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Essential Intuitionistic Fuzzy Ideals in Semigroups

Pannawit Khamrot, Aiyared Iampan, Thiti Gaketem

Abstract—In this paper, we give the concepts of essential
intuitionistic fuzzy ideals in semigroups. We proved properties
and relationships between essential intuitionistic fuzzy ideals
and essential ideals in semigroups. We extend to 0-essential
intuitionistic fuzzy ideals in semigroups. Finally, we study
properties of essential intuitionistic fuzzy (m,n)—ideals.

Index Terms—essential fuzzy ideals, essential intuitionistic
fuzzy ideals, intuitionistic fuzzy ideals, O-essential intuitionistic
fuzzy ideals.

I. INTRODUCTION

HE CONCEPTS of fuzzy sets was published by L. A.
Zadeh in 1965 [1]. In 1986 K. T. Atanassov [2], gave the
concept of intuitionistic fuzzy sets such that both a degree
of membership and a degree of non-membership are real
numbers between 0 and 1. The concept has been applied in
different fields, such as logic programming, decision-making,
problem and medical diagnosis, etc. Later, in 2002 K. H.
Kim and Y. B. Jun [3] discussed the concept of intuitionistic
fuzzy ideals in semigroups. Many authors used the theory of
intuitionistic fuzzy sets go applications, see, e.g., [4], [5], [6],
[7]. In 1971 U. Medhi et al. [8] discussed the Essential fuzzy
ideals of ring. In 2013, U. Medhi and H.K. Saikia [9] studied
the concept of T-fuzzy essential ideals and the properties
of T-fuzzy essential ideals. In 2017 S. Wani and K. Pawar
[10] extended the concept of essential ideals in semigroups
to ternary semiring and studied essential ideals in ternary
semiring. In 2020, S. Baupradist et al. [11] studied essential
ideals and essential fuzzy ideals in semigroups. Together with
0-essential ideals and O-essential fuzzy ideals in semigroups.
In 2022 T. Gaketem et al. [12] studied essential bi-ideals
and fuzzy essential bi-ideals in semigroups. Moreover, T.
Gaketem and A. Iampan [13], [14] used knowledge of
essential ideals in semigroups to study essential ideals in
UP-algebra. In the same year P. Khamrot and T. Gaketem,
[15] studied essential ideals in a bipolar fuzzy set. In 2023,
R. Rittichuai et al. [16] studied essential ideals and essential
fuzzy ideals in ternary semigroups. Recently, N. Kaewmanee
and T. Gaketem [17] studied essential hyperideals and fuzzy
hyperideals in hypersemigroups.
In this paper, we study essential intuitionistic fuzzy ideals
in semigroup and investigate some basic properties of es-
sential intuitionistic fuzzy ideals. Moreover, we characterize
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essential intuitionistic fuzzy ideals and O-essential intuition-
istic fuzzy ideals of semigroups. And together essential
intuitionistic fuzzy (m,n)—ideals.

II. PRELIMINARIES

In this section, we review the concept’s basic definitions
and the theorem used to prove all results in the next section.

A non-empty subset Z of a semigroup S is called a
subsemigroup of S if > C Z. A non-empty subset Z of
a semigroup S is called a left (right) ideal of S if ST C T
(ZS C 7). An ideal T of a semigroup S is a non-empty
subset which is both a left ideal and a right ideal of S. An
essential ideal T of a semigroup S if Z is an ideal of S and
ZN§+#0 for every ideal f of S.

A subsemigroup Z of a semigroup S is said to be an
(m,n)-ideal of S if ZST™ C T for any m,n € N.

A subsemigroup Z of a semigroup S is said to be an
(m, 0)-ideal of S if 7S C T for any m € N.

A subsemigroup Z of a semigroup S is said to be an (0, n)-
ideal of S if ST™ C T for any n € N.

For a non-empty subset Z of a semigroup S and m,n € N,
we denote the

[Z](m,n) = mOnITﬂImSI" is the principal (m, n)-ideal
by Z, ::1

[Z](m,0) = U Z"NZ™S is the principal (m, 0)-ideal by
7 r=1

and N

[Z](0,n) = | J Z" N ST" is the principal (0,n)-ideal by

r=1

T,

i.e., the smallest (m,n)-ideal, the smallest (m,0)-ideal
and the smallest (0, n)-ideal of S containing S, respectively.

Lemma 2.1. [I8] Let S be a semigroup and m,n positive
integers, [u](y, n) the principal (m,n)-ideal generated by the
element u. Then

(1) ([u}(mp))ms =umS.

(2) S([“](O,n))n = Su™.

(3) ([u}(myo))m‘g([u}(o_’n))" = umSu”.

We see that for any 1, d3 € [0, 1], we have
01V oy = max{él,ég} and 01 Adg = min{él, (52}

A fuzzy set ¢ of a non-empty set 7 is function from 7 into
unit closed interval [0, 1] of real numbers, i.e., 6 : T — [0, 1].
For any two fuzzy sets § and ¢ of a non-empty set 7T,
define >, =, A and V as follows:
(1) 0 >0 < d(e) >VI(e) forallee T,
(2) 0=9<d>9Yand 9 >4,
(3) (6 A D)(e) = min{d(e), d(e)} =
e e T,

d(e) A U(e) for all
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(4) (0 vV )(e) = max{d(e),d(e)} = d(e) V V(e)
eeT.
For the symbol § < ¥, we mean 9 > 4.
The following definitions are types of fuzzy subsemi-
groups on semigroups.

for all

Definition 2.2. [20] A fuzzy set 6 of a semigroup S is said to
be a fuzzy ideal of S if n(uv) > n(u)Vn(v) for all u,0 € S.

Definition 2.3. A fuzzy set 6 of an ordered semigroups S is
said to be an fuzzy (m,n)-ideal of S if

O(urtg -+ Uy 20102 « - - Uy,
> 6(ur) Ao(u) A oo AO(um) A Ss(v1) Ad(va) Ao Ad(vy)

Sfor all uy,ug, ..., Um,V1,V2, ..., Uy, 2 €S and m,n € N.

Definition 2.4. [11] An essential fuzzy ideal § of a semi-
group S if  is a nonzero fuzzy ideal of S and § N9 # 0 for
every nonzero fuzzy ideal ¥ of S.

Definition 2.5. [19] An essential fuzzy (m,n)-ideal § of a
semigroup S if § is a nonzero fuzzy (m,n)-ideal of S and
d N9 #£ 0 for every nonzero fuzzy (m,n)-ideal ¥ of S.

Now, we review the intuitionistic fuzzy set.

Definition 2.6. [2] An intuitionsic fuzzy set (IF set) | in a
non-empty set T is an object having the form

fi={(e;0(e), V() | e € T},
where § : T — [0,1] and 9 : T — [0, 1] denote the degree of

membership and the degree of non-membership respectively,

and 0 < §(e) +9(e) <1 forallecT.

Remark 2.7. For the sake of simplicity we shall use the
symbol | = (8,0) for the IF set § = {(e,d(e),9(e)) |e € T}

For IF sets 1 = (65,, %y, ) and fo = (J5,, Y, ) of T, defined
the relation as follows:
(1) f1 C fo if and only if d;, (¢) < 65,(e) and Wy, (¢) >
¥y,(e) forall e € T,
(2) f1 = Jo if and only if f; C f» and 2 C fi,
(3) fiNf2 = {(5f1 A 6f2)(€), (ﬁfl v 19](2)(8) | €< T}7
(4) f1UF2 = {(d5, VI5,)(e), (U5, As,)(e) [ e € T
For e € T, define F. = {(9,3) € T x T | e = 1i}.
For IF sets f; = (d5,,7,) and 2 = (dj,, 7y, ), defined the
products
f1 0 fa = (65, © d5,, V5, 0 Uy, ) as follows:

V. {0 (n) G, ()} i Fe £ 0,
(05, ©05,)(e) = { (93)EF

if otherwise.
and

/\ {ﬁfl(‘))\/ﬂfz(ﬁ)} if Fc7é®a

(9,3)€F.
0 if otherwise.

(U5, 0 Vj,)(e) =

Definition 2.8. [3] Let | be a non-empty set of a semigroup
S. An intuitionistic characteristic function x; = (0y;,Vy;)

5Xf(e) = { é E;;’
and
wo- {1 i3

Remark 2.9. For the sake of simplicity we shall use the sym-

bol x5 = (0y;,Vy;) for the IF set x;j := {(¢,0y;(¢),Vy; (¢)) |
ee St

Definition 2.10. /3] An IF set | = (0;,75) on a semigroup
S is called an TF ideal on S if 0;(ef) > d;(e) V 04(f) and
V5(ef) < 95(e) A Y;(F), for all e,§ € S.

The following theorems are true.

Theorem 2.11. [3] Let J be a nonempty subset of semigroup
S. Then J is a subsemigroup (ideal, bi-ideal) of S if and only
if intuitionistic characteristic function Xz = (0x,,Vy,) is
an IF subsemigrup (ideal, bi-ideal) of S.

Theorem 2.12. [3] Let § and J be subsets of a non-empty
set S. Then the following holds.

(1) 5Xm><3 = 5Xf Ady .
(2) 19Xfuxj = 19Xf Vdy .
(3) 6Xf o 6X.7 = (SXLJ'
4) 19Xf oy, =19

XLcg:

Let f = (65,795) be an IF set of a non-empty of S. Then
the support of § instead of supp(f) = {e € S | ds(e) #
Oanddj(e) # 0} for all e € S.

Theorem 2.13. Let | = (J5,95) be a nonzero IF set of a
semigroup S. Then § = (85,0;) is an IF ideal of S if and
only if supp(f) is an ideal of S.

Proof: Suppose that § = (5, 7) is an IF ideal of S and

let e,f € S with ¢,f € supp(f) Then d;(¢) # 0, §;(f) # 0
and Us(e) # 0, U3(f) # 0. Since f = (d,9;) is an IF ideal of
S we have d0;(ef) > d5(e) V 0;(f) and Jy(ef) < F5(e) A U5(F).
Thus, 0;(ef) # 0 and Js(ef) # 0. It implies that ef € supp(f).
Hence supp(f) is an ideal of S.

Conversely, suppose that supp(f) is an ideal of S and let
f = (05, 75) is not an IF ideal of S. Then there exist ¢,f € S
such that d;(ef) < d5(e) A 65(f) and Vy(ef) > Js(e) A V;(F).
Since supp(f) is an ideal of S we have ef € supp(f). Thus,
d5(ef) # 0 and V5(ef) # 0.

If ¢ € supp(f) or f € supp(f), then &;(ef) > d;(e) A 6;(F)
and U5 (ef) > ¥5(e) V 95(f). It is a contradiction.

If ¢ ¢ supp(f) and § ¢ supp(f), then &;(ef) = d5(e) A 05(f)
and U5 (ef) > ¥5(e) V U5(f). It is a contradiction.

Thus, 6(ef) > 5(6) V 65(F) and Dy(ef) < Dr(e) A D5 ().
Hence § = (5, 7) is an IF ideal of S. [ |

III. ESSENTIAL INTUITIONISTIC FUZZY IDEALS IN A
SEMIGROUP

In this section, we give a definition of essential intu-
itionistic fuzzy ideals and study the properties of essential
intuitionistic fuzzy ideals in semigroups.

Definition 3.1. An essential IF ideal | = (d;,%;) of a
semigroup S if § = (d5,05) is a nonzero IF ideal of S and
0 Nog # 0 and U5 V95 # O for every nonzero IF ideal
J = (5j,19j) OfS.

Theorem 3.2. Let J be an ideal of a semigroup S. Then J
is an essential ideal of S if and only if x7 = (0x,,0,) is
an essential IF ideal of S.

Proof: Suppose that 7 is an essential ideal of S and let
f = (05,95) be a nonzero IF ideal of S. Then by Theorem
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2.13 supp(f) is an ideal of S. Since J is an essential ideal
of S we have J is an ideal of S. Thus 7 Nsupp(f) # 0. So
there exists ¢ € J N supp(f). Since J is an ideal of S we
have x 7 = (dy,,Vy, ) is an IF ideal of S. Since f = (d;, ¥)
is a nonzero IF ideal of S we have (d,, A d;)(e) # 0 and
(Vy, VU5)(e) # 0 Thus, d,, Ads # 0 and ¥, V U5 # 0.
Therefore, x 7 = (0y,, ¥y, ) is an essential IF ideal of S.
Conversely, assume that x7 = (0y,,7y,) is an es-
sential IF ideal of S and let K be an ideal of S. Then
X = (Oyg,Vyc) is a nonzero IF ideal of S. Since
X7 = (0x,,Yy,) is an essential IF ideal of S we have
X7 = (6x,,9y,) is an IF ideal of S. Thus, 0, A0y, 7# 0
and v, , V Yy, # 0 So by Theorem 2.12, 6, # 0 and
Yy ;o 7# 0. Hence, T NK # (. Therefore, J is an essential
ideal of S. [ |

Theorem 3.3. Let § = (0;,9;) be a nonzero IF ideal of a
semigroup S. Then | = (65,0;) is an essential IF ideal of S
if and only if supp(f) is an essential ideal of S.

Proof: Assume that f = (d5,7;) is an essential IF ideal
of S and let £ be an ideal of S. Then by Theorem 2.11,
Xz = (0., Uy, ) is an IF ideal of S. Since f = (03, V) is an
essential IF ideal of S we have f = (03, ¥;) is an IF ideal of
S. Thus, 0;A6, . # 0 and ¥;Vd, . # 0. So, there exists ¢ € S
such that (0;Ady . )(e) # 0 and (J5V Yy, )(e) # 0. It implies
that d5(e) # 0, dy.(e) # 0 and J5(e) # 0, V. (e) # O.
Hence, ¢ € supp(f) N £ so supp(f) N £ # @. Therefore,
supp(f) is an essential ideal of S.

Conversely, assume that supp(f) is an essential ideal of
S and let J = (67,9 7) be a nonzero IF ideal of S. Then
by Thoerem 2.13 supp(J) is an ideal of S. Since supp(f)
is an essential ideal of S we have supp(f) is an ideal of S.
Thus, supp(f) Nsupp(J) # 0. So, there exists ¢ € supp(f)N
supp(J). It implies that d5(e) # 0, 7 (e) # 0 and J(e) # O,
Yg7(e) # 0. for all e € S. Hence, (0; A d7)(¢) # 0 and
(¥ VI7)(e) # 0 for all e € S. Therefore, d; A d7 # 0 and
Y5 V U 7. We conclude that f = (d5,75) is an essential IF
ideal of S. ]

Theorem 3.4. Let § = (65,9;) be an essential IF ideal of
a semigroup S. If J = (87,9 7) is an IF ideal of S such
that 6; < 07 and V5 > V7, then J = (67,97) is also an
essential IF ideal of S.

Proof: Let J = (67,9 7) is an IF ideal of S such that
5f S (Sj and ’l9f Z 193 and
let I = (dx, Vi) be any IF ideal of S. Since § = (5, ¥5) is
an essential IF ideal of S we have f = (5, ¥5) is an IF ideal
of S. Thus, §; A dx # 0 and J; V I # 0. So, 67 Adxc # 0
and Y7 V 9 # 0. Hence, J = (§7,97) is an essential IF
ideal of S. u

Theorem 3.5. Let § = (04,9;) and J = (67,97) be
essential IF ideals of a semigroup S. Then U J and {0 J
are essential IF ideals of S.

Proof: By Theorem 3.4, we have f U J is an essential
IF ideal of S.
Since §f = (07,95) and J = (07,9U7) are essential IF
ideals of S we have
f = (65,0) and J = (87,1 7) are IF ideals of S. Thus fN.J
is an IF ideal of S.
Let K = (dx, Uk ) be an IF ideal of S. Then 5 Adx # 0 and

¥5 VU # 0. Thus there exists ¢ € S such that (6 Adxc)(e) #
0 and (U5 V Ux)(e) # 0. So d;(e) # 0, dx(e) # 0 and
Y5(e) # 0 and Jx(e) # 0. Since dx # 0 and Jx # 0
and let f € S such that d7(f) # 0 and J7(f) # 0. Since
f = (5,0;) and J = (07,9 7) are IF ideals of S we have
51(e) > 03(e) V 55(f) > 0. dj(ef) < 9y(e) A 95(7) < 0 and
67(ef) = 67(e) N7 (F) = 0, dg(ef) < V7(e) VIs(F) <0
Thus, (30,7 (ef) = O5(eF)AS 7 () 7 0 and (95v7) (ef) =
5(ef) V 97 (ef) # 0. Since K = (dx, k) is an IF ideal of
S and dxc(¢) # 0 and Vic(e) # 0 we have dx(ef) # 0 and
Ui (ef) # 0 for all e,§f € S. Thus, ((6 Adz) A dxc)(ef) # 0
and ((¥5 VU7)V Ux)(ef) # 0. Hence ((d5 Adg) Adx) #0
and ((V; V97)V dk) # 0. Therefore, f N J is an essential
IF ideal of S. ]

Next, we defined minimal, maximal, prime, and semiprime
essential intuitionistic fuzzy ideals and studied the properties
of minimal, prime, and semiprime essential intuitionistic
fuzzy ideals in semigroups.

Definition 3.6. [/1] An essential ideal T of a semigroup S
is called

(1) a minimal if for every essential ideal of L of S such that
L CT, we have L =T,

(2) a maximal if for every essential ideal of L of S such
that T C L, we have L =T,

(3) a prime if ef € Z implies e € Z or § € Z,

(4) a semiprime if ¢2 € T implies ¢ € L, for all ¢,f € S.

Example 3.7. [11] Let S be a semigroup with zero. Then
{0} is a unique minimal essential ideal of S, since {0} is
an eseential ideal of S.

Definition 3.8. An essential IF ideal § = (05,95) of a

semigroup S is called

(1) @ minimal if for every essential IF ideal of J =
(07,97) of S such that 67 < 6; and V7 > v, we
have supp(f) = supp(J),

(2) a maximal if for every essential IF ideal of J =
(07,07) of S such that 65 > 6; and V57 < Uy, we
have supp(f) = supp(J),

(3) aprime if 65(ef) < 0(e) VO;(f) and Vs(ef) = I3(e) AU(f)

(4) a semiprime if 6;(¢?) < 6;(e) and ¥;(e?) > Vs(e), for
all e, € S.

Theorem 3.9. Let T be a non-empty subset of a semigroup

S. Then the following statement holds.

(1) T is a minimal essential ideal of S if and only if x7 =
(0xz,Vy ) is a minimal essential IF ideal of S,

(2) Z is a maximal essential ideal of S if and only if x7 =
(0xz,Vy ) is a maximal essential IF ideal of S,

(3) T is a prime essential ideal of S if and only if xz =
(Oxz,Vyz) is a prime essential IF ideal of S,

(4) T is a semiprime essential ideal of S if and only if x7 =
(Oxz+VUyz) is a semiprime essential IF ideal of S.

Proof:

(1) Suppose that Z is a minimal essential ideal of S.
Then 7 is an essential ideal of S. By Theorem 3.2,
Xz = (0yz,Uy,) is an essential IF ideal of S. Let
J = (87,97) be an essential IF ideal of S such that
dg7 < 6y, and 95 > 9. Then supp(J) C supp(xz).
Thus, supp(J) C supp(xz) = Z. Hence, supp(J) C
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Z. Since J = (67,9 7) is an essential IF ideal of S we
have supp(J) is an essential ideal of S. By assumption,
supp(J) = I = supp(xz). Hence, xz = (dy;, V) is
a minimal essential IF ideal of S.

Conversely, xz = (dy;,Uy,) is a minimal essential
IF ideal of S and let £ be an essential ideal of &
such that £ C Z. Then £ is an ideal of S. Thus
by Theorem 3.2, xz = (0y.,Uy.) is an essential IF
ideal of S such that 6,, < §,, and 9y, > ¥,,. So,
L = supp(xz) C supp(xz) = Z. By assumption, we
have £ = Z. Therefore, Z is a minimal essential ideal
of S.

Suppose that 7 is a maximal essential ideal of S.
Then Z is an essential ideal of S. By Theorem 3.2,
XZ = (0yz,VUy;) is an essential IF ideal of S. Let
J = (87,97) be an essential IF ideal of S such that
d7 > 6y, and 97 > 9. Then supp(J) C supp(xz).
Thus, supp(J) € supp(xz) = Z. Hence, supp(J) C
Z. Since J = (67,9 7) is an essential IF ideal of S we
have supp(J) is an essential ideal of S. By assumption,
supp(J) = I = supp(xz). Hence, xz = (dy, V) is
a maximal essential IF ideal of S.

Conversely, xz = (dy,, V) is a maxiimal essential
IF ideal of S and let £ be an essential ideal of S
such that Z C L. Then J is an ideal of S. Thus
by Theorem 3.2, x5 = (0y,,9y,) is an essential IF
ideal of S such that 6,, < d,, and ¥, > ¥,,.. So,
T = supp(xz) C supp(xz) = L. By assumption, we
have J = 7. Therefore, 7 is a maximal essential ideal
of S.

Suppose that Z is a prime essential ideal of S. Then Z
is an essential ideal of S. Thus by Theorem 3.2 xyz =
(Oxz,Vy7) is an essential IF ideal of S. Let e,f € S. If
ef € Z, then e € Z or f € Z. Thus, d,,(e) V oy, (f) =
1> 5X1(ef) and 19X1(e) A ﬁXI(f) =0< 19)(7_(8”'

If of ¢ Z, then 8, (€) V 3,y () > ., (ef) and 0, (¢) A
9 () < by (o).

Thus, xz = (0y,,Vy,) is a prime essential IF ideal of
S.

Conversely, suppose that xz = (Jy,,Uy,) i8 a prime
essential IF ideal of S. Then xz = (dy,,Uy,) is an
essential IF ideal. Thus by Theorem 3.2, 7 is an essential
ideal of S. Let ¢,f € S. If ¢f € Z, then 0, (¢f) = 1 and
Uy (ef) = 0. By assumption, 0, (ef) < &y, (e) V Iy, (f)
and 0 (¢F) > 15 (6) Ay (). Thus, 0y, (€) V., (F) =
1 and ¥, (¢) AUy, (f) =0 so, e € T or f € Z. Hence,
7 is a prime essential ideal of S.

Suppose that 7 is a semiprime essential ideal of S. Then
7 is an essential ideal of S. Thus by Theorem 3.2, x7 =
(Oxz,Uy7) is an essential IF ideal of S. Let ¢ € S.

If ¢ € Z, then ¢ € Z Thus §,,(¢) = d,,(¢?) = 1 and
19)(1(6) = ﬂXI(ez) =0.

Hence 4, (¢%) < 6y, (¢) and Yy, (¢?) > 0y, (e).

If e? ¢ Z, then 6, (¢*) = 0 < d,,(¢) and U, (¢?) =
1>y, (e).

Thus, x7 = (dy, ¥y, ) is a semiprime essential IF ideal
of S.

Conversely, suppose that xz = (0y;,% ;) is a
semiprime essential IF ideal of S. Then x7 = (dy,Vy,)
is an essential IF ideal of S. Thus by Theorem 3.2, 7
is an essential ideal of S. Let ¢ € S with ¢ € T.

Then &,,(¢?) = 1 and J,,(¢?) = 0. By assump-
tion, 8y, (¢?) < 6y, (e) and J,,(¢?) > 9, (¢). Thus,

Oy, (¢) =1 and 9¥,,(¢) = 0 so ¢ € Z. Hence, Z is a
semiprime essential ideal of S.

IV. 0-ESSENTIAL INTUITIONISTIC FUZZY IDEALS IN
SEMIGROUPS

In this section, we let S be a semigroup with zero. begin
we review the definition 0-essential ideal of S as follows:

Definition 4.1. [/1] A nonzero ideal T of a semigroup with
zero S is called a 0-essential ideal of S if ZNJ # {0} for
every nonzero ideal of J of S.

Example 4.2. [11] Let (Zi2,+) be semigroup. Then
{0,2,4,6,8,10} and Z,5 are 0-essential ideal of Z5.

Definition 4.3. An IF ideal § = (05,95) of a semigroup with
zero S is called a nontrivial IF ideal of S if there exists a
nonzero element ¢ € S such that 6;(e) # 0 and V;(e) # 0.

Next, we define 0O-essential intuitionistic fuzzy ideals and
study the properties of 0-essential intuitionistic fuzzy ideals
in semigroups.

Definition 4.4. A 0O-essential IF ideal f = (d5,95) of a
semigroup with zero S if §f = (05,795) is a nonzero IF ideal
of S and supp(f N T) # {0} for every nonzero IF ideal
J = (07,97) of S.

Theorem 4.5. Let T be a nonzero ideal of a semigroup with
zero S. Then T is a 0-essential ideal of S if and only if
Xz = (02, V) is a O-essential IF ideal of S.

Proof: Suppose that 7 is a O-essential ideal of S and let
f = (65,75) be a nontrivial IF ideal of S. Then by Theorem
2.13, supp(f) is a nonzero ideal of S. Since Z is a 0-essential
ideal of S we have 7 is a nonzero ideal of S. Thus Z N
supp(f) # {0}. So there exists ¢ € ZNsupp(f). Since Z is a
nonzero ideal of S we have xz = (dy,, %y, ) is a nonzero IF
ideal of S. Since § = (5, 1) we have supp(xz Af)(e) # 0.
Thus, 6,, A d; # 0 and 9y, V U5 # 0. Therefore, xz =
(0xz,Uy7) is a O-essential IF ideal of S.

Conversely, assume that x7 = (Jy,, Uy, ) is a O-essential
IF ideal of S and let J be a nonzero ideal of S. Then
X7 = (6y,,0y,) is a nonzero IF ideal of S. Sicne
Xz = (0yz,Uy,) is a O-essential IF ideal of S we have
Xz = (0yz,Yy,) is a nontrivial IF ideal of S. Thus,
supp(xz A x7) # {0}. So by Theorem 2.12, é,,ny # 0
and 9,,u7 # 0. Hence, ZN J # {0}. Therefore Z is a
0-essential ideal of S. [ |

Theorem 4.6. Let § = (0;,9;) be a nonzero IF ideal of a
semigroup with zero S. Then § = (6;,75) is a 0-essential IF
ideal of S if and only if supp(f) is a O-essential ideal of S.

Proof: Assume that f = (J5, ) is a 0-essential IF ideal
of S and let J be a nontrivial ideal of S. Then by Theorem
2.11, xg = (6x,,9y,) is a nonzero IF ideal of S. Since
f = (05, 95) is a O-essential IF ideal of S we have f = (d;, V)
is a nonzero IF ideal of S. Thus d; A dy, # 0 and ¥; V
9y, # 0. So there exists a nonzero element ¢ € S such that
(05 AN Oy, )(e) # 0 and (V5 V Iy, )(e) # 0. It implies that
5i(e) #0, 8y, (e) # 0 and ¥4(e) # 0, ¥, (¢) # 0. Hence,

Volume 51, Issue 12, December 2024, Pages 2026-2033



TAENG International Journal of Computer Science

e € supp(f) N J so supp(f) N J # {0}. Therefore supp(f)
is a O-essential ideal of S.

Conversely, assume that supp(f) is a O-essential ideal of
S and let J = (67,97) be a nonzero IF ideal of S. Then
by Theorem 2.13 supp(J) is a nontrivial zero ideal of S.
Since supp(f) is a 0-essential ideal of S we have supp(f)
is a nonzero ideal of S. Thus supp(f)N supp(J) # {0}.
So there exists ¢ € supp(f) N supp(J), this implies that
(05(e) # 0, (d7(e) # 0 and Vs(e) # 0, V7(e) # 0O for all
¢ € S. Hence, (0; Adz)(e) # 0 and (95 V 97)(e) # O for
all e € S. Therefore, 6; Ady # 0 and V5 Vs # 0. We
conclude that f = (5, 75) is a O-essential IF ideal of S. M

Theorem 4.7. Let f = (J5,75) be a 0-essential IF ideal of
a semigroup S. If J = (07,97) is an IF ideal of S such
that 65 < 07 and ¥y > 0z, then J = (67,97) is also a
0-essential IF ideal of S.

Proof: Let J = (07,9 7) is an IF ideal of S such that
(Sf S (Sj and 19f Z 19j and
let £ = (dx,Yx) be any nonzero IF ideal of S. Since f =
(0§, 75) is a O-essential IF ideal of S we have f = (d;,9;) is
an IF ideal of S. Thus supp(J AK) # 0. So 07 Adx # 0
and 97 V9 # 0. Hence J = (d7,97) is a O-essential IF
ideal of S. [ |

Theorem 4.8. Let § = (6;,%5) and J = (67,95) be 0-
essential IF ideals of a semigroup S. Then U J and {0 T
are 0-essential IF ideals of S.

Proof: By Theorem 4.7, we have fU J is a 0-essential
IF ideal of S.
Since f = (65,75) and J = (07,0 7) are O-essential IF
ideals of S we have
f = (65,95) and J = (67,9 7) are IF ideals of S. Thus fN.J
is an IF ideal of S.
Let £ = (i, Yx) be a nontrival IF ideal of S. Since f =
(0§,7;) is an IF ideal of S we have supp(f) is an ideal of
S. Then supp(f A K) = {0}. Thus there exists ¢ € S such
that (5 A dxc)(e) # 0 and (U5 V Ox)(e) # 0. Since J =
(67,97) is a O-essential IF ideal of S we have supp(J)
is a O-essential IF ideal of S. Thus supp(J A K) # {0}.
So there exists a nonzero element § € supp(J A K)(f) # 0
implies 67 (f) # 0 and Y7 (f) # 0. Since f = (d5,75) and
K = (dk,Vx) are IF ideals of S we have d;(f) > d5(e),
o (F) = dic(e) and J5(f) < Jj(e), Iic(f) < Jic(e). So ((65 A
67)Nox)(f) # 0 and ((95V7) Vi) (f) # 0. Thus supp((FA
J)AK) # {0}. Therefore f N7 is a 0-essential IF ideals of
S. |

Definition 4.9. [11] A 0-essential ideal T of a semigroup

with zero S is called

(1) a minimal if for every 0-essential ideal of J of S such
that J C I, we have J =1,

(2) a maximal if for every 0-essential ideal of J of S such
that T C J, we have J =1,

(3) a prime if ef € T implies e € T or f € T,

(4) a semiprime if ¢? € T implies ¢ € Z, for all ],{ € S.

Example 4.10. Let (Z12,+) be a semigroup with zero. Then
{0,2,4,6,8,10} is a minimal O-essential ideal of S.

Definition 4.11. A O-essential IF ideal | = (65,9;) of a
semigroup S is called

(1) a minimal if for every 0-essential IF ideal of J =
(07,07) of S such that 6; < 67 and 95 > Vg, we
have supp(f) = supp(J),

(2) a maximal if for every O-essential IF ideal of J =
(07,97) of S such that 67 > 6; and 957 < U, we
have supp(f) = supp(J),

(3) a prime if 65(ef) < 65(e)VE5(f) and 93(ef) = J5(e) AU5(F)

(4) a semiprime if §5(e?) < 6;(e) and V;(e*) > Vi(e), for
all e,f € S.

Theorem 4.12. Let T be a non-empty subset of a semigroup

S. Then the following statement holds.

(1) Z is a minimal O-essential ideal of S if and only if x7 =
(0xz,Vy ) is a minimal O-essential ideal IF ideal of S,

(2) T is a prime O-essential ideal of S if and only if x 7 =
(Oxz, Uy ) is a prime 0-essential ideal IF ideal of S,

(3) T is a semiprime 0O-essential ideal of S if and only if
Xz = (0xz, Uy ) is a semiprime essential IF ideal of S.

Proof:

Suppose that Z is a minimal O-essential ideal of S.
Then Z is a O-essential ideal of S. By Theorem 4.5,
Xz = (0yz,VUy,) is a O-essential IF ideal of S. Let
J = (67,9 7) be a O-essential IF ideal of S such that
07 < dy, and 97 > ¥,,. Then supp(J) C supp(xz).
Then supp(J) C supp(xz) = Z. Thus supp(J) C Z.
Since J = (67,9 7) is a O-essential IF ideal of S we
have supp(J) is a O-essential ideal of S. By assumption,
supp(J) = Z = supp(xz). Hence, xz = (dy,, Uy, ) is
a minimal O-essential IF ideal of S.

Conversely, xz = (dy,,Vy,) is a minimal 0-essential
IF ideal of S and let J be an essential ideal of S
such that 7 C Z. Then B is an ideal of S. Thus
by Theorem 4.5, x5 = (0y,,9y,) is a O-essential IF
ideal of S such that ¢, , > d,, and ¥, , < ¥,,. So
J = supp(x7) C supp(xz) = Z. By assumption, we
have J = Z. Therefore 7 is a minimal 0-essential ideal
of S.

Suppose that Z is a maximal O-essential ideal of S.
Then Z is a O-essential ideal of S. By Theorem 3.2,
Xz = (0yz,y,) is a O-essential IF ideal of S.

Let J = (07,97) be a 0O-essential IF ideal of S such
that 67 > 6,, and ¥5 > ¥,,. Then supp(J) C
supp(xz). Thus, supp(J) C supp(xz) = Z. Hence,
supp(J) C Z. Since J = (67,9 7) is a O-essential IF
ideal of S we have supp(J) is a 0-essential ideal of
S. By assumption, supp(J) = Z = supp(xz). Hence,
Xz = (0xs, ¥y, ) is a maximal O-essential IF ideal of S.
Conversely, xz = (0y,,Vy,) is a maximal O-essential
IF ideal of S and let J be a 0O-essential ideal of S
such that Z € J. Then J is an ideal of S. Thus
by Theorem 3.2, x7 = (0y,,7y,) is a O-essential IF
ideal of S such that 4, , > 6,, and ¥, , < ¥,,. So,
Z = supp(xz) C supp(xy) = J. By assumption, we
have J = 7. Therefore, 7 is a maximal 0-essential ideal
of S.

Suppose that 7 is a prime 0-essential ideal of S. Then 7
is a O-essential ideal of S. Thus by Theorem 4.5 xz =
(Oxz:Uy7) is a O-essential IF ideal of S. Let ¢,f € S.
If ef e Z, then e € Z or f € Z. Thus 6, (¢) V 6, (f) =
1> 0y, (ef) and Uy, () A Dy (F) = 0 < Py (ef).

(1)
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IF of & Z, then 6, (€) V b, (F) > b, (¢f) and 0, (¢) A
19)(1 (f) < ﬁXI(ef)’

Thus xz = (0y,,¥y,) is a prime O-essential IF ideal of
S.

Conversely, suppose that xz = (dy,,0y,) is a prime
O-essential IF ideal of S. Then xz = (dy;,Vy,) i8
an essential IF ideal. Thus by Theorem 4.5, Z is a 0-
essential ideal of S. Let e,f € S. If ¢f € Z, then
Oy, (¢f) = 1 and ¥, , (ef) = 0. By assumption, &, (ef) <
Oz () V 0y, (f) and Oy, (ef) > ¥y, (e) A Uy, (f). Thus
ﬁXI(e) A 19XI (f) =1 and 19)(1(2) N 19)(1 (f) =0soeec’l
or f € Z. Hence 7 is a prime (O-essential ideal of S.
Suppose that Z is a semiprime 0O-essential ideal of S.
Then Z is a 0O-essential ideal of S. Thus by Theorem
4.5, xz = (84, Uy, ) is a O-essential IF ideal of S. Let
eeS.

If ¢ € Z, then ¢ € Z Thus §,,(¢) = d,,(¢?) = 1 and
Dz (e) = 19)(1(62) = 0.

Hence d,, (¢%) < 6, (¢) and ¥y, (¢?) > ¥y, (¢).

If 2 ¢ Z, then 6,,(¢?) = 0 < d,,(¢) and U, (¢?) =
1 Z ﬁXI (Q)
Thus xz =
ideal of S.
Conversely, suppose that xz = (0y;,0y,) is a
semiprime O-essential IF ideal of S. Then xz =
(Oxz:Vyz) is a O-essential IF ideal of S. Thus by
Theorem 4.5, 7 is a 0O-essential ideal of S. Let ¢ € S
with ¢? € Z. Then §,,(¢?) = 1 and 9,,(¢?) = 0. By
assumption, 8, (¢?) < 8, (¢) and Uy, (e?) > I, (e?).
Thus 6, (¢) =1 and ¥,,(¢) = 0 so ¢ € Z. Hence 7 is
a semiprime 0O-essential ideal of S.

(0yzsVUy,) is a semiprime O-essential IF

5. ESSENTIAL (m,n)-IDEALS AND ESSENTIAL
INTUITIONISTIC FUZZY (m,n)-IDEALS

In this section, we will study concepts of essential IF
(m,n)-ideals in a semigroup and properties of those.

Before, we defined the definition of essential (m, n)-ideals
and intuitionistic fuzzy (m,n)-ideals in semigroups.

Definition 5.1. [19] An essential (m,n)-ideal Z of a semi-
group S if T is an (m,n)-ideal of S and TN J # O for
every (m,n)-ideal J of S.

Definition 5.2. An IF set | = (d5,7;) of a semigroups S is
said to be an IF (m,n)-ideal of S if

O5(urug - - - U 2102 - - - Vp)

> 6f(u1)/\5f(u2)/\...Aéf(um)/\éf(vl)A(Sf(vz)/\.../\éf(vn)
and

Vs(urug - - - Up 20102 - - - )

< 19f(u1)\/19f(u2)\/...\/ﬂf(um)\/19f(111)\/ﬂf(vg)\/...\/ﬂf(vn).
Sfor all uy,ug, ..., U, V1,02, ..., Uy, 2 € S and m,n € N.

Example 5.3. (1) We have that a semigroup S is an essential
IF (m,n)-ideal of S for all m,n € N.

(2) Let S be a semigroup with zero. Then every ideal of
S is an essential (m,n)-ideal of S for all m,n € N.

Next, we give definition essential IF (m,n)-ideals in a
semigroup and prove some properties of it.

Definition 5.4. An essential IF (m,n)-ideal § = (03, 7) of
a semigroup S if f = (83, V;) is a nonzero fuzzy (m,n)-ideal
of S and 5 Nog # 0, U VI # 0 for every nonzero IF
(m,n)-ideal J = (§7,97) of S.

Theorem 5.5. Let T be an (m,n)-ideal of a semigroup S.
Then T is an essential (m,n)-ideal of S if and only if x7 =
(Oxz, Uy ) is an essential fuzzy (m,n)-ideal of S.

Proof: Suppose that Z is an essential (m,n)-ideal of S
and let J = (67,9 7) be any nonzero IF (m,n)-ideal of S.
Then supp(J) is an (m, n)-ideal of S. By assumption we
have 7 is an (m, n)-ideal of S. Then xz = (dy,,Vy,) is an
(m,n)-ideal of S. Thus Z N supp(J) # 0. So there exist
UTy Uy oney Uy V1, V2, vy Upy 2 € T Nsupp(J). It implies that

(Oxz N Og) (U2 - - - Up 2V V2 - - - V) 7 O

and
(Vyz VOg)(ur1us - - - Um 20102 - - - U,) # 0.

Hence, 6,, Ads # 0 and ¥, V5 # 0. Therefore xz =
(Oxz,Uy7) is an essential IF (m, n)-ideal of S.

Conversely, assume that x7 = (d,,,v,,) is an essential
IF (m,n)-ideal of S and let J be any (m,n)-ideal of S.
Then x7 = (dy,,Yy,) is a nonzero IF (m,n)-ideal of S.
Since xz = (0y,,Vy,) is an essential IF (m, n)-ideal of S
we have xz = (0y;, Uy, ) is an IF (m,n)-ideal of S. Thus,
Oyzny 7 0and ¥y, , # 0. Hence, ZN J # (. Therefore 7
is an essential (m, n)-ideal of S. [ |

Theorem 5.6. Let f = (05,95) be a nonzero IF (m,n)-ideal
of a semigroup S. Then f = (33, V;) is an essential IF (m,n)-
ideal of S if and only if sup(f) is an essential (m,n)-ideal
of S.

Proof: Assume that §f = (d5,%) is an essential IF
(m,n)-ideal of S. Then sup(f) is an (m,n)-ideal of S.
Let Z be any (m,n)-ideal of S. Then by Theorem 5.5,
Xz = (0y;,Vy,) is an (m,n)-ideal of S. Since | = (d5, V)
is an essential IF (m,n)-ideal of S, we have | = (65, Jy) is
an IF (m, n)-ideal of S. Thus, ;Ad,, # 0 and JjAD,, # 0.
So there exist uy,us, ..., Um, V1, V2, ..., Uy, 2 € S such that

(05 A dyp) (g - - - U 21 V2 - - - Uy) # O

and
(95 V Oyp) (urus - - - U 20102 - - - vy ) # 0.

It implies that

Op(urusg - - - U 2V1V2 -+ - Uy) # 0
V5(urug - - - U 20102 - - Up) # 0
and
Oz (U1Ug - - U 2012 - - - Uy ) F# O,

Vyr (Urtg - - - U 20102 - - - Uy) # 0.

Hence, uiusg -« - U 20102 - - - v, € sup(f)NZ so, sup(f)NZ #
(). Tt implies that sup(f) is an essential (m,n)-ideal of S.

Conversely, assume that sup(f) is an essential (m, n)-ideal
of S and let 7 = (67,9 7) be a nonzero IF (m,n)-ideal of
S. Then sup(J) is an (m,n)-ideal of S. Thus, sup(f) N
sup(J) # 0. So there exist ujus...Umzv1vVs...0, €
sup(f) Nsup(J). This implies that
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Of(ur1us - - - U 201V2 - - - Uy) # 0,

V5(urug - - - U 20102 - - - vp) # 0
and

07 (urug -+ Upmzv1Vs - - Uy ) # 0,

97 (urug -+ - Up 2102 - - vy) £ 0

for all uy,us, ..., Uny.2.01.09....,0, €S.

Hence, (05 A O07)(urug---umzviva---vy) # 0
and (V7 V 97)(uiug - umzviva---v,) # 0 for all
UL, U, - - v, Uy 2.V1.V2. . .., Uy € S. Therefore, 0 Aoy # 0
and J; V 97 # 0. We conclude that §f = (Jj,7;) is an
essential IF (m,n)-ideal of S. [ |

Definition 5.7. An essential IF (m,n)-ideal T of a semi-

group S is called

(1) @ minimal if for every essential (m,n)-ideal of J of S
such that J C I, we have J =T,

(2) a maximal if for every essential (m,n)-ideal of J of S
such that T C J, we have J =T,

Definition 5.8. An essential IF (m,n)-ideal § = (05,795) of

a semigroup S is called

(1) @ minimal if for every essential IF (m,n)-ideal of J =
(07,07) of S such that 65 < 05 and ¥ 7 > 5, we have
supp(f) = supp(J),

(2) a maximal if for every essential IF (m,n)-ideal of J =
(07,97) of S such that 67 > 65 and ¥ 7 < 5, we have
supp(f) = supp(J),

Theorem 5.9. Let T be a non-empty subset of a semigroup
S. Then the following statement holds.

(1) Z is a minimal essential (m,n)-ideal of S if and only if
Xz = (0yz, Uy, ) is a minimal essential IF (m,n)-ideal
of S,

7 is a maximal essential (m,n)-ideal of S if and only if
Xz = (01, ) is a maximal essential IF (m,n)-ideal

of S,

Proof:

Suppose that Z is a minimal essential (m,n)-ideal of S.
Then Z is an essential ideal of S. By Theorem 5.5, xz =
(Oxz, Uy ) is an essential IF (m, n)-ideal of S. Let J =
(07,97) be an essential IF (m, n)-ideal of S such that
d7 < 6y, and 95 > 9. Then supp(J) C supp(xz).
Thus, supp(J) C supp(xz) = Z. Hence, supp(J) C
Z. Since J = (67,9 7) is an essential IF (m,n)-ideal
of & we have supp(J) is an essential (m,n)-ideal of
S. By assumption, supp(J) = Z = supp(xz). Hence,
Xz = (0yz,Vy,) is a minimal essential IF (m,n)-ideal
of S.

Conversely, xz = (dy,, Uy, ) is a minimal essential IF
(m,n)-ideal of S and let 7 be an essential (m,n)—ideal
of S such that 7 C Z. Then J is an (m, n)-ideal of S.
Thus by Theorem 5.5, x 7 = (0., ¥y, ) is an essential
IF (m,n)-ideal of S such that 6, , > 0, and ¥, , <
Uy,. So, J = supp(xy) C supp(xz) = Z. Hence,

(2)

J = Z. By assumption, we have J C Z. Therefore, 7
is a minimal essential (m,n)-ideal of S.
Suppose that Z is a maximal essential (m, n)-ideal of S.
Then Z is an essential (m,n)-ideal of S. By Theorem
5.5, Xz = (0y,Vy,) is an essential IF (m,n)-ideal
of S. Let J = (07,97) be an essential IF (m,n)-
ideal of S such that 67 > 6,, and Y5 > ¥,,. Then
supp(J) C supp(xz). Thus, supp(J) C supp(xz) =
7. Hence, supp(J) C Z. Since J = (07,97) is an
essential IF (m, n)-ideal of S we have supp(J) is an
essential (m,n)-ideal of S. By assumption, supp(J) =
Z = supp(xz). Hence, xz = (0y;, V) is a maximal
essential IF (m, n)-ideal of S.
Conversely, xz = (dy,, Uy, ) is a maximal essential IF
(m,n)-ideal of S and let J be an essential ideal of S
such that Z C 7. Then J is an (m,n)-ideal of S. Thus
by Theorem 5.5, x7 = (0y,,7,) is an essential IF
(m, n)-ideal of S such that 0, , > 0, and 9, , < ¥,.
So, T = supp(xz) C supp(xy) = J. Hence, Z C
J. By assumption, we have J = Z. Therefore, Z is a
maximal essential (m,n)-ideal of S.

|

VI. CONCLUSION

In Section III, we define intuitionistic fuzzy ideals in
semigroups. We present that the union and intersection of
essential intuitionistic fuzzy ideals are also essential intu-
itionistic fuzzy ideals of semigroups. Moreover, we prove
some relationship between essential ideals and essential
intuitionistic fuzzy ideals. In Section IV, we define 0-essential
intuitionistic fuzzy ideals in semigroups with zero. In Section
V, we define essential intuitionistic fuzzy (m,n)-ideals in
semigroups. In the future work, we can discuss essential i-
ideals and essential fuzzy i-ideals in n-ary semigroups and
algebraic systems.
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