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Vertex Reducible Total Labeling of Cyclic
Graphs and Their Associated Graphs

Xin Gao, Jingwen Li, Liangjing Sun

Abstract—For an undirected connected graph G (p, q), where
p is the number of vertices and q is the number of edges, if there
exists a single mapping f: V(G)U E(G)—{1,2,*==, p+q}, such that
the sum of labels of all vertices and their associated edges with
the same degree in the graph is constant, then the mapping
relationship is called Vertex Reduced Total Labeling (VRTL).
On the basis of existing reducible algorithms and combined with

practical problems, a new heuristic search algorithm is designed.

This algorithm uses preprocessing and adjustment functions,
and employs a cyclic iterative optimization method to label the
vertices and edges of a random graph, ensuring that the total
sum of labels for the same degree vertices is the same. By
conducting in-depth analysis and research on the experimental
results of finite vertices, the labeling rules for the graphs related
to cycle graphs were summarized, and the labeling rules for
infinite vertex cyclic graphs were derived. By summarizing
these rules, a series of theorems about cyclic graphs and their
connected graphs have been obtained, and corresponding proofs
have been provided. Finally, two conjectures are proposed.

Index Terms—cycle graphs, vertex reducible total labeling,
heuristic search algorithm, recurrent iteration;

. INTRODUCTION

RAPH theory studies complex problems by abstracting

them into the graphical forms. In 1736, the Swedish
mathematician Euler proved that there is no method for
traversing the Seven Bridges of K&nigsberg, thereby paving
the way for the development of graph theory. In recent years,
with the advancement of information technology, researchers
have approached graph theory problems from a novel
perspective, utilizing computer design algorithms. This not
only addressed the limitations of traditional graph labeling
research but also introduced various new labeling concepts
based on existing concepts. In 1970, Rosa [1] and Kotzig [2]
proposed the concepts of edge magic total labeling,
establishing a foundation for the labeling theory within graph
theory. Subsequently, in 1997, Burris A. C. and Schelp R. H.
introduced the concept of vertex-distinguishing edge coloring
[3]-[5] along with related conjectures, marking a significant

Manuscript received January 4, 2024; revised September 20, 2024.

This work was supported by the National Natural Science Foundation of
China (N0.11961041, 62262038) and the Key Project of Natural Science
Foundation of Gansu Province, China (Grant No. 24JRRA222).

Xin Gao is a graduate student of the School of Electronic and Information

Engineering, Lanzhou Jiaotong University, Lanzhou, Gansu, 730070, China.

(e-mail: 364301476@qg.com).
Jingwen Li is a professor of the School of Electronic and Information

Engineering, Lanzhou Jiaotong University, Lanzhou, Gansu, 730070, China.

(e-mail: lijingwen28@163.com).

Liangjing Sun is a graduate student of the School of Electronic and
Information Engineering, Lanzhou Jiaotong University, Lanzhou, Gansu,
730070, China. (e-mail: 1709862037@qq.com).

advancement in the exploration of vertex and edge coloring
problems. Furthermore, in 2009, Professor Zhang Zhongfu [6]
and other scholars proposed a series of concepts related to
reducible coloring [7]-[8], based on different perspectives
within distinguishable coloring theory. This expansion not
only broadened the theoretical scope of graph labeling and
coloring but also opens up the way for introducing more
derivative concepts. Later, in 2023, researchers proposed and
designed a novel algorithm for adjacent vertex reducible total
labeling [9]-[11], resulting in several relevant theorems and
conjectures. This progression indicates that the study of graph
labeling continues to evolve, meeting the demand for a deeper
exploration of graph structures.

Graph labeling problems have widely applications in
computer networks, logistics and transportation, social
networks, wireless spectrum analysis, and other fields. For
instance, in computer networks, vertex and edge labeling can
be utilized for routing and path selection. In social networks,
vertex labeling may represent different users or specific social
relationships. This paper introduces an innovative algorithm
that integrates practical issues with the idea of vertex
reducible total labeling. This algorithm addresses the issue of
vertex reducible total labeling in finite vertex inner cyclic
graphs, and is employed to conduct experiments on the atlas
of wunicyclic and bicyclic graphs. By analyzing the
experimental results, this article summarizes the labeling rules
for the graphs related to cycle graphs, and derives the labeling
rules for infinite vertex cyclic graphs. Through this
summarization, a series of theorems regarding cyclic graphs
and their connected graphs is established, accompanied by
corresponding proofs. Finally, two conjectures are proposed.

Il. BAsic KNOWLEDGE

Definition 1: For a connected graph G(p, q), where p
represents the number of vertices and q represents the number
of edges, if there exists a single mapping f:V(G) U
E(G)—{1,2,+, p+q}, such that the sum of labeling for all
vertices of the same degree and their associated edges
satisfies the equation Sum(u)=f(u)+ % w ee)f(uv)=K, where
K is a constant, then this mapping relationship is referred to as
Vertex Reduced Total Labeling (VRTL).

Definition 2: For path, cyclic, star, fan, and wheel graphs,
let G; and G2 be one of the above graphs, and agree to use the
symbol a to represent the central node of the star, fan, and
wheel graphs, the 1-degree vertex of the path graph, and any
vertex of the circle graph. The symbol b represents
non-central nodes in star and wheel graphs, 2-degree vertices
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in fan graphs, and 2-degree vertices in road graphs. The joint
graph G: T,, G2 connects the node a of graph G to the node a

of graph Gy, as shown in Fig. 1.
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Fig. 1. Fy Toa Wy

Definition 3: Let G; and G; be two simple graphs. The
joint graph G1 | G, represents the graph formed by bonding
any edge in graph G; to any edge in graph G,. For the number
of vertices, graph G1 | G is 2 less than the sum of G; and Gg,
and for the number of edges, graph G1 | Gz is 1 less than the
sum of G, and Ga.

u]_ u8
Ug
Uu;
Uy
Us Us
Uy Ug
Fig. 2. G4 1 G;

Definition 4: Let G; and G, be two simple graphs. The
corona graph G, -G, is formed by connecting all vertices of
a copied graph G, to each vertex of graph Gi. For example,
the corona graph C; - P, as shown in Fig. 3.

Ui Uz
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2u2
3ul 4u2
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Fig.3. C; PR,

Definition 5: Let G; and G, be two simple graphs. The
generalized corona graph G? -G is formed by connecting a
copied a node of the graph G, to each a node of the graph Gi.
For example, the graph Cf <S$ as shown in Fig. 4.

Fig. 4. Cf, o S?

I1l. ALGORITHM

A. Fundamentals of the algorithm

The fundamental concept of the VRTL algorithm is to
initialize the adjacency matrix of graph G, then perform a
complete permutation of the solution space of graph G and
recursively search for a valid state. If a state that satisfies the
balance function is found during the search process, the
current state M is recorded and output, and terminate the
algorithm. If no matrix satisfies the equilibrium state after
traversing the solution space of graph G, it indicates that
graph G is not a VRTL graph, and the algorithm terminates.
The implementation of the algorithm is primarily divided into
the following processes:

Step 1: Preprocess the initialization matrix by calculating
the number of edges and vertices, the degree of each vertices,
the degree sequence, and other relevant information about
graph G.

Step 2: Set up a classification function Classify to group
vertices of the same degree in graph G into one set, while
placing all other vertices into a separate set.

Step 3: Define a balance function IsBalance to determine
whether graph G satisfies vertex reducible total labeling
during the search of the solution space.

Step 4: Recursively search the solution space of the graph
set and utilize the balance function to determine whether there
exists a labeled matrix that satisfies vertex reducible total
labeling during the search of the solution space. Finally, select
the graph set that meets the specified conditions and output it
as a labeled matrix. The algorithm ends here. If no solution
that satisfies the constraint of vertex reducible total labeling
within the solution space of the graph set, the output graph G
is an N-VRTL graph, and the algorithm terminates.

B. Pseudocode

Input | The adjacency matrix of the graph G(p,q)

output | The matrix satisfying the labeling requirements
1 Read the initial adjacency matrix.

Get p q degree IsBalance ¢(p q) Classify

* p is the number of vertices, g is the number of

2 edges, degree represents the degree sequence,

IsBalance represents the balance operator that

determines whether the label is satisfied, o(p q)
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represents the solution space, and Classify uses a
classification function to filter the graph set for
the existence of similarity vertices */

3 while(o(p, q) !=null)

4 search @(p, q)—update G. Adjust Matrix

5 If G. Is Balance < true

6 Label Adjust < Adjust Matrix

7 end if

8 If G. Is Balance < false

9 Output This graph is a vertex reduced total
labeling graph

10 end if

11 end while

12 else

13 Output Label Adjust

14 end else

15 end

C. Analyze experimental results

By using this algorithm to validate all unicyclic graphs and
bicyclic graphs within 3-9 vertices, it is possible to count the

number of graphs that satisfy the vertex reduced total labeling.

From this analysis, it can be concluded that when the number
of vertices is 3< N <9, all unicyclic graphs and bicyclic graphs
are VRTL graphs, as shown in Table 1.

TABLE |

STATISTICS OF UNICYCLIC AND BICYCLIC GRAPHS WITHIN 9 VERTICES

unicyclic  The total The bicyclic  The total The
raphs number of number raph number number
9( p) o of VRTL g( p) ofaraops  OF VRTL
P.a grap graphs p.a grap graphs
(3,3) 1 1 (3,9) 0 0
(4,4) 2 2 (4,5) 1 1
(55) 5 5 (5,6) 5 5
(6,6) 13 13 6,7) 19 19
7,7 33 33 (7,8) 67 67
(8,8) 89 89 (8,9) 236 236
9,9) 240 240 (9,10) 797 797

The labeling results of graph G (27, 33) and graph G (36, 37)
are shown in Fig. 5.

4,/ /—27—\ hs[ / 59 /2‘1}2

26 2
5( 10 31 T 14
38 3 3§2\i°
6\\ 91 60 34 19 o
25 24 56
No—37—¢" 16
50 18
44
51 55 17
49 5354 e
52 1 %
48 g, 46

(@) G (27, 33)

32 22[\30 .
8 10 12 58
23 7 31 38 2111 59
/45 1"7 \ \( 50
46 47 48 29
64 ‘/ 7271 \ \ N 59
63 ¢ 61 60

(b) G (36, 37)
Fig. 5. The VRTL of G (27, 33) and G (36, 37).

IV. THEOREM AND PROOF

Theorem 1: For acircle graph C,,, when n>3n=1(mod2)
or 4<n<8Nn=0(mod2), itisa VRTL graph.

Proof: Let the vertex set of graph C,, be {u;,u,,...,u,} and
the edge set be {uu, Uuyu;,, |1<i<n-1}. The graph C,
contains n edges and n vertices in total.

Case 1: when n>3Nn=1(mod2), the VRTL of C, is

f(u)=i(1<i<n)

f(uu,)= on- N1

2
2n—%,(i=1,3,5...)
f (Uit ) =

3n_|+1,(i=2,4,6---)

At this time, the vertex labeling set f(V) and edge labeling
set f(E) of C, are:
faV)={,2,---,n}
f(E)={n+L,n+2,---,2n}
Currently, in the vertex set{u;,u,,...,u,}, all vertices are

2-degree vertices. It is essential to ensure that the sum of
labeling for all vertices is the same in the graph C, .

The total sum of the labeling for all vertices is:
Sum, ={f(ui)+ZUVEE(Ui)f (uv)1<i<n}

= fuug) + f(up)+ f(uuy) FQu) -l
f(uun) + f(up) + f(up_yup)
_ mn+3

2
The symbol "||" appearing throughout the text represents a
logical OR.
According to the definition of VRTL, f is a single

mapping function from the edge set E(C,) and vertex set
V(C,) to{l,2,---,2n}, and the sum of labeling for all the same

degree vertices is a constant.
Thus, when n>3Nn=1(mod2) , the circle graph C, is

proven to be a VRTL graph, as shown by case 1.
Case 2: when 4<n<8Nn=0(mod2), the VRTL of C, is

shown in Fig. 6.
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Fig. 6. The VRTL of C,, Cq and Cg.

(©) C

Due to f(V)Uf(E)—[L2n], f(V)Nf(E)=< and the fact
that all the labeling sum of the same degree vertices is a
constants, the circle graph C, is proven to be a VRTL graph

when 4<n<8MNn=0(mod2).

Tosumup, when n>3Nn=1(mod2), 4<n<8Nn=0(mod2),
the circle graph C,, is a VRTL graph.

Conjecture 1: The circle graph C, are VRTL graphs.

Theorem 2: The joint graph C, T,, P,(n>3,m>2) is a
VRTL graph.

Proof: Set the vertex set of the joint graph C, T,, P, as
{u;,uy,..., Uy, Upypse Uy b @nd the edge set as {u,u, U
Ul [1<i<n+m-2} . The graph C, T, P, contains
n+m-1 edges and n+m-—1 vertices, as shown in Fig. 7.

us Uz

Uy

Untm-1

11/"" . 2 L . ] amn [ e
v Unt+1 Un42 Up+3 Upim-2

Us

Us

U7 Uug
Fig. 7. C, Ta Pn

Firstly, the VRTL of C, T,, P, is:
f(u)=il<i<n+m-1

f(ulun):2m+2n—2—Lm+n_1J
i-1 .
2m+2n—2—7,(| =1,3,5--7)

f(UiUm):

2m+2n—2—[m+—n_1J

_570 =274,6...)

The symbol | | appearing throughout the text represents
rounding down when the calculation result is not an integer.
At this time, the vertex labeling set f(V) and edge labeling

set f(E) of C, T,, P, are:
fV)={,2,--, n+m-1}
f(E)={n+m,n+m+1,---,2n+2m -2}
Currently, in the vertex set{u;,Uy, -, Uy, Upsq, - Unsmet} »
Upsm—p is @ 1-degree vertex, Uy,Uy, -+, Up_; Ulp,1,Ungs o+ Unpmes
are 2-degree vertices, and u,, is a 3-degree vertex. There are
no vertices of the same degree as u, and u,_,_;, SO it is not
necessary to consider the sum of its labeling. It is essential to

ensure that the sum of labeling for all 2-degree vertices
labeling are the same in the graph C, T,, Py, -

The total sum of the labeling for the 2-degree vertices is:
Sum, ={f(ui)+ZUV€E(Ui)f (u)l1<i<n+m-2,i=n}
= fU)+ fFUl)+ fFU_u)2<i<n+m-2Ni=n]|

f(uguz) + £ (up) + f (uup)
m+n—1J

=4n+4m—3—[

According to the definition of VRTL, f is a single
mapping function from the edge set E(C, T,, Pn) and vertex
set V(C, Toa Pn) 10 {1,2,---,2n+2m-2} , and the sum of

labeling for all the same degree vertices is a constant.
Thus, the joint graph C,, T,, P,(n>3,m>2) is proven to be
a VRTL graph.

Theorem 3: The joint graph C, T,, C(n>3,m>3) is a
VRTL graph.
Proof: Set the vertex set of the joint graph C,, T,, Cp, as

{uy, Uy, Uy Upyp oo Un e @nd the edge set as {uu, Uy, |
1<i<n+m-2U{u Uy, 3. The graph C, T,4 Cpy contains
n+m edges and n+m-—1 vertices, as shown in Fig. 8.

Un+2

Un+3

Untsq

Fig. 8. C; T2a Cm

Case 1: when n>3,m>3m+n=0(mod2), the VRTL of
Cn Taa Cm IS
f(uj)=i,0<i<n+m
f (uuy)=2n+2m-1

f (UnUnsmo1)=N+m

M+2m-1—+ (i=2,4,6.-)
~ 2
(Uit ) = m+n-+i—

2n+2m-1- 1,(i=1,3,5---)

At this time, the vertex labeling set f(V) and edge labeling
set f(E) of C, T, Cpy are:
fovO={,2,---, n+m-13},
f(E)={n+m,n+m+1,---,2n+2m-2}
Currently, in the vertex set {u;,Uy, *+,Uy,Upps s Unsmt} »
Uy, Uy, oy Upoy Ul Ungs -+, Uy @re all 2-degree vertices, and
u, is a 4-degree vertex. Since there are no vertices with the
same degree as u,, calculating the sum of its labeling is

completely unnecessary. It is essential to ensure that the sum
of labeling for all 2-degree vertex are the same in the graph
Cy e Con-
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The total sum of the labeling for the 2-degree vertices is:
Sum, ={f (u; )+ZUVGE(U )f (uv)|1<i<n+m-2,i=n}
=)+ U )+ fuu)l2<i<n+m=-2Ni=n||

{f(uug) + f(u)+ f(uuy)
m-+n
}

According to the definition of VRTL, f is a one-to-one
mapping function from the vertex set v (C, T,, C,) and edge
set E(Cp T.a Cm) to {1,2,-,2n+2m—1}, and the sum of

labeling for all the same degree vertices is a constant.
Thus, when n>3,m>3m+n=0(mod2), the joint graph

Cp, T4a Cr is proven to be a VRTL graph, as shown by case 1.
Case 2: When n>3,m>3(\m+n=1(mod2), the VRTL of
CI’] Taa C

={4n+4m-1-

f(-)—i,0<i<n+m
f (ujuy ) =2n+2m-1
f (UnUnsm1) =20+ 2m—1- 101
2n+2m—1—m+n+',(i:1,3,5...)
f (Ut ) = :
2n+2m 12 (i=2,4,6-)

At this time, the vertex labeling set f (V) and edge labeling
set f(E) of C, T,, Cpy are:
fOV)={,2,---,n+m-1}
f(E)={n+m,n+m+1,---,2n+2m—2}
Currently, in the vertex set {u;,Uy,--+,Uy,Upsps s Unsmoi} »
Uy Uln Unss - Unemy are all 2-degree vertices, and
u, is a 4-degree vertex. Since there are no vertices with the
same degree as u,, calculating the sum of its labeling is
completely unnecessary. It is essential to ensure that the sum
of labeling for all 2-degree vertices are the same in the graph
Cn Taa Cm-
The total sum of the labeling for the 2-degree vertices is:
Sumy ={f (y; )+ZUV6E(Ui)f (w)l1<i<n+m-1i=n}
= fUy)+ fF(uu)+ fFuu)|2<i<n+m-2Ni=n||
f(Unsm-1)+ f UnUnim-1) + f (Unim—2Unem—1) |l
f(uug)+ f(up)+ f(uup)
m+ n+1}

According to the definition of VRTL, f is a single
mapping function from the edge set E(C, T,, Cp) and

vertex set V (Cp, Taa Cry) t0 {1,2,---,2n+2m—1}, and the sum

of labeling for all the same degree vertices is a constant.
Thus, when n>3,m>3m+n=1(mod2), the joint graph

Cp, T4a Cr is proven to be a VRTL graph, as shown by case 2.
To sum up, the joint graph C, 7,4 C(n=3,m=>3) is a
VRTL graph.

Uy, Ug,-++,

={4n+4m-1-

Theorem 4: The joint graph C, T, Sp(n>3,m>3) is a
VRTL graph.

Proof: Set the vertex set of the graph C, T, Sy as
{u;,ug,---,u, Uvy,vy,-+,v} and the edge set as {u,u, U
Uit (1<i<n)Uvevj (1< j<m)}. The graph C, Taa Spy
contains n+m edges and n+m vertices, as shown in Fig. 9.

V1

Fig. 9. C, T, Si

Firstly, the VRTL of C, T, Sy is:

f(u)=i,(1<i<n)

f(vj) 2n+ j,(1<j<m)

f (uuy ) =2

f(vaJ) 2n+2m+1-j,(j=12,---,m)
f—nJ—i_—l,(i=L3,5-“)

i, )=t 24 2 (L<i<n)

i
2n——,(1=2,4,6---
2 ( )

At this time, the vertex labeling set f (V) and edge labeling
set f(E) of C, Toa Sy are:
fVO={,2,---,nU2n+1,2n+2,---,2n+m}
f(E)={n+1,---,.2nU2n+m+1,2n+m+2---,2n+2m}
Currently, in the vertex set {u;,uy,---,u, Uv;,Vy, -,V },
,Vy, are all 1-degree vertices, uj,u,,---,u,_; are all
2-degree vertices, and u, is m+2-degree vertex. Since there
are no vertices of the same degree as u,, calculating the sum

of its labeling is completely unnecessary. It is essential to
ensure that the sum of labeling for all 1-degree vertex and
2-degree vertex labeling are the same in the graph C, 1., Spy -

The total sum of the labeling for the 1-degree vertices is:
Sumy ={f (vj) + Zivee,)f (W) 1< j<m}

=f(vj)+ f(vvj)ll<j<m

Vi, Vo, e

=4n+2m
The total sum of the labeling for the 2-degree vertices is:

Sum, ={f (ui)+ZUV€E(Ui)f (w)l1<i<n-1}
= f(u)+ f (i) + FUiu)[2<i<n-1f
L () + f(uug) + f(uyup)
= V;JH
From the above proof process, it can be determined that f
is a single mapping function from the edge set E(C, T,, Sy)
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and vertex set V(C, T,, Sm) t0{L,2,---,2n+2m}, and the sum

of labeling for all vertices of the same degree is a constant.
Based on the definition of VRTL, the joint graph
Cn Taa Sm(n>3,m>3) is proven to be a VRTL graph.

Theorem 5: The joint graph C, T,4 Sp(n>3,m>3is a

VRTL graph.
Proof: Connecting any vertex of the graph C, to the center

vertex of the graph F,, to form the joint graph C, T, F,,. Set
the vertex set as {u;,u,,...,Uu,,,+ and the edge set as
LU, [1<i<n+m—-1Uuyu,,; | 1<i<mUuu,}. The graph
C, T.a F, contains n+2m-1 edges and n+m vertices in
total, as shown in Fig. 10.

Un+1
Un+2

Up+3
Un+4

Un+s

Un+6
Un+m

Uz Ug

Fig. 10. C, T, Fu

Firstly, the VRTL of C, T,, F,, is:
f(u)=i1<i<n+m

n
f(uu,)=2n-| — [+2m-1

n .
f(unun+l):2n—L§J+3m—1,|=1

n : :

f(unui)—n—[§J+2m—2+|,n+l<|sn+m
2n+3m—%,1si<nmi51(mod2)
f(uiui, ) =

2n_{gJ+2m—l—|§,1si<nﬂi = 0(mod2)

2n+2m-—i,n<i<n+m

At this time, the vertex labeling set (V) and edge labeling
set f(E) of C, T, F,, are:
fOVO={,2,---,n+m}
f(E)={n+m+1,n+m+2,---,2n+3m-1}
Currently, in the vertex set{u;,Uy, -, U,Un. 1, s Upemn s
Uy, Uy, Uy Uup, Uug,, are all 2-degree vertices, and
UpsoyUnesy s Unamey are all 3-degree vertices, and u, is

m+2-degree vertex. Since there are no vertices of the same
degree as u,, calculating the sum of its labeling is completely
unnecessary. It is essential to ensure that the sum of labeling
for all 2-degree vertex and 3-degree vertex labeling are the
same in the graph C, T,, F,, -

The total sum of the labeling for the 2-degree vertices is:

Sumy ={f () + Xiveg ) f (w)l1<i<nUi=n+1Ui=n+m}
= Fu)+ FUui) + FQuiu) [T<i<n ] f(uug)+ fu)+

£ (uug) I UpUngem) + T Upem) + F(Unemo1Unim)

=4n+5m-1- n
2

The total sum of the labeling for the 3-degree vertices is:
Sumg ={f (Uj) + Zyyee ) (u)n+l<i<n+m-2}

=)+ Fu_u)+ FUu )+ fFugu) n+l<i<n+m-2

=5n+6m-1- n
2

From the above proof process, it can be determined that f
is a single mapping function from the edge set E(C, T, F.,)
and vertex set V(C, T, Fy) to {L,2,--,2n+3m—1}, and the

sum of labeling for all vertices of the same degree is a
constant. According to the definition of VRTL, the joint graph
C, T Fa(n>3,m>3) is proven to be a VRTL graph.

Theorem 6: The joint graph C, T,, W,(n>3,m>3) is a

VRTL graph.
Proof: Set the vertex set of the graph C, T, W, as

{u,, Uy, -+, u, Uvy, Vs, -+, v} and the edge set as {u,u, U
Ul (L<i<nUvvi, (< j<m)Uvvy Uvv (1< j<m)}.
The graph C, T,,W, contains n+2m edges and n+m
vertices, as shown in Fig. 11.

Fig. 11. Cp, Taa Wi
Firstly, the VRTL of C, T, W,, is:
f(u)=i,(1<i<n)
f(vj)=2n+j(<j<m)

f (ujup)=2n
[%J—%xi:mﬁ---)
f(uiui+1): . (1£i<n)
i
n——,(1=2,4,6---
> )
f (V) =2n+2m,
f(vjvj+1):2n+2m—i, (j=12,---,m-1)
2n+2m+1+j, (j=L2,---,m-1)
f(vovj): .
2n+2m+1, (j=m)

At this time, the vertex labeling set f (V) and edge labeling
set f(E) of C, T, W, are:
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fV)={,2,---,nU2n+1,2n+2,---,2n+ m}

f(E)={n,n+1---,2nU2n+m+1,2n+m+2---,2n+3m}

Currently, in the vertex set {uj,uy,--,u, UV, Vo, -,V },
Uy,Uy,---,U,_, are all 2-degree vertices, v,,v,,---,v,, are all

3-degree vertices, and u, is m+2-degree vertex. Since there
are no vertices of the same degree as u,, calculating the sum

of its labeling is completely unnecessary. It is essential to
ensure that the sum of labeling for all 2-degree and 3-degree
vertices are the same in the graph C, T,, W,, .

The total sum of the labeling for the 2-degree vertices is:
Sumy ={f (U )+ Xyye(y)f (W) 11<i<n-1}
= () + F U+ F U [1<i<n-1]]
f(up)+ f(uun)+ f(uuy)
_VnJH
2
The total sum of the labeling for the 3-degree vertices is:
Sumg ={f (vj) + gy f (W) 1< j<m}
= f(vj)+ F(vjvi)+ F(vjavy)+ Flvvj) i< j<m]]
fv)+ fF(vvm) + F(vpve) + F(vovy) |l
f(Vm) + f (Vimo1Vim) + T (vvi) + £ (Vo)

=8n+6m+2
From the above proof process, it can be determined that f

is a single mapping function from the edge set E(C, T,, W)
and vertex set V(C, T,uW,) to {,,2,---,2n+3m}, and the

labeling sum of the same degree vertices is a constant.
According to the definition of VRTL, the joint graph
C, T.a W,,(n>3,m>3) is proven to be a VRTL graph.

Theorem 7: For the joint graph C, T, P, T,4 Ch(n>3),
when n=0(mod2), itisa VRTL graph.

Proof: Set the vertex set of the graph C, T, P, T, Cp, as
{u;,uy,--+,2u,} and the edge set as {u,u, Uu,us, Uu,,Usp
Uuiui (1<i<n-1|i=n)} . The graph C,Ta P Taa Cn
contains 2n+1 edges and 2n vertices, as shown in Fig. 12.

Un+3

Uy Us
Fig. 12. C, Ta P Taa Cn

Unts Un+4

When n>3Nn=0(mod2), the VRTL of C, T,4 P T4a Cn
is:
(uj)=i,(1<i<2n)
(Uptin ) =4
(upUy ) 4n+1
(

f
f
f

f (Upszn ) = 40 —5

3n—%,(i:1,3,---,2n—1)
f(Uilisy )=

4n—é,(i= 4,---2n=2(i % n)

At this time, the vertex labeling set f(V) and edge labeling
set f(E) of C, T4 P, Ta C, are:

f(V)={,2,---,2n}
f(E)={2n+1,2n+2,---,4n+1}

Currently, in the vertex set{u;,u,,---,2u,}, u, and u,y, are
3-degree vertices, and the remaining vertices are all 2-degree
vertices. Itis essential to ensure that the sum of labeling for all
2-degree and 3-degree vertices are the same in the graph
Co Taa Fn

The total sum of the labeling for the 2-degree vertices is:
Sum, ={f (u; )+ZuveE(ui)f (u)ll<i<2n-li=n}
=f(up)+ fuu,)+ fuy)|2<i<n-1Un+2<i<2n-1||

f (U1U2) +f (ul) +f (Ulun) ” f (un+1) +f (un+1un+1) +f (un+lu2n)
=7n+1

The total sum of the labeling for the 3-degree vertices is:

Sumg ={f (U) + Zyyeg) V) [T = nUi=2n}
= f(up)+ f(uup)+ f(uyup) + f(Upugn) |l
f(Ugp) + f(UpUgn) + f (UpgyUon) + f(Uzp_1Ugp)

:@_’_2

From the above proof process, it can be determined that f
is a single mapping function from the edge set
E(C, T,a P T4a Cq) and vertex set V(C, 1., P, T, Cn) tO
{,2,---,4n+1}, and the labeling sum of the same degree
vertices is a constant. According to the definition of VRTL,
when n>3 and n=0(mod2) , the joint graph

Ch Taa P Taa Cn is proven to be a VRTL graph.

Theorem 8: For the joint graph C,, ¥ C,,(n >3,m >3), when,
n+m=1(mod2) itisa VRTL graph.

Proof: Set the vertex set of the graph C,{ C,, as V ={u,,
Uy, oo Up,Upspseoe s Unemot @nd the edge set as E={uup,m_s
Uup_Unsmes Uil [1<i<n+m=2} . The graph C,{C,
contains n+m-1 edges and n+m-2 vertices in total, as
shown in Fig. 13.

Uz

Un+1
Us

Fig.13. C, 4 C,,

When n>3, m>3, and n+m=1(mod2), the VRTL of
C,iCpy is:
f(u)=il<i<n+m-2

f (Un_1Unsm_2)=2n+2m-3
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n+m+1
f (U m2)=2n+2m—-2— Tmr

2n+2m—3—%,i=1,3,5~~
f(”i“m): ;
2n+2m_3_%_1+|,i =2,4,6---

At this time, the vertex labeling set f(V) and edge labeling
set f(E) of C,{C,, are:
foVv)={,2,---, n+m-2}
f(E)={n+m-1,n+m,---,2n+2m -3}
Currently, in the vertex set{u;,uy,...,Uy,Upiq s Upsmett s
both u,_; and u,,_o are vertices of 3-degrees. The remaining

vertices are all 2-degree vertices. It is essential to ensure that
the sum of labeling for all 2-degree and 3-degree vertices are
the same in the graph C,{ C,, .

The total sum of the labeling for the 2-degree vertices is:
Sum, ={f (u; )+ZUVEE(ui)f (u)ll<i<n+m-3,izn-1}
= f(u)+ f (Ui )+ Uy | 2<i<n+m-=3||

fu) + f )+ f(UuUn,m2)
m+n+1

=4n+4m-5—
The total sum of the labeling for the 3-degree vertices is:

Sumg :{f(ui)+zUVEE(Ui)f (u)]i=n-1Ui=n+m-2}

= f(Up_1)+ f(Un_2Up_1) + F(Un_1up) + F (Uy_1Unm2) |

f(Unsm—2) + F(UUn m_2) + F (Un_Unsm_z) + F (Unim—3Unim—2)

—6n+6m_12_M*+3N

From the above proof process, it can be determined that f
is a single mapping function from the edge set E(C, ¥ C,,)
and vertex set V(C,4C,) to {1,2,---,2n+2m-2}, and the

labeling sum of the same degree vertices is a constant.
According to the definition of VRTL, the joint
graph C, 4 C,(n>3,m=>3) , when n+m=1(mod2) , it is
proven to be a VRTL graph.

Theorem 9: For the corona graph C, < P,(n>3), when
n=1(mod2), itisa VRTL graph.

Proof: The graph formed by connecting all vertices of a
copy of the graph P, to each vertex of the graph C,, is called
the corona graph C, - P, , as shown in Fig. 14.

Fig. 14. C, o P,

Set the vertex set of the corona graph C,-PR, as
{u;,u,,Us,2u,2U,,2U, -+, NU;, NU,, NU } and the edge set as
{uu, Uy, |1<i<n+m-2}. The graph C, - P, contains
4n edges and 3n vertices in total.

When n>3,and n=1(mod2), the VRTL of C <P, is:

f(hy)=3(h—-D)+i(1<i<3,1<h<n)
f (usnus) :6n+nTJrl

f (huhuy) =6n+1-h(1<h<n)

f (hu,hug) =5n+1-2h,(1<h<n)

f (hu;hug) =5n+2-2h,(1<h<n)

6n+%,h51(mod2)
f (hug(h+1)uy) = hanal
6n+

,h=0(mod2)

At this time, the vertex labeling set f (V) and edge labeling
set f(E) of C, P, are:
f(V)={,2,---,3n}
f(E)={3n+1,3n+2,---,7n}
Currently, in the vertex set{u,,u,,us, 2u;, 2u,, 2u5, -+, NU;,
nu,,nus}, Us,2Us,---,NuU, are all 4 degree vertices, and the

remaining vertices are all 2-degree vertices. It is essential to
ensure that the sum of labeling for all 2-degree and 4-degree
vertices are the same in the graphC,, - P, .

The total sum of the labeling for the 2-degree vertices is:
Sum, = f(hu,)+ f (huhuy) + f (huhug) [1<h<n||
f (huy) + f (hu;hu,) + f (huyhus) [1<h<n
=1ln+1
The total sum of the labeling for the 4-degree vertices is:
Sum, ={f (huy) +ZUV6E(hu3)f (u)|1<h<n}
= f(huy) + f (hu;huy) + f ((h—1)ushus) + f (hug (h+1)us) +
f(hushug) [ f (ug) + f(uyug) + f(ugus) + F(us2u3) + f (usnus) ||
f (nu;)+ f(nu;nuy) + f(nuynug) + f(usnug) + F((N—1)usnus)
_45n+7

2
From the above proof process, it can be determined that f

is a single mapping function from the edge set E(C,, - R,)
and vertex set V(C,, o R,) to{l,2,---,7n}, and t the labeling

sum of the same degree vertices is a constant. According to
the definition of VRTL, when n =1(mod2) , the corona graph

C,, P, (n>3) is proven to be a VRTL graph.

Theorem 10: The generalized corona graph SP -C2(n>4)

isa VRTL graph.
Proof: Let the vertex set of generalized corona graph

SPoC2 be {uy,u;,Uy,Us,2U;,2U,,2Us,---,NU,, NU,, NU5, } and
the edge set be {{huhu, Uhu,hu; Uhuhu; |1<h<n}U
uohu, [1<h <n}. The graph S? -C2 contains 4n edges and
3n+1 vertices in total, as shown in Fig. 15.
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U nu,

nu,

2U,
4u,

2u2 4'LL1

3u1 3u2

Fig. 15. SP.C2

Firstly, the VRTL of SP-C2 is:
f(up)=7n+1
f(hu;)=3(h-1)+i(l<i<3,1<h<n)
f (huhu,) =6n+1-h(1<h<n)
f (hushus) =5n+1-2h,(1<h<n)
f (huhuy) =6n+2-2h,(1<h<n)
f (Uohus) =6n+h(1<h<n)
At this time, the vertex labeling set f (V) and edge labeling
set f(E) of SPoC2 are:
fv)={,2,---,3n,7n + 1}
f(E)={3n+1,3n+2,---,7n}
Currently, in the vertex set {u,,u;,Uy,Us,2u;, 2U,,2Us,-++,NU;,
nu,,Nus}, Us,2Us,...,Nuy are all 3-degree vertices, u, is

n-degree vertex, and the remaining vertex are all 2-degree
vertices. Since there are no vertices with the same degree asu,,

calculating the sum of its labels is completely unnecessary. It
is essential to ensure that the sum of labeling for all 2-degree

and 3-degree vertices are the same in the graph S2 - C2 .
The total sum of the labeling for the 2-degree vertices is:
Sum, = f(hu;) + f (huhuy) + f (huhus) [1<h<n]|
f (huy) + f (hu,huy) + f (huyhus) [1<h<n
=1ln+1
The total sum of the labeling for the 3-degree vertices is:
Sum, ={f (hu3)+ ZuveE(hug)f (uw)|(1<h<n)}
= f (hus) + f (huhuy) + f (hushug) + f (ughug) [ (1< h<n)
=16n+3
From the above proof process, it can be determined that f
is a single mapping function from the edge set E(S? -C2) and
vertex set V(S -C2) to{L,2,---,7n+1}, and the labeling sum

of the same degree vertices is a constant. Based on the
definition of vertex reduced total labeling, the generalized

corona graph SP -C2(n=>4) is proven to be a VRTL graph.

Theorem 11: The generalized corona graph F* -C2(n>4)

isa VRTL graph.
Proof: Set the vertex set of the generalized corona graph

FXoC2 as {uy,Uy,Uy, Uy, 2U;,2U,,2U,,- -+, NU;, NU,, NU, } and
the edge set as {{huhu, Uhuyhu; Uhuhu, |1<h<n}U
Uohu, |1<h<n}. The graph FX-C2 contains 5n—1 edges
and 3n+1 vertices in total, as shown in Fig. 16.

nu;

2u,

2u; 3y,

Fig. 16. F™ - C?

Firstly, the VRTL of F*-C2 is:
f(up)=7n+1
f (hu;)=3(h-1)+i(l<i<3,1<h<n)
f (hu;huy) =6n+1-h(1<h<n)
f (hushug) =5n+1-2h,(1<h<n)
f(huhuy) =5n+2-2h,(1<h<n)
f(uohug):{ n(h=1)
8n+1-h(2<h<n)
f(hus(h+1uy) =6n+h(l<h<n-1)
At this time, the vertex labeling set f (V) and edge labeling
set f(E) of F™-C2 are:
fv)={,2,---,6n,8n}
f(E)={6n+1,6n+2,---,8n-1}
Currently, in the vertex set {u,,U;,U,,Us,2U;,2U,,2Ug,---,
nu;, NuU,, NUs}, 2u5,3us,...,(N—1)u, are all 5-degree vertices,
u, and nu, are all 4-degree vertices, u, is n-degree vertex,

and the remaining vertices are all 2-degree vertices. Since
there are no vertices of the same degree as u,, calculating the

sum of its labeling is completely unnecessary. It is essential to
ensure that the sum of labeling for all 2-degree, 4-degree and

5-degree vertices are the same in the graph F™ -C2.
The total sum of the labeling for the 2-degree vertices is:
Sum, = f (hu,) + f (hu,huy) + f (huhus) [ 1<h<n]|
f (huy) + f (hu,hu,) + f (hu,hug) [1<h<n
=1ln+1
The total sum of the labeling for the 4-degree vertices is:
Sum, = f(ug)+ f(uus)+ F(ugus)+ F(uguy) + f(us2us) ||
f (nuy) + f(nunus) + f(nuynus) + f (ugnugy) + f((N—1)usnu,)
=23n+24
The total sum of the labeling for the 2-degree vertices is:

Sums ={f () + Xy F (UU)[(2<h<n-1)}
= f (hus) + f (hu;huy) + f (huyhug) + f (ughug) +
f (hus(h+1u,) + f((h—1)ushuy) |[2<h<n-1
={30n+30}
From the above proof process, it can be determined that f
is a single mapping function from the edge set E(F™ -C2)
and vertex set V (F*°-C2) to {1,2,---,7n}, and the sum of

labeling for all vertices with the same degree is a constant.
Based on the definition of VRTL, the generalized corona

graph F™-C2(n>4) has been proven to be a VRTL graph.
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Theorem 12: For the generalized corona graph CZ oS3
(n>3,m>3),when m=1(mod2), m=0(mod2)n=1(mod2)
and m=0(mod2)(\n=4,6,8, itisa VRTL graph.

Proof: The generalized corona graph C2 - SZ is formed by
connecting center vertex of the graph S, to each vertex of the
graph C,,. Set the vertex set of graph CZ2-S2 as {u;,u,,...,
Uy, UVy, Vo -+, v} and the edge set as {uui,; [1<i<nU
Uy Ui, Vimen [0<i<n—1,1<h<m}. The graph C2-S2

contains n+nm edges and n+nm vertices in total, as shown
in Fig. 17.

b2 T VI Yty
Vm+1 "(n;;);lnﬂ
Um+2 (X

Vgm+2
Vgm+1

? Vgm

- V7m+2

Vrm+1
U7rm
Vem+2

A Vem+1
" Vem

Usm+2
+1

Vam+2 Vs vs
m:

Fig. 17. C2-S2

Case 1: When m=1(mod2), the VRTL of CZ-S3 is:
2nm+1(i =1)
f(u;) -
2nm+n+2-i(i=2,3,---,n)
i+1+(h-n,(i=0,1,---,n—-1,h=13,---,m)
F(Vimen) = _— _
hn—i,(i=0,1,---,n-L,h=2,4,---,;m-1)
f(uu,) =2nm+2n
f(uu,)=2nm+n+i(i=12,---,n-1)
2nm-i—(h-1n,(i=0,1,---,n-1,h=1,3,---,m)
f (ui+1Vim+h) = : s _
2nm+1+i-hn,(i=0,1,---,n-1,h=2,4,--- ) m-1)

At this time, the vertex labeling set (V) and edge labeling

set f(E) of C2-SZ2 are:
fv)={,2,---,2nm}
f(E)={2nm+1,2nm+2,---,2nm+2n}

Currently, in the vertex set {u;,uUy,...,U,V}, Vo,V }
Vj,Vy,...,Vyy, are all 1-degree vertices, and uj,u,,...,u, are
all m+2-degree vertices. It is essential to ensure that the sum
of labeling for all 1-degree and m+2-degree vertices are the
same in the graph C2 -Sj .

The total sum of the labeling for the 1-degree vertices is:
Sumy ={f(vi) + Xpee() f V) [1<i<nm}
= f(Vim+h)+ f(ui+1Vim+h)|O£i S n-l,lS hg m
=2nm+1

The total sum of the labeling for the m+2-degree vertices
is:

SUMy o ={F () + T e f (W) [1<i <}
= FQu)+ f () + F(ugun) + F(upv) + FUvg) +- 4 T (Upvy) |
f(“n)"’ f(un—lun)"' f(ulun)+ f(unv(n—l)m+1)+”‘+ f(unVnm)

3 9 mn+m+3
=§nm +6nm+——

According to the definition of VRTL, f is a one-to-one
mapping function from the vertex set V(C2 -S2) and edge set

E(CZ-S%) to{l,2,---,2n+2m}, and the sum of labeling for all
the same degree vertices is a constant.

Thus, when m=1(mod2) , the generalized corona graph
C2-S2 is proven to be a VRTL graph, as shown by case 1.

Case 2: When n=1(mod2) and m=0(mod2), the VRTL
of C2-S2 is:
fCup=2nm+i(i=12,---,n)

i+1+(h=Dn,(i=0,1,--,n-1,h=12---,m-1)
f(Vierh) = ..
hn-i,(i=0,1,---,n—-1,h=2,4,---,m)
f(uuy) =2nm+2n—nT_1
i-1 .
2nm+2n—7,(| =1,3,---,n=2)

f(uitig) =

—1+i
2nm+2n—n *

J(i=2,4,---,n-1)

f(um\limm):{an—i—(h—l)n,(i:0,1,-~-,n—1,h:1,2,-~-,m—1)
2nm+1+i-hn,(i=0,1,---,n-1,h=2,4,---,m)
At this time, the vertex labeling set f (V) and edge labeling
set f(E) of CZ-SZ2 are:
fv)={,2,---,2nm}
f(E)={2nm+1,2nm+2,---,2nm+2n}
Currently, in the vertex set {u;,Uy,...,Uy,V}, Vo Vot s
Vj,Vy,...,Vyy, are all 1-degree vertices, and uj,u,,...,u, are

all m+2-degree vertices. It is essential to ensure that the sum
of labeling for all 1-degree and m+2-degree vertices are the

same in the graph C3 - S .

The total sum of the labeling for the 1-degree vertices is:
Sum; ={f(v;)+ ZuveE(Vi)f (uv)|1<i<nm}
= f (Viman) + F Uiz Vimen) 10<i<n=1,1<h<m
=2nm+1

The total sum of the labeling for the 2-degree vertices is:
Sump,,, ={f (ui)+ZUVEE(ui)f (u)|L<i<n}
= f(u)+ f(uuy)+ FQuug)+ fFQuy)+ fuvg)+-+ fuvy) |l
f (un) +f (un—lun) +f (Ulun) +f (unV(n—l)m+1) +eoet f (unvnm)

-1
:g(Bnm+1)+6nm+4n—nT+1

According to the definition of VRTL, f is a single
mapping function from the vertex set V(CZ -S2) and edge set
E(CZ-S3) to{L,2,---,2n+2m}, and the sum of labeling for all

the same degree vertices is a constant.
Thus, when n=1(mod2),m=0(mod2) , the generalized

corona graph C2-S2 has been proven to be a VRTL graph,
as shown by case 2.
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Case 3: When m=0(mod2) and n=4,6,8, the labeling
of part of graph C?-S2 are shown in Fig. 18.

2
7
'\ 32 zrs *7 T f
9e 33 ‘9 15
40 34
8 ey 53 310 18
1?48 49 54 26\. 23
56 51
21 o33 50 55 46~ 3
29 52 43—
20 35, 00
35 e 11
13 J 4445 27 30 “
12 6y e s
5 19
4 22
(a) The VRTL of CZ 0S¢
NIETA
' \64 33 63 47
50
25 . 49 y /'
24 .\40 62
9 egg 4l 7277 7970 \é%_. 19
26 -39 74 80 A0 " 4
'/55 s o6 758 Ngg ;. 3
o 71 ~ 50
10/ N
38 0 29
7 /43 54 37153
59 44\ e
ol \ s
)y ¢ b 4 b 1
11 ¢ 28 21
(b) The VRTL of C2-S2.
Fig. 18. The two labeled results of graph CZ o S& .
Due to f(V)Uf(E)—[L2nm+2n], fV)Nf(E)=9T,

and the fact that the sum of labeling for the same degree
vertices is a constant, the generalized corona graph CZ - S2 is

proven to be a VRTL graph when n=4,6,8, m=0(mod2) .
To sum up, for the generalized corona graph CZ-S2

(n>3,m>3),when m=1(mod2), m=0(mod2)n=1(mod2)

and m=0(mod2)(\n=4,6,8, it is proven to be a VRTL

graph.
Conjecture 2: All unicyclic graphs are VRTL graphs.

V. CONCLUSION

This article proposes a VRTL algorithm based on vertex
reduction total labeling constraint conditions. The algorithm
first organizes the solution space of the input graph, then
traverses the solution space of the entire arrangement, and
determines whether the graph satisfies the vertex reduction
total labeling through a recursive search. Finally, it outputs a
labeling matrix that satisfies the constraint conditions. By
analyzing the experimental results of cyclic graphs, this paper
proposes 12 theorems about cyclic graphs and their related
graphs, verifies their correctness, and proposes two
conjectures.
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