartite graph.

I. INTRODUCTION

Topological indices have a rich historical background,
dating back to the mid-20th century when chemists and
mathematicians began exploring mathematical approaches
to describe molecular structures. The concept of topological
indices emerged as a result of this interdisciplinary
collaboration. In 1947, Harold Wiener introduced the
Wiener index, which was one of the earliest topological
indices. Wiener index is based on the sum of distances
between all pairs of vertices in a molecular graph. He
initially used this index to compare the boiling points
of alkane isomers, marking the beginning of topological
index applications in chemistry. Following Wiener’s
pioneering work, many other researchers contributed to
the development of topological indices. In the subsequent
decades, numerous other topological indices were proposed,
each focusing on different aspects of molecular structure
and properties. These indices include the Hosoya index,
Zagreb index, Balaban index, and many more. With the
advancement of graph theory and computational chemistry,
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researchers continued to refine existing indices and develop
new ones to address specific challenges in chemical research.

Chain graphs are {2K5,Cs5,Cs}-free graphs, popularly
known as double nested graphs. In other words, a chain
graph is a bipartite graph G with V(G) = V4 U V4 in which
each of the partite sets V; (¢ = 1,2) can be partitioned into
h non-empty cells Vi1, Via, ..., Vip and Voy, Voo, ..., Vop
such that Ng(u) = Va1 U ... U Vo411, for any u € V1,
1 <i < h If m = |V, and n; = |Va], then we write
G = DNG(mqy,ma,...,mp; N1, N2, ...,np ), whose order is

h h

n= > m;+ Y. n; (DNG stands for Double Nested Graphs)

(1. ”fhflz complletle bipartite graph K, ;, = DNG(p, ¢) and the
bi-star graph B(p,q) = DNG(1,p — 1;1,q — 1) (obtained
by adding an edge between the two apex vertices of K ,_1
and K 4—1). When each of m; =n; =1 for 1 <¢ < h, the
graph is called a half graph [2]. Figure [2] represents a chain
graph, DNG(3,2,5,1;2,1,3,3) of order 20.

Fig. 1. Chain graph, DNG(3,2,5,1;2,1,3,3)

Chain graphs attain the maximum spectral radius among all
simple bipartite graphs of prescribed order and size ( [3]),
hence playing a signficant role in the field of spectral graph
theory. Further results concerned with properties of chain
graphs are available in the literature [4]], [5], [[6], [7] and
[8]]. A great deal of knowledge on some topological indices
is accumulated in the recent literature [9], [10], [11], [12],
[13], [14], [15], [16] and [17]. Some degree and distance
based topological indices like Wiener index, Harary index,
Zagreb indices etc. of chain graphs explored in [18], [[19],
[20] and [21f]. They also provide algorithms for inverse
topological index problems for chain graphs.

A. Eccentricity-based topological indices

Researches in the verge of refining the existing topological
indices, replaced degrees by eccentricities in well known
degree based topological indices. The detailed exploration
of such indices and analysis of their applications are being
studied in the recent years and hence currently, proved to be
one of the emerging research area in Molecular chemistry and
Molecular graph theory. Apparently, in this article we have
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categorized general eccentricity-based topological indices
into two types.
In the subsequent part of the article some abbreviations
as well as notations are used, which are given below. A
bipartite graph G with the bipartition V(G) = V3 U V4 is
denoted by G(V; UVa, E). The adjacency and non adjacency
between any two vertices u,v are denoted by u ~ v and
u ~ v, respectively. For a vertex v € V(G) in G, d(v),
e(v) represent degree and eccentricity of v, respectively. The
distance between any two vertices u, v € V(G) is denoted by
d(u,v). Given a vertex v, a vertex u is said to be an eccentric
vertex for v, if d(u,v) = e(v). A vertex in a graph G is said
to be dominating if it is adjacent to all other vertices of G.
But in the context of bipartite graphs, a dominating vertex
in a partite set refers to the one that is adjacent to all other
vertices of the other partite set.
We now categorize eccentricity-based topological indices
into two classes (type I and type II) depending on their
definitions.

Definition 1.1: For a graph G(V, E) of order n, a vertex
eccentricity-based topological index is said to be of type I
if it can be expressed as

5= > 0(e(v)) (1)

veV(G)

Here the summation runs over all the vertices of G and 0 is a
function of vertex eccentricity. The class {©} comprises all
the eccentricity-based topological indices of type /. When
the function 6 is chosen appropriately, we get some popu-
lar eccentricity-based topological indices of graphs. When
f(x) = x in Equation |1, we get the total eccentricity index
given by

vEV(Q)

Similarly, when 6(x) = 22 in Equation [1} we get the first
Zagreb eccentricity index given by

G(@ =Y €@

veV(G)

Definition 1.2: For a graph G(V, E), a vertex eccentricity-
based topological index is said to be of type /1 if it can be
expressed as

=Y. 0(e(w),ev)) )

wweE(G)

Here the summation runs over all the edges of G and
0 is a symmetric function of vertex eccentricities, that is
0 (e(u),e(v)) = 0(e(v),e(u)). The class {O¢,} comprises
all the eccentricity-based topological indices of type I1.
Some of the well-known eccentricity-based topological in-
dices belonging to the class ©%;, namely the second Zagreb
eccentricity index, eccentric connectivity index, Atom bond
connectivity eccentricity index (ABC eccentricity index) and
Geometric arithmetic eccentricity index (GA eccentricity
index) are given in the following table.

II. SOME INDICES FROM CLASS {©§}

As per the definition of chain graphs, eccentricity of any
vertex is either 1, 2 or 3. Most of the indices from this class

0(z,y) Index obtained Expression
0=uxy The second Zagreb eccentricity index LHG)= X e(v)e(u)
weE(G)
O=z+y Eccentric connectivity index E(G)= X e(u)+e(v)
weB(G)
e - L (1) _ e(u)te(v)—2
0= e Atom bond connectivity eccentricity index | ABC?(G) = i) We(®)
0= %’7 Geometric arithmetic eccentricity index GA“(G) = wie 25‘(:)(1125;)

will be sum of 6(1), 6(2) and 6(3). The following is the
expression.

Theorem 2.1: Let GV U W, E) =
DNG(mi,ma,....,mp;n1,N2,...,n,) be a chain graph
of order n with |Vi| = p and |V3| = ¢, where p,q > 1.
Then an eccentricity-based topological index of type [
0% € {69} is given by

@? = (m1 + n1)9(2) + (TI, —mi — TL1)9(3) 3)

P}"()Of:' Let Vi = V11UV12U' . 'leh with VM‘ =m; and
Vo =Vor UVaa U--- UV with Vo, = n,; for 1 <¢ < h. By
definition, the vertices of V11 and V5, are dominating, for any
vertex v € Vi1 UVaq, e(v) = 2, with eccentric vertices being
the ones in the same partite set. For any vertex v € V1 \ Vi1,
all the vertices u € V5, are adjacent and there exists at least
one vertex u € V5\Va; such that d(u,v) = 3 (since p, g > 1),
hence e(v) = 3. The same is true for the vertices of V5 \ Va;.
Thus,

2 veVi1UVy
e(v) = .
3 else

On enumerating the vertex eccentricities appropriately and

substituting in Equation [T} we get the expression. ]
When either of p,q is one, say, p = 1 and ¢ > 1, then
1 veWy

. Thus © = 6(1) + ¢f(2). Suppose

o) = 2 else
both p = ¢ = 1, then e(v) = 1 Vv € V(G), in which case
©% = 260(1). The total eccentricity index and the first Zagreb
eccentricity index can be obtained from the above theorem
as the special cases.

Corollary 2.2: Let G(V1UVs, E) be a chain graph of order
n with [V1| = p and |Va| = ¢, where p,q > 1. Let 7(G) and
&1(G) be the total eccentricity index and the first Zagreb
eccentricity index of G, respectively. Then

(@)
&(G)

where k is the number of dominating vertices in G.

Half graphs are the special type of chain graphs where
each of the cells contain exactly one vertex. A graph graph
has even number of vertices, where the number of vertices
in each partite set equlas the number of cells itself. Further,
a graph graph G(V; U V4, E) has |V;| = |Va|.

=3n—k
=9n — 5k

Fig. 2. A Half graph, DNG(1,1,1,1;1,1,1,1)
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Corollary 2.3: Let G(V1UVa, E) be a half graph of order
n > 2. Then an eccentricity-based topological index of type
I 65 € {©5} is given by

1=2002) +(n—2)6(3) 4)

Proof: The above result follows by substituting m; =
ny = 1. |
Next we have the theorem giving bounds for these indices.

Theorem 2.4: Let GW U VW,E) =
DNG(mi,ma,...,mp;n1,N2,...,n,) be a chain graph
of order n with |Vi| = p and |V3| = ¢, where p,q > 1.
Let 7(@), &1 (G) be the total eccentricity index and the first
Zagreb eccentricity index of G, respectively. Then

2n <7(G) <3n-—2
dn < 6(G) <9n—10

Proof: From Corollary both 7(G), &1 (G) are mini-
mum when £ is maximum, that is the number of dominating
vertices are the maximum. Since |V1| = p and |V3| = g, the
number of dominating vertices is at most p 4+ ¢. The graph
G has the minimum total eccentricity index/the first Zagreb
eccentricity index when all the vertices are dominating, that
is G = Kypqy and kK = p+ g = n. Thus 7(G) > 2n
and &1(G) > 4n. Similarly, they attain the maxima when
k is as minimum as possible. That is when the number of
dominating vertices is the minimum. This happens only when
each of Vi, V5 has exactly one dominating vertex due to the
property that both the partite sets of a chain graph have
at least one dominating vertex. Thus the total eccentricity
index/ the first Zagreb eccentricity index is the maximum
when k = 2 and G = B(p, q), which implies 7(G) < 3n—2
and &1 (G) < 9n — 10. [ ]
We next move to the class of eccentricity-based indices of
type I1.

ITI. SOME INDICES FROM CLASS {O%,}

The four specific eccentricity-based indices namely, the
second Zagreb eccentricity index, eccentric connectivity in-
dex, ABC eccentricity index and GA eccentricity index
(defined in the table given in the introduction part) are dis-
cussed in this section in detail. The first theorem here gives
the general expression for any eccentricity-based topological

index of type I1.

Theorem 3.1: Let GW U  W,E) =
DNG(mi,ma,....,mp;n1,N2,...,n;,) be a chain graph
of order n with |Vi| = p and |V3| = ¢, where p,q > 1.
Suppose ©¢, = > 0(e(u),e(v)) be an eccentricity-

wweEE(G
based topological index( o)f type II. Then

0%, = min10(2,2) my an +ny Zml 0(2,3)+
=2 i=2
h—1h—j+1
Z Z U 9(3,3)
=2 =2
4)

Proof: Let Vi = V1 U Vg U...UVyp and Vo = Vo U
Vag U ... U Vi Since p, g > 1, it is true that G # K 1.
As discussed in the earlier proofs, for any vertex v in G,
e(v) = 2,if v € Vi; or v € Vo and e(v) = 3, otherwise.

Further, any vertex u € Vj; is adjacent with all the vertices
of Vo1 UVaaU...UVa(_;41). Since the summation runs over
only those pairs of vertices which are adjacent with each
other, the possible adjacent vertex pairs (u, v) with respective
eccentricities, contributing nonzero terms in the summation
are given below:

i. u € Vi; and v € Vi such that e(u) = e(v):2

ii. we€ Vi; and v € Vo \ Va1 such that e(u) = 2,e(v) = 3.
iii. we Vi \ Vi; and v € Vi such that e(u) = 3,e(v) = 2.
iv. u € V1\Vi1 and v € V5 \ Vay such that e(u) = e(v) = 3.

Thus, ©5; = T10(2,2) +156(2,3) +T30(3, 3), where 17, T
and T35 are the number of pairs of adjacent vertices both of
which have eccentricity 2, the number of pairs of adjacent
vertices in which one of them has eccentricity 2 and the
other has eccentricity 3, and the number of pairs of adjacent
vertices both of which have eccentricity 3, respectively. On
enumerating 71,75, T35, using tl}lle deﬁnitionhof chain graphs,

we get T1 =miniy, T2 = m1 Z n; =+ nq Z m; and

j=2 =2
h—1h—j+1
T3 = Z Z ;. |
j=2 =2

In the proof discussed above, one can note that the number of
dominating vertices plays a significant role as they are the
only vertices of eccentricity 2. The other non-dominating
vertices play the same role irrespective of the cell Vi; or
Vai for 2 < ¢ < h to which it belongs. Thus, we simplify
the above expression and obtain a new one in terms of the
number of dominating vertices and the number of edges.

Corollary 3.2: Let GWi U Vo, E) =
DNG(mi,ma,....,mp;n1,N2,...,n) be a chain graph
of order n with |Vi| = p and |V2| = ¢, where p,q > 1. Let
M be the number of edges in G. Then

0%, = min10(2,2) + (m1q + nip — 2ming) 0(2,3)+

(6)
(M 4+ miny —miq —nip) 0(3,3)
h h
Proof: 1t is true that Z m; = p —my and Z n; =
i= =2

q — n1. The terms T and 15 enumerates all the edges of G
which is incident on at least one of Vj; or V5;. Specifically,
Ty enumerates the edges whose end vertices are in V71 and
Va5.The term 75 enumerates all the edges whose end vertices
are in Vlla ‘/2 \ ‘/22 and ‘/22, Vl \ Vll- Thus Tl =minq and
Ty =mi(¢—mn1)+n1(p—m1). The term T3 is the number
of edges in G which are not included in both 7} and 75, that
isTs=M—-T) —T5 =M+ miny —miq — nip. [ |

Corollary 3.3: Let G(V1UVa, E) be a half graph of order
n > 2. Then

26 8
nn—l—) 0(3,3)
8
(7
Proof: By definition of ahalf graph |Vi| = |V,| = 2

5.
Further, the 3 vertices in |V}| have degree given by %, 3 —

272
L%,....2, 1 Thus, the number o edges in G is ”2“” . On

substltutmg m;=n;=1land M =2 +2” in Corollary.
we get the result. [ ]
We refer the three terms of the Corollary as 17,75 and
T3 further, that is T1 =miniy, T2 = ml(Q7n1)+n1(p7m1>
and T3 = M +miny—miq—n1p. On substituting appropriate
0, one can get any eccentricity-based topological index of
type II from the class ©;. The second Zagreb index &3(G),

1 =002,2)+ (n—2)0(2,3) + <
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the eccentric connectivity index £¢(G), the ABC eccentricity
index ABC*®(G), the GA eccentricity index GA®(G) can be
obtained as follows.

52((?) = 4T1 + 6T2 + 9T3 = 9M - 3 (mlq + nlp) + mini

®)
fc(G) =4Ty + 5154+ 613 =6M —miq—nip (9)

1 2
ABC(G) = 5 (T + ) + 3Ty
3—2¢§( N )+2M (10)
=——"(m np —min i
3\/5 19 1p 11 3
21/6
GA*(G) :T1+TWT2+T3
(11)
2v/6 — 5
= fT(mlq+n1p—2m1n1)+M

It is natural to consider whether or not there is a relationship
between several topological indices of the same kind when
they are defined. Upon computing these several numerical
descriptors for a given graph, it could be discovered that
they have some relationship, which is described in the next
theorem.

Theorem 3.4: Let GW U W,E) =
DNG(my,ma,...,mp;n1,n9,...,n) be a chain graph
of order n with |Vi| = p and |V5| = ¢, where p,q > 1.
Let &(G),£(G), ABC®(G) and GA¢(G) be the second
Zagreb eccentricity index, Eccentric connectivity index,
ABC eccentricity index and GA eccentricity index of G,
respectively. Then

ABC*(G) < GA*(G) < £€°(G) < &(G)

Proof: From Equations [I0] and [IT] we have

2
GA*(G) — ABC*(G) = Ty + T\fT2 +Ty—
2
— (Ty+Ty) — =T
\/5( 1 2) 313
1
2v6 1 1
A S )
( 5 \@) 2+ 313
where 77 = miny, To = mi(q¢ —n1) +n1(p —my) and
T3 = M*TQ*Tl = Merlnlfmqunlp. Since each Of‘/z

for i = 1, 2 has at least one dominating vertex, mi,n; > 0, it
is true that T7 > 0. Also, since p > mq,q > n1 and M > 0,
it follows that 75 > 0. Similarly, 75 = M — T1 T5 > 0.

Thus (V22113 > 0, (2f 5T, > 0 and 175 > 0 and

5v2
hence GA®(G) — ABC*®(G) > 0. This implies ABCQ(G)
GA<(G).

Similarly, consider

£(G) - GA%(G)

= ATy + 5T + 6T — Ty — 25T, — Ty
:3T1+(25 2f)T+5T3>0

Thus, GA®(G) < £°(Q).

Similarly, &2 (G)—£°(G) = T2+3T3 > 0 and £°(G) < £(G)

IV. BOUNDS FOR INDICES FROM THE CLASS {©%;}

The bounds for some eccentricity-based topological in-
dices from the class {©%;} are obtained in this section. In an
attempt to do the same, we began with the study of variation
of respective indices on addition of edges, for graphs of
prescribed order. Before moving to the bounds, the results
concerned with change in indices on addition of edges is
given. Since the expression for the indices is prominently
depending only on m;, ny, the variation of my,n; on adding
the edges play crucial role, rather than the other values m;, n;
for 7,7 > 1. These variations are given in detail in the
following theorems separately for the cases h > 2 and h = 2.

Theorem 4.1: Let G(mq,ma;n1,n2) be a chain graph of
order n on M edges with |Vi| = p and |V2| = ¢, where
p,q > 1. Let u € Vi3 and v € Voo where u ~ v. Let
©%; € {©9;}. Then O5,(G +e) is

0%,(G)+ (m1 +ny + 1)
9(2, 2) + (n —2my — 2nq
—~2)6(2,3) if [Vig] =[Vaa| =1

$(G) +n16(2,2)+
(¢ —2n1)0(2,3)+
(n1—q+1)0(3,3)
@?I(G) + m19(2, 2)+
(p—2m1)6(2,3)+
(m1 —p+1)8(3,3)
05%,(G) +6(3,3)

if [Voo| =1,[Vig| >1

Zf “/22‘ > ]., ‘V12‘ =1
else

12)

Proof: Let G + e = DNG(m/y,mh;n},nb), where
mh = [Vi1],my = V{5 and nj = [V3,[,ny = [Vg,|. Then
m} > my and n} > ny. Clearly, u € Vi3 and v € Vo
as Vi1, Vo1 contain dominating vertices and no more edges
can be added to the vertices of Vi1, V51. Then the following
cases are considered.

Case i: |Via| = |Vaz| = 1: Then on adding an edge e in
G, we get V{; = Vi1 U {u} and V5, = Vo U {v}
and G = DNG(m1 + 1;n7 + 1). Thus m} =
m1 + 1, ny = ny + 1. On substituting m},n} in
Equation [7] we get ©5,(G + e). One can note that
the coefficient of 6(3, 3) Ty in ©5,(G+e) is same
as that of T3, the coefficient of (3, 3) in O%,(G).
|[Via| > 1 and |Vas| = 1: Then on adding the
edge e = wv in G, we get V{; = Vi; U {u} and
Vao = Voo = {v}. Thus mj = my + 1, n} = n;.

[Viz| = 1 and |Vaa| > 1: Results in m} = m; and
ny=n1+1

[Via| > 1 and |Va2| > 1: Results in m} = my,
ny =ny.

Case ii:

Case iii:

Case iv:

Theorem 4.2: Let GWVi U Vo, E) =
DNG(mi,ma,....,mp;n1,N2,...,np) be a chain graph
with |V4]| = p and |V3| = ¢, where p,q > 1 and h > 2. Let
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u € Vq and v € V5 such that u ~ v and e = uv. Then

G)—2n+38 if e ~C,|Via| = |Var| =1,
0%, (G) + mb(2,2) + (¢ — 2n1) §2(G) . [Via| = [Vax|
0(2,3 — 1)6(3,3 ) Vi .
05,(G+e) = PO ey v 11/6 2 &(G) +m —3¢+9  ife~C,|Vig| = [Van| = 1,
1 €= UVE 2h’1 h>2oren~C, |Vig| >1,
0%,(G) +6(3,3) |12h|_ [Van| =1,h > 2
¢ , else .
11(G) ( (13) &E(G)+my —3p+9 ife~C,|Via| =1, |Var| > 1,
h=2
Proof: Let G + e = £2(G) +9 else
DNG(m)y,mly, ..., m};ny,nb, ...,n},), where m} = |V/,] (14)
and n; = |Vy;| for 1 <i < hand 1 < j < h. Since h > 2,
. . e _
if u € Vi; and v € Vo, for 4,5 > 2, then on adding the The eccentric connectivity index: £¢(G + e) =
edge e = ww, either a new cell is created or the vertices . . _ B
u,v are added to the previous cells Vi;_1) or Vaj_1). §(G) +6—n ife~C [Vig| = |Van| =1,
In all these cases, neither m; and n; are affected. Thus h=2
mi = my and nj = n;. On substituting in [7} we get E(G)—q+6 ife~C,|Vig| = |Vap| =1,
71(G +¢) =07,(G) +6(3,3). h>2oren~C, |Via] >1,
Now, we consider the instance of v € Vi; and v € Va; Van| =1, > 2 (15)
for ¢+ = 7 = 2 and look into all the possible cases. When . L T B
[Vis| = |Van| = 1, since h > 2, on adding the edge §(G) —p+6 if e~ O [Vig| = 1,[Van| > 1,
e = uv, only Vi1, Via, Vo, V2(h_1) are affected. That h=2
is, VIj = Vin U {u}, Vi, = m"/Q/(h_l) = Va1 U {v} §(G)+6 else

and V3, = . This results in m} = m; + 1 and n} = n;.
Similarly, all the other cases are listed in below.

Case i: When |Vi3| = 1, |Vap| = 1: The cells affected are
Vi = Vir U{u}, Vi, =0, VQ'(,FI) = Va(nh_1) U
{v}, VJ,, = 0 and hence m} =my + 1, n} = ny.
Case ii: When |Vio| > 1
[Van| = 1: Vi} = Vin U {u}, Vip = Vio \ {u},
o(h—1) = Va(n—1) U {v}, V3, = 0. Hence m} =
my + 1 and n} = ny.
Case iii: When |Vi3| =1
Var| > 1.V} = Vi, Vi = Vi,
V2/(h—1) = Va(h—1)» V3, = Van. Hence m = my
and n} = ny
Case iv: When |Via| > 1

[Van| > 1: Vi; = Viy, Vi = {u}, Vz/(h_n = {v},
V3, = Vap. Hence m} = my and nf = ny

On substituting these variations of m1,n, in Equation /| one
can get O5,(G + ¢) in terms of O5,(G). [ |

Now, on substituting the suitable function 6(z, y), we obtain
variations for the second Zagreb eccentricity index, eccentric
connectivity index, ABC eccentricity index, GA eccentricity
index. The cases when the end vertices of the edge e = uv
join the vertices of the cells Vi, V5, have different subcases.
The remaining possibilities of connecting vertices of other
cells do not make any difference(as mentioned in the proof
of Theorem [.2). For the sake of simplicity, for the edge
e = wv satisfying the condition C' : u € Vig,v € Vo, we
write e ~ C.

The second Zagreb eccentricity index &2(G + e) =:

ABC eccentricity index : ABC®(G +e) =

ABC*(G) + 5=

NG} ifeNC,‘Vu' = |‘/v2h| =1or

e~ C,|Vig| > 1,|Vap| =1 or
e~C, |Via| =1,|Vap| > 1,h =2
ABC*(G)+ 2 else
(16)
GA eccentricity index: GA¢(G +¢) =

GA°(G)+cin+co ife~C,|Vig| = |Vop|=1,h =2

GAe(G)+Clq+02 ifeNC,|V12|:|V2h‘=1,h>2
or € ~ 07 |V12‘ > 17 |‘/2h‘ = 17
h>2
GAe(G) +cpt+ce ife~C, |V12| =1, |V2h| > 1,
h=2
GA¢(G)+1 else
(17)
where cj,ce are constants given by ¢ = (5_?/6) and
Co = (74\/5_5).

From Equations and one can note that these
indices increase all the time whenever an edge is added
irrespective of where it is added. Unlike these, the second
Zagreb eccentricity index and the eccentric connectivity
index may increase or decrease. This is an important
observation, very helpful in giving the extremities for these
indices.

Theorem 4.3: Let GW U VW,E) =
DNG(mi,ma,....,mp;n1,N2,....,n) be a chain grap
of order n. Let ABC®(G) be the atom bond connectivity
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eccentricity index of G. Then
2

n
— if n is even
ABC(@) < { 42 |
else
42
n—1
ABC*(G) >
(@) = 7
Proof: From Equation (10, ABC®(G) = 3g\2/\§,/§(m1q +

nip—ming) + % Further as ABC*(G+¢) > ABC*(G),
it reaches the maximum (minimum) when the number of
edges M in G is the maximum (minimum). A chain graph
G(V1UVs, E) has the maximum number of edges when it is
a complete bipartite graph with |V| = |Val, if [Vi]| 4 |V2| is
evenand [V|—[Va| =1 whenJV1|+|V2| is odd. Thatis, M =

, if n is even and M = ", if n is odd. If n is even,
then for the extremal graph G = DN G(5; 2) (the complete
bipartite graph), on substituting p = ¢ = §,m1 =n; = 5
and M = "2, we get ABC¢(G) <

If n is odd, the
extremal graph G DNG(2; 2 1) has p=m; =2
and ¢ = n; = %5=. On subst1tut1ng in Equation u we get
ABC®(G) < ”\}1 Similarly, for a chain graph, ABC®(QG)
is the minimum when G is a bi-star graph DNG(1,p —
1;1,¢g—1) as it is a tree with the minimum number of edges
M = n — 1. Thus, from Equation ABC®(Q) = ”\}21. |
Since GA¢(G +¢e) > GA¢(Q), similarly, one can obtain the
bounds for the GA eccentricity index of a chain graph G,
which is stated in the theorem below.

Theorem 4.4: Let GV, U Vo, E) =
DNG(mi,ma,....,mp;n1,N2,...,n) be a chain graph
of order n. Let GA°(G) be the geometric arithmetic
eccentricity index of G. Then

— if n is even
GA®(G)<{ 4
n°—1
else
2
GA*(G) > g(n —2)+1

Unlike ABC eccentricity index and GA eccentricity index,
the second Zagreb eccentricity index and the eccentric con-
nectivity index does not always increase with edge addition.
Now, we have the theorems giving the upper and the lower
bound for these two indices.

Theorem 4.5: Let GW U Vo, E) =
DNG(myi,ma, ..., mp;n1,Na2...,np) be a chain graph
of order n with |Vi| = p and |Va| = ¢, where p 4+ ¢ = n.
Let £°(G) be the eccentric connectivity index of G. Then

£(G) < 4dpq if n <6
“ |4pg+n—6 else

£(G) >5n—6

Proof: By Equation @ one can note that £°(G) attains
the maximum when the number of edges in graph is as
maximum as possible, that is, when G has the maximum
number of dominating vertices. One of the best possibilities
is that when all the vertices in G are dominating, that is
G = DNG(p;q) with M = pq. The next better option

is when M = pg — 1 and G = DNG(p — 1,1;q — 1,1).
Also one can note that the graph DNG(p;q) is obtained
from DNG(p — 1,1;¢ — 1,1) by adding an edge. That
is, DNG(p;q) = DNG(p — 1,1;q — 1,1) + e, where
e is an edge joining the two non-dominating vertices of
DNG(p—1,1;¢q—1,1). But from Equation[15] on adding the
edge e, the index increases only when n = p+q > 6 (refer to
the case 1 of Equation . Thus DNG(p—1,1;g—1,1) <
DNG(p;q), whenever n > 6. Thus

£(G) <¢°(DNG(p—1,1;¢—1,1)) < 4pg+n—6 when n > 6
When n < 6,
£(G) < E(DNG(p;q)) < 4pq

Similarly, £¢(G) is the minimum when m; = n; = 1 and
G =DNG(1,p—1;1,g—1). Thus £&(G) >5n— 6. M
Lastly, we have the second Zagreb eccentricity index.
Theorem 4.6: Let GW U W,E) =
DNG(my,ma,...,mp;n1,n9,...,n) be a chain graph
of order n with |V1| = p and |V»| = ¢, where p+ ¢ = n. Let
&2(@G) be the second Zagreb eccentricity index of G. Then

£(G) < 4dpq ifn<4
“ |4pg+2n—8 else

&(G) >6n—8

V. CONCLUDING REMARKS

The eccentricity-based topological indices are that domain
of molecular chemistry which is currently being explored
extensively by various chemists and mathematicians. This
article categorizes the eccentricity-based indices into two
classes {©5} and {O%;}. A detailed study of the same is
done for a special class of graphs called chain graphs. There
are numerous eccentricity-based topological indices that are
unexplored, especially belonging to the second class {©9,},
a study of which can be a good direction for future work.
Further, one can study extended matrices of chain graphs
corresponding to these topological indices.
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