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Joining CNF-Formulas And Base-Hypergraphs

Stefan Porschen

Abstract—The non-commutative joining operation for for-
mulas and (base) hypergraphs recently introduced is considered
here in a more general setting. Criteria for the (non-)diagonality
of the joined hypergraph, and several results regarding the
dependence of the orbit parameters from the joining-bijection
are proven. Further, a commutative variant of this operation,
called symmetric join, is defined. The properties of (dense)
maximal non-diagonality, respectively minimal diagonality are
characterized, for the special case that trivial hypergraphs are
joined symmetrically.

Index Terms—hypergraph, CNF-satisfiability, transversal, or-
bit

I. INTRODUCTION

HE propositional satisfiability problem (SAT) for con-

junctive normal form (CNF) formulas is the basic NP-
complete problem [6]. Via reduction numerous computa-
tional problems can be encoded as equivalent instances
of CNF-SAT [7]. Besides the detection and the study of
subclasses for which SAT can be decided efficiently such
as quadratic formulas, (extended and g-)Horn formulas,
matching formulas, nested, co-nested formulas, and exact
linear formulas etc. [2], [4], [5], [8], [9], [10], [11], [17],
[18], one is interested in the structural properties of CNF-
SAT.

In this paper the investigation of the structure of the
class of base hypergraphs and its (fibre-)transversals is con-
tinued. A base hypergraph (BHG) underlies several CNF-
formulas simultaneously, especially all its transversals. A di-
agonal BHG admits unsatisfiable transversals, whereas a non-
diagonal one has satisfiable transversals, only. A structural
parameter that is proposed to distinguish between diagonal
BHGs is the number of orbits in the space of unsatisfiable
transversals with respect to the action of the complementation
group on CNF. In that manner, a hierarchy of diagonal BHGs
appears, on whose tth level reside all instances admitting
1 orbits of unsatisfiable transversals [14]. Especially for
i = 0, one has the class of non-diagonal BHGs, wherein the
maximal non-diagonal instances reside, which even might be
dense, representing the most extreme non-diagonal BHGs.

The present paper can be considered as a sequel to our
paper [16], where in particular a (non-commutative) joining
operation for CNFs, respectively BHGs, is introduced which
mainly is applied there for the construction of specific classes
of (dense) maximal non-diagonal, as well as of minimal
diagonal BHGs.

Here we focus on the structure of that joining opera-
tion itself which is based on an intrinsic bijection. First
several criteria for the (non)-diagonality of a joined BHG
are provided some of which are proven to be independent
of the bijection. We also address the question whether the
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orbit parameters are independent of the bijection. Specific
instances are constructed establishing that the join of non-
diagonal BHGs may have a non-diagonal, or a diagonal result
depending on the bijection used. The logarithm of the number
of all orbits is shown to be independent of the bijection if
one joining component is uniform. However, if one joining
component is diagonal, the number of orbits of unsatisfiabe
transversals of the result is shown to depend on the bijection
used, at least in the non-uniform case.

Further, a symmetric variant of the joining operation is
discussed that is commutative and has a version for CNFs,
respectively BHGs. We present and prove the main prop-
erties of symmetrically joined CNFs as well as their base
hypergraphs. In this context, we also reveal the connection
to the not-all-equal satisfiability problem for formulas resp.
to the bicolorability problem (BIC) for hypergraphs. Here
we show that the membership to BIC of a (symmetrically)
joined BHG is independent of the bijection used for this join
where both joining components have to be members of BIC.

Next, for the specific case of symmetrically joining triv-
ial BHGs, necessary and sufficient criteria are shown for
obtaining a non-diagonal, a minimal diagonal, or a (dense)
maximal non-diagonal result. Also a local criterion for the
non-diagonality of the symmetric join of not necessarily
trivial BHGs is provided.

Several remarks with examples throughout illustrate the
concepts. Finally, presenting some conclusions also offers
directions for further investigations.

II. NOTATION AND PRELIMINARIES

For convenience, the basic terminology and notation are
collected first: A (propositional) variable, 2 over {0,1} can
appear as a positive literal x or as a negative literal Z, also
called the complemented variable. A clause c is a finite non-
empty disjunction of literals over mutually distinct variables;
it is represented as a set ¢ = {l1, ..., [}, or simplifying, as
a sequence of literals: ¢ = [y - - - l. Given z, [(z) denotes the
literal over z. A clause is positive (resp. negative) monotone,
if all its literals are positive (resp. negative); monotone
means any of these cases. A (conjunctive normal form)
formula C' is a finite conjunction of different clauses which
is represented as a set of these clauses C' = {c1,...,¢m}-
Let CNF be the collection of all formulas. If all clauses of
C' are positive (negative) monotone, C' is called a positive
(negative) monotone formula, and called monotone if all its
clauses are monotone. For a formula C' (clause c), by V(C)
(V' (¢)) denote the set of variables occurring in C' (c). The
size of C'is |C|, and [|C|| = > . |c]| is its length.

For U C V(C), the subformula C(U) C C consists of all
clauses possessing a literal over a variable in U. We identify
C({z}) with C(z) whenever x € V(C). Restricting every
clause ¢ € C(U) to the literals over U only, denoted as c[U],
yields the (U-)retraction C[U] of C' [12]. Observe that the
satisfiability of C[U] implies that of C(U).
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Given C € CNF, SAT means to decide whether there is
a (truth value) assignment w : V(C) — {0,1} s.t. there is
no ¢ € C all literals of which are set to 0, called a model of
C; M(C) denotes the set of its models. SAT C CNF is the
collection of all formulas, for which there is a model, and
UNSAT := CNF\SAT. In particular Z C UNSAT contains
exactly all minimal unsatisfiable formulas [1]. Given a (here
always finite) set V' of propositional variables, an assignment
w can be regarded as the clause {z*(*) : 2 € V'} of length
|V|, where 2° := Z, 2! := x. Similarly, for b C V, we
identify the restriction w|b =: w(b) with the clause {z*(*) :
x € b}. The set of all clauses of size |V| is denoted as Wy,
which can also be regarded as the set of all mappings V' —
{0, 1}. The clause ¢ is obtained from ¢ by complementing
all its literals, in particular w” corresponds to w € Wy, and
Cr:={c":ceC};letS:={C € CNF:C =(C"}.

It is H(C) = (V(C), B(C)) the base hypergraph (BHG)
of C, where B(C) = {V(c) : ¢ € C} [12]. Let Cy =
{c € C : V(c) = b} denote the fibre of C' over b, thus
C = Usep(c) Cb- Given H = (V,B), its.size is |H| =
|B|, and [|H|| := >, [b] is its length; H is (r-)regular, if
every vertex is contained in exactly r (hyper-)edges. If every
edge has fixed size k, then H is (k-)uniform. Let U C V
s.t. the non-empty b N U, for b € B, are mutually distinct.
Then H[U] := (U, B[U]) is the (U-)retraction of H where
BlU]:={bNU:be B,bNU # 0}.

Let $ be the collection of all BHGs, and let $H¢ be the
subclass of all connected instances. Edges of the bipartite
incidence graph I3; of H are denoted as v — b, for v € V,
b € B with v € b. Given a matching M of I}, we denote
the set of all its V-members, B-members as M (V'), M (B)
respectively.

A BHG is linear if distinct edges pairwise intersect in at
most one vertex; if one is the size of all these intersections it
even is exact linear. A hypergraph is loopless [3] if none of
its edges has size one. Let H? denote the class of all BHGs,
whose instances consist of loops only. When adding a loop
to H, the notation is simplified by writing H U {z} instead
of HU {{z}}.

A formula C s.t. |Cy| = 1, for all b € B(C), is (exact)
linear if H(C) is (exact) linear [17], recall that a linear
formula cannot contain complementary unit clauses.

A well-known variant of SAT, namely the problem not-
all-equal SAT (NAESAT), asks whether C' € CNF admits
a model s.t. each clause has a literal set to 0. Restricted to
monotone formulas, which can be identified with their BHGs,
NAESAT coincides with the bicolorability problem (BIC)
for hypergraphs: H € BIC iff there is a proper 2-coloring of
V(H), s.t. no edge is monochromatic.

As usual K3y := |J,cg Wy is the set of all clauses over
H = (V, B). A (fibre-)transversal over H, is a formula F' C
Ky st. [FNW,| = 1, for each b € B. Hence F' contains
exactly one clause of each fibre W} of K. Let this clause,
say c, be refered to as Fj thereby identifying the fibre Fj =
{c} with the clause c itself. Note that in general F'(b) #
F,. The set of all transversals over H is denoted as F(H).
A transversal F' is compatible if (J,.5 Fy, € Wy whose
collection is Feomp(H) € SAT. A transversal F is diagonal
if FNE # 0, for all I/ € Foomp(H); Faiag(H) is the
set of all diagonal transversals of H. In Faiag(H) exactly
all the unsatisfiable transversals over H are contained. So,

H is called diagonal if Fyiag(H) # 0, and in this case it is
minimal diagonal if none of its sub-hypergraphs is diagonal.
Let $Hgiag be the class of all diagonal BHGs, and $mdiag
denote the subclass of all minimal diagonal instances. For
a fixed vertex set V, let Ky := (V,2V \ {0}) denote the
complete BHG. Let /C,, represent any instance of Ky, for
V] = n. Itis K, € Haiag \ Hmdiag> if 7 > 2, and only
K2 € $imdiag- A non-diagonal BHG H = (V, B) is maximal
non-diagonal, if there is any new b C V s.t. HU{b} becomes
diagonal. If the same is true for every new b C V' it even is
dense maximal non-diagonal w.r.t. Ky, [16]. We use Hmaxnd
for the class of all maximal non-diagonal BHGs.

The group of variable complementation Gy induces an
action on the set of all formulas with variable set V' [15].
A (Gy-)orbit w.r.t. this action is denoted as . Given
F € F(H), for H = (V,B), its orbit is denoted as
O(F). The number of all orbits in Fyiag () is defined as
d(H) [13]. One has § = 0 for all non-diagonal instances,
collected in $. More generally, §; collects all BHGs
with § = 4; for 6 = 1 the instances are called simple
and collected in $gimp. Further orbit parameters of H are
B(H) = |H| — V], w(H) = 2879, as well as p(H) [14].
Itis w(H) =14 0(H) + p(H).

We use [n] := {1,...,n}, [n]o := [n] U {0}, where n is
a positive integer, and N for the set of all positive integers,
Ny := N U {0}. For finite sets A, B of equal cardinality, let
Bij(A, B) denote the collection of all bijections A — B, in
particular S,, = Bij([n], [n]) means the symmetric group of
degree n.

For convenience, FPP(1) symbolizes a BHG which is a
simple triangle, hence in particular it is 2-regular, 2-uniform
and exact linear. (It could be regarded as isomorphic to a
“finite projective plane of order 17, which does not meet all
axioms of projective (plane) geometry, cf. [19], [17], [16].)

III. A MAPPING FOR JOINING CNFs

The joining operation as introduced in [16] here is con-
sidered in a slightly more abstract setting. For fixed m € N,
and non-empty variable set V, let each member of

CNE(V,m) := {C € CNF : V(C) = V,|C| = m}

be labeled over [m]. Let V;, i € [2], denote disjoint non-
empty variable sets. Define

Vi,Va
® : CNF(V;, m) x CNF(Va,m) x S,, — CNF

via Vi v
1,V2 ~
X (O o) = | @i
jelm]
which is called the (o-)join of C; := {¢; : j € [m]} €
CNF(Vi,m) and Cs := {¢; : j € [m]} € CNF(Va, m), for
o € S,,, where
c;® ég(j) = {Cj u{l}:le 6U(j)} U {éZ(j)}
For fixed m, Vi, Vb, set
Vi,Va
®m (C1,Ca,0) =: C1 @y Cy

(cf. [16]). If m = 1, we simply write C; ® Cs. Clearly,
o induces a unique member ¢ € Bij(C1,C2), and vice
versa. Evidently, the labeled edge set of a BHG is a labeled
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(positive) monotone formula. So, setting $H(V,m) := {H =
(V,B) € $:|B| =m},itis
5 Vi,V2
:H(Vi,m) x 9(Va,m) X Spy — $

m

Vi1,V
m (H15H27T):(‘/1 U‘/27B<®m (BlaBQ7T))>

where H; = (V;, B;) € 9(V;,m), i € [2], T € Sy, For fixed
m, Vi, Vs, that is abbreviated as

Hi ®; Ho := (V1 U Va2, B (B(H1) ®, B(H2)))

As above, 7 induces a unique member 7 € Bij(H;, Hz), and
vice versa.

The example in Remark 5 in [16] shows that already for
m =2, Hy, Ha € $p with 5(Hz) > 0 and even S(H;1) =0,
there is 7 € Sy, s.t. H1 ®7 Ha € Hdiag. According to Prop.
13 (3) in [16], then one even has F; ®, Fy € SAT, for all
F; e f(Hz), 1€ [2}

The next result lists several conditions for the (non-)dia-
gonality of a joined BHG.

Theorem 1: Let m € N, H; = (V;, B;) € H(Vi,m), i €
2], VinVa =0 and H, := H1 @ Ha, T € Sy, then:

(1) H, € Ho implies H; € Ho, i € [2].

2) If H1 € $H9 and ﬁ(Hg) =0 then H, € Ho.

(3) If B(H1) = 0 s.t. |7(b)| < 2%, for all b € By, and
Ho € $Ho then H, € Ho.

If B(H1) =0 and Hy € $o s.t.

max{|l§| be BQ} < min{2|b‘ tbe Bl}

§ V1,V

“4)

then H, € 9.

(5) If F[Vi] € SAT, for all F € F(H,), and Hs € $Ho
then H, € 9.

(6) If H, € $o, and there is Fy € F(Hs) s.t. IM(Fy)| =

1, then F[V1] € SAT, for all F € F(H,).

Let H; € 9, @ € [2], s.t. there is Fy € F(Hz) with
IM(Fy)| = 1. Then H, € Rdiag Iff there exists F €
F(H.) s.t. F[V1] € UNSAT.

Let H; € o, i € [2), s.t. there is b € By with |7(b)| >
21, and Fy € F(Hsa) with |M(Fy)| = 1, then H, €
f)diag«

Let B(H1) = 0, Ho € 99 s.t. there is Fy» € F(Ho)
with |M(F»)| = 1. Then H; € Hdiag iff there exists
b€ By st |7(b)] > 20

PROOF. (1) directly is implied by Prop. 13 (3) in [16].

By the definition of H,, given F € F(H,) there is a
unique Fy € F(Hs) s.t. Fo C F, namely the restriction of
F to Bs. Thus, we always have the partition F' = F'(V])UF5.
On that basis addressing (2), assume H; € 99, S(Hz) =0,
and let F' € F(H,) be chosen arbitrarily. So Ha € $)o, and

F = Upep, F'(b). Let ¢ denote the unique clause of F

in F(b). Moreover consider the retraction C' := F[V;] C
Uses, Wo- Depending on the size of 7(b), to each clause
¢ € Cy there can correspond several clauses in F'(7(b)), each
of which arises from ¢ by adding exactly one literal over a
variable in 7(b), s.t. these variables are mutually distinct. The
collection of these clauses is denoted as F°(7(b)).

Case (i): Assume that |C,| > 2, forall b € By. Let T be a
compatible transversal over H;. According to Thm. 1 and its
proof in [12], setting all literals of 7" to 0 leaves unsatisfied at
most one clause in every fibre, say ¢, € Cp, for all b € Bj.

(7

®)

€))

Then all literals over V5 in the clauses of F (7(b)) have
to be assigned to 1, for satisfying all clauses of F(7(b)).
These assignments can be performed independently, because
7(b), b € By, are mutually disjoint. Hence, F'\ Fy = F(V7)
is solved so far. Further, there exists a clause cg # ¢ in
Cp, among the satisfied ones, for all b € B;. So the unique
variable over V; of an arbitrary clause in £ (7(b)) can be
assigned independently to solve ¢z ;) € Fy, if still necessary.
Again this is possible because all clauses in F» are variable-
disjoint; thus ' € SAT.

Case (ii): Assume that

B :={beB;:|Cy| =1} #0

which in particular is the case if Hy has loops. Let Bf :=
By \ Bi. If B} =0, we are done because then C' = F[V;] €
F(Hy) is satisfiable, so the subformula F'(V;) € SAT can
be solved over V; only, and F» can be solved over V;
independently. Otherwise, we have Bj := 7(B7) # 0 and
Bj := 7(B) # 0, as disjoint parts. So,

H, = (H} ®- H3) U (M} @, Hb)

as disjoint union implying the corresponding decomposition
F = F*UF’, where F*, F' is the restriction of F' to H} &,
H;, Hi ®; Hb, respectively. Let w be a (partial) model of
F* which always exists as previously stated. Moreover, if
necessary w can be extended to all of Vi, s.t. a compatible
transversal over H; is determined, from which as shown in
case (i) a model for all of F' can be constructed, because the
F>-clauses are mutually disjoint.

For proving (3), let F' € F(H,) with F' = F(V1) U F,
where Fy € F(Hs). Assume $(H;) = 0, and |7(b)| < 2/,
for all b € By. Then one has F[b] C W, which is satisfiable
independently for each b € B;. Therefore F(b) € SAT, for
all b € By, so F(V1) € SAT imlying F' € SAT as Hs € Ho.
Evidently (4) is implied by (3).

For F' € F(H.), with F = F(V1) U F; one has F[V}] €
SAT, so F(V7) € SAT, by the assumption of (5). Also F; €
SAT, as Ho € $g, implying F' € SAT, so (5) is true.

Every F' € F(H,) with F' = F(V}) U F5, determines a
further transversal Fy € JF (H2), besides F»: For each b €
By, let the set of literals over V5 in all clauses of F' over
B(b®7(b))\ 7(b) be regarded as the clause of F over 7(b).
Now let the assumption of (6) be valid, but suppose there is
F € F(H;) st. F[V4] € UNSAT. Let F} € F(Hz) have
the unique model wy. Let F' € F(H,) be obtained from F
by substituting F, by F and Fy by wj (By). Since F'[V;] =
F[V4] € UNSAT, F’(V1) can be satisfied only via the literals
over V5. But as F can be satisfied only by ws, which assigns
all literals in F} = w)(Bs) to 0, it is F” € UNSAT. Thus
‘H. is diagonal providing a contradiction, establishing (6).

Combining (5) and (6) one obtains (7). Regarding (8),
assume that there is b € By s.t. |7(b)] > 2°l. So there
is FF € F(H,) with F[b] D W, € UNSAT implying
F[b] C F[V1] € UNSAT and yielding (8) relying on (7).
Finally, combining (3) and (8) yields (9). O

Remark 1: 1. The converse of assertion (2) in general is
false: For m = 2, let

By = {x122, 2203}, Bz = {y1y2,42y3}
then for H, = Hy ®; Ho with T =id € Sy it is

B(Hia) = {z12291, T122Y2, Y1Y2, T2T3Y2, T2T3Y3, Y2y3 }
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vielding Hiqa € $o. Indeed, the 6 clauses of any of its
transversals in the above order can be solved independently
via x1, T2, Y1, Y2, T3, Y3, respectively. The same is valid
for the second permutation in So; further it is B(H;) > 0,
i € [2]. (More generally, one has Thm. 2 (1), (4), below.)

2. The assertion (5) is weaker than (3).

3. The example stated above in 1. also demonstrates that
the converse of assertion (5) in general is invalid: Let F be
a transversal over Hiq s.t.

FWVi] = {x1%2,21%2, w273, 2273}

being a member of UNSAT. However, one could regard (6)
as a weak reverse of (5).

4. The second assumption in assertions (6), (7) especially
implies that Hy is dense maximal non-diagonal, if V5| > 2,
according to Theorem 5 in [16].

Theorem 2: Let m > 2, H; = (V;, B;) € H(V;,m), i €
2, VinVa =0, 7 € Sy, and H, as above.

(1) ForHy € H§ s.t. every b € By has two unique vertices,

and integer m > 3m, there exists Ha € G with H, €
o, and |H,| > m, for all T € Sp,.

(2) For each Hy € $o, B(H1) = 0 having 2 loops, there

exists Ha € 9o 5.t. Hr € Hdiag, for all T € Sy,

(3) Let m > 4. For each H1 € $o, f(H1) = 0 admitting

b € By with |b| < |logy(m—1)], there exist Ha € 9o,
T € S S.t. Hr € Hdiag.
(4) For each Ha € $§, there exists H1 € 9o, s.t. Hr € Ho,
for all T € Syp,.
PROOF. Regarding (1), it suffices to provide an appropriate
large, connected Hs s.t. the incidence graph I(H,) of H, =:
(Vy, B;) admits a perfect matching M, for each 7 € S,,:
Given F' € F(H,), then each variable in M (V;) uniquely
solves the clause of F' over the corresponding hyperedge in
M (B;), respectively. To that end, let Hs be k-uniform, with
k>[2—1]>2. So

|H,| = ||Ba|| + m = (k+ 1)m > 1

where Thm. 15 (2) in [16] has been used. Further, the
connectedness of Hz, and the existence of M = M (k) as
required can be assured as follows: For k = 2, set

Bs = {l;j =YYj+1:J € [m}}
which is a simple path of m > 2 edges. Thus for an arbitrary
T € Sm, one has Br = U, c(,,) B(bj ® by(;)), where
B(b; @ by()) = {bj Udyr(h b Uyrg4n Bm')}

j € [m]. Let z(b;), 2’'(b;) denote the unique vertices in b; €
By, j € [m]. Thus

U {25 = ;U g1,
Jj€[m]

2 (b7) = (b U {541 D) 95y — ey |

For k > 3, enlarge Bj by the unique vertices {zlJ e
[k — 2]}, for every j € [m]. Hence the adapted By still is a
path, now of hyperedges. Then it is

{bj Uiyr( s b5 ULy-G4n b Eru)}
{bj U{D}:le [k—?]}

M@) =

B(bj @by(;y) =

C

J € [m]. Setting

M(k) =M@V {le(j) — (b U{ Y le k- 2]}

J€[m]

provides a perfect matching as required, yielding (1).
For every integer m > 2, according to Thm. 8 (1) in [16]
and its proof, there exists Hs of size m, B(Hz) # 0:

By ={z1}U{z;zjt1 1 j € [m—1]}

admitting a transversal that has exactly one model, in which
all variables are set to 1. Thus every edge of H- has size at
most 2. One obtains (2) relying on Thm. 1 (8), as only one
of the loops in H; can be mapped to the unique loop in Ha,
by 7 € Sp.

Concerning (3), we modify the previous BHG by substi-
tuting m by m — 1 > 3, and adding one edge containing all
m—1 vertices ensuring the size m: V5 := {z; : j € [m—1]},

Vo= {a;:j € [ml},

By :={z1}U{zjzj41:7 € [m—2]}U{l; =12 ...JCm_l}

If the transversal, as mentioned above, is enlarged e.g. by the
monotone clause b, the unique model is maintained. Choose
T € Sy, s.t. 7(b) = b then

oM < —1 = 7(b)|

and the assertion follows via Thm. 1 (8).
Finally regarding (4), it suffices to choose H; € o with
B(H1) =0 s.t., for all b € By, it is

|b| > max{[logz b]]:be Bg}

according to Thm. 1 (4). O

Next, a first characterization of minimal diagonality is
provided on behalf of Thm. 11 in [16]:

Proposition 1: Let m, H;, i € [2], 7, H, as in Thm. 1
and 5(7‘{2) =0. Then H, € fjmdiag iff Hy € ﬁmdiag-
PROOF. In Thm. 11 in [16] the same assertion is stated using
the further assumption that H; is diagonal, which is dropped
here. So, the right-to-left implication directly follows from
the cited Thm. 11. The reverse one follows by contraposition:
If Hi & Hmdiag. it either is in $H so H, € Ho using Thm.
1 (2). Or Hy € Hdiag \f_)mdiag, then again we are done by
the cited Thm. 11. m|

Concerning a characterization regarding the maximal non-
diagonality, a first fact is provided next:

Proposition 2: Let m, H;, i € [2], 7, H, as in Thm. 1. If
H1 € $Ho has a loop and (Hz) = 0, then H; € Hmaxnd-
PROOF. On behalf of Thm. 1 (2), itis H, € Ho. Let b € By
be a loop, then H(b®7 (b)) C H,,butb ¢ B(H,). Obviously
H,U {b} S ﬁdiag O

IV. FIBRE-RESPECTING FORMULA-JOINS
At least if C', Cy are transversals equally labeled as their
BHGs, one has
H(Cy ®s Co) = H(C) @y H(Cy)

cf. La. 11 in [16]. In general, this equality fails or its right
hand side even might not exist. E.g., let C; = Wy, with
Vi := {x1, 22} hence Hy := H(Cy) € H(V4,1). If Cy €
f(HQ) with

B(H2) := {uiusus, vivavs, y1y2ys, 212223
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then Hs € H(V3,4). So, H1, Ha € $o even are trivial BHGs,
and H; ®, Hs cannot be defined, for any 7. Whereas C ®,
(5 is well-defined, and

H(C1 @, C2) € H(V1 U Vz, 16)

for every o € S;. Moreover one easily verifies C; ®, Co €
Faiag(H(C1 ®, C2)) by observing C; € UNSAT and using
Prop. 13 (3),(5) in [16].

Towards clarifying the situation in case that C ®, Co
and H(C1) ®, H(Csy) are well defined, for appropriate o, T
respectively, a useful notion is introduced:

Definition 1: For m,m’' € N, let C; € CNF(V;,m), s.t.
H(C;) € H(Vi,m'), i € [2], ViNVy = 0. Given T € S,
a o-join C1 ®, Cs, for o € S,,, is called fibre-respecting
(wrt. 1) if V(6(c)) = 7(V(e)), for all ¢ € C4.

Lemma 1: For m,m/, C;, H(C;), V;, @ € [2], as in Def.
1 and C, :=C1 Qs Cs, 0 € S,p,, one has:

(i) C, is fibre-respecting w.rt. T € Sy, iff 6(Chp) =
Caz(p), for every b € By. In this case, |C1p| = |Caz )
for every b € Bj.

@) If m' =1, ie, C; is a fibre-formula, i € [2], then
B(C,) = B(B(Cy) ® B(Cs)), for every o € Sp,
recalling the convention for m’' = 1.

PROOF. (i) directly follows from the definition.

Obviously B(B(C1) ® B(C3)) € B(C,), for every o €
Sm, and C, then is fibre-respecting. Let B(C;) = {b;},
i € [2]. So if b € B(C,) then either

s

b=V(5(c)) = b2 € B(C2) C B(B(C1) ® B(C2))

or b=V(cUl) = by U{z}, where x = V(I) € by, meaning
b e B(B(C1) ® B(Cy)). m)

Proposition 3: Let m,m’, C;, H(C;), Vi, i € [2], as in
Def. 1 and C := Cy ®4 Cy, for o € Sy,. Then

H(C) = H(Ch) @ H(Cy)

iff C is fibre-respecting w.rt. T € Sp. The latter in
particular is valid if C1, Cy are transversals equally labeled
as their BHGs, and T = 0.

PROOF. Clearly, for every C' € CNF, it is |[H(C)| < |C|
which is an equality only if C' is a transversal. So the last
assertion is implied by La. 11 in [16]. Regarding the first
assertion, let H; := H(C;) =: (V;, B;), i € [2], and assume
that C is fibre-respecting w.r.t. 7 € S,/ then by La. 1 (i)

C= U C1p Qq, C270)
beB;
where o, denotes the restriction of o to C1,. So,

U B (C1y ®q, Caz))
beB1

U B (B(C1y) @ B(C2z1)))
be B,
= B(B(C1) ®, B(C))

B(C) =

where La. 1 (ii) has been used.

Next, assume that the asserted equality is true, and suppose
that C' fails to be fibre-respecting. Hence there is b € B; and
c € Cyy, with b:=V(5(c)) # 7(b). So,

{bu (2} :z€ 5} C B(c®&(c)) C B(O)

but
{bu (2} :z ¢ 5} ¢ B(B; ®. B»)

yielding a contradiction. g

V. S,,-DEPENDENCE OF THE ORBIT PARAMETERS

Focusing on {H1®,Ha : 7 € Sy, }, primarily the question
arises, which properties of the joined BHG depend on 7 €
Sm. A first result, regarding the logarithm of the number of
all orbits is stated next.

Proposition 4: Let m € N, H; € $(V;,m) with fixed
labeled edge set, i € [2], Vi N Vo = (. Then B(H,) is
independent of T € Sy, iff one of H1, Ha is uniform, where
H; :=H1 ®; Ho.

PROOF. Setting H; = (V;, B;), ¢ € [2], it is

B(H-) = K[| = (Vi] + [V2])
Due to Prop. 13 (2) in [16], one has

1Mol = 20 Ml + D (bl - [7(b)]
beB;

Thus, if H; is ki-uniform, it is

[Hrll = (2 + k1) | Ha|l
and if Hy is ko-uniform, one has

[H-I = (2m + [[Hal)k2
If both are uniform it follows

[Hrll = (2 + k1)mk

Reversely, assume the 7-independence of 5(H,), but sup-
pose that none of Hy,Hs is uniform. So, w.l.o.g. there are
b]‘ € By, bj € Bo, j € [2}, S.t. |b1| < |b2| and |bl| < |b2| Let
T1,T2 € Sy, be defined s.t. 71 = 7 restricted to [m] \ {1, 2},
and 7 (j) = 7, j € [2], = = (1,2), i.e., as the transposition.

Hence
() = BHz) = 3 [l (Ibri )| = loraci)])
FE€[mM]
= [bu] (161] = [bal ) + [ba] (Jba] — Jba])
So

B(Hr,) = B(Hay) = (2] = [ba]) (1b2] = 1]} > 0

yielding a contradiction. g
Corollary 1: For m € N, H;, i € [2], H,, T as above

w(H;) and p(H.)+6(H,)

are independent of T iff one of Hy, Hso is uniform.
PROOF. Since, for all H € 5,

w(H) =2 =1+ p(H) + 6(H)

the assertion directly is implied by Prop. 4. O
Observe that (2), (4) of Thm. 1 are independent of 7 € S,,,.
However, relying on (3) one obtains:
Proposition 5: For fixed integer m, and vertex-disjoint
H; € 90(Vi,m), i € [2], in general it depends on T € Sy,
whether Hy1 ®, Ho is diagonal or not.
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PROOF. For H; = (V;,B;), i € [2], m = 4, let ; = id,
7 = (1,2)(3,4) € Sy, and

Bl =
Bg =

{b1 = 21,by = w2,b3 = 374, by = 576}
{b1 = 1192, b2 = y1y3,03 = ya,bs = Y5}
Then with H., := Hi ®, Hs it is

B(Hia) = A{z1y1,T1y2, 1Y2, T2Y1, T2Y3, Y193,

L3T4Y4,Y4, T5L6Y5, 95}

implying Hiq € $diag, because it contains the y;-connection
of two FPP(1) according to La. 4 (i) in [16]. Whereas

B(H.,) = {x1ya,ya,T2ys5, Y5, T3TaY1, T3TaY2,

Y1Y2, T5T6Y1, T5X6Y3, ylyS}

yields H., € ¢ due to Thm. 1 (3). O
Before treating the case, that one of Hi, Hs is diagonal,
we state a useful fact:
Proposition 6: Let H; = (V;, B;), i € [2], s.t. Vo C V4,
BiNBy =0, Hi € Ho and Ho € fjdiag. Let o; := a(HZ—),
i€[2], ae{B,w,p, 0}

(1) One has
wH1UHs) = wiwy2!"?!
(5(7‘[1 UHQ) = w1522‘V2| + Z Pp

pElp2+1]

where ¢, € [w12V21]g denotes the number of orbits
of Faiag(H1 U Hsz), whose representing transversals
have restrictions to By, all lying in the pth satisfiable
Gy, -orbit of F(H2). Further it is

3 op= 14 pr)n2El — (14 p(Hy UH))
pE[p2+1]

(2) There exists p € [pa + 1] with p, > 0, if there is
/2 - Ho with Hé € $Ho s.t. Hi U H/2 S fjdiag In
particular, one has @, > 0, for all p € [pa+1], if there

is Hy C Ho with S(H5) = 0 s.t. H1 UHb € Hdiag-

(3) If op =: p € Ny, for all p € [pz + 1], then
= w22l — )
where
A= (1+p(H1UHa2))/(1+p2) €N
with A < w12‘V2‘, and \ = w12‘v2‘ iff o =0.
(4) If the incidence graph of H1 admits a matching M

covering the Bi-component, i.e. M(By) = By, s.t.
Vo N M(Vy) =0, then

S(H1 UHz) = wy 5,2!V2!

PROOF. Since by assumption B; N By =0, Vi UV, = V7, it
is

BHIUH) = Y |bl = [Vi| = B + Bz + |12

beB1UBs

so the assertion for w(H; U Hs) is true.

Every diagonal orbit over H, has 2/V2l members, each of
which yields a distinct diagonal orbit of F(H; U Hz) when
enlarged by a transversal over H; representing a Gy, -orbit.
Thus one obtains the contribution wyd22!V2! to § (H1 U Ha2),
and the assertion for §(H; U Hs) directly follows from the

definition of ¢,,, p € [p2+1]. The last assertion in (1) directly
is implied by using twice the general formula w—(1+4p) = ¢
valid for every BHG.

Regarding (2), assume that there is H5 = (V4,B5) €
Ho with H5 € $o st. Hi UHb, € Hdiag. For fixed F €
Faiag(H1 U H5), let Fj be its satisfiable restriction to B,
so it has a model, say wj over V;. Set HY = (V3', BY) :=
Ha \ Hj. Then F can be extended over BY to a satisfiable
transversal Fy over Hy by letting each literal over = € V3’ \
V, be pure in F5, and each literal over z € Vi’ N Vy be
defined according to wj. Thus there is p € [pa + 1] with
wp > 0.

Next, 8(H5) = 0 implies H) € $Ho and F(H,) =
Feomp(H5). Hence, there is only one orbit of transversals
over H). Choose a representative Fj of this orbit with the
property that Fy U F € Faiag(H1 U H5), for an appropriate
Fy € F(Hi). Clearly, any satisfiable extension Fb» of F}
over By yields Fy U Fy € Fiag(H1 U Hz). Thus, ¢, > 0,
for all p € [p2 + 1], so (2) is verified.

If o, =: p € Ny, for all p € [pg + 1], it is

> wp= (o4 Do = (L po) (€2 = 1)
pElp2+1]

using (1), implying
A=(1+pH1UH2))/(1+p2) €N

Since ZpE[Dz-‘rl] p > 0, one obtains A < w2!V2l and )\ =
wi2IV2liff o = 0, so (3).

Concerning (4), observe that by assumption every transver-
sal over H; can be satisfied independently by the variables in
M (V7). So one has ¢, = 0, for all p € [po+1], because every
transversal in F(H; UHz) having a satisfiable restriction to
By then is satisfiable. o

Remark 2: 1. There might be cases where

op = € wi2"l]g

is a constant, for all p € [pa + 1], confer e.g. the proof
of Prop. 7 below. But in general that is untrue: Let Hy =
(Va, By) with

By = {xy1, vy2, y1Y2, TY3, TY4, Y3Ya }

which is minimal diagonal due to La. 4 (i) in [16]. Let H1 =
(V1, By) with
By = {@y2y42, y1y3}

which is trivial and wi = 1. Let F\ = By € Feomp
be the unique positive monotone representing transversal.
Any F» € F(Hs), in which x appears as a pure literal, is
satisfiable because setting x accordingly remains two clauses
which can be solved always. Moreover, extending F5 by Fi,
yields a satisfiable transversal over H; U Ha, because e.g.
the variables y1,y2, Y4, 2 can be assigned independently to
solve the remaining clauses over y1ys3, Y1y2, Y3Ya, TY2Y4 2,
respectively. Let the orbit represented by Fo have the number
p € [p2 + 1]. As all its members have x as a pure literal,
one obtains p, = 0. Let

Fy = {ay1, Ty, YoU1, TY3, TY4, Y37a }

which is satisfied via x = y1 = y3 = 0, where y1,ys have
unique satisfying assignments in every model. Hence Fy U
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F} € Faiag(H1 U Hz). Further, x admits no pure literal in
F3, so its orbit of number p’' # p yields ¢, > 0.

2. Note that the converse of statement (4) in general is
false: Simply, choose any Hi € $)o that does not meet the
matching condition, but whose retraction H1[V; \ Va] € $,
50 pp = 0, for all p € [pa+1]. To present a concrete example,
first let Hy € Haiag be the complete BHG with vertex set
{x,y}. Next, refering to La. 4 (ii) in [16] and its proof, it is
H = (V, B) € $mdiag Where

B := {uv, up, vp,vq, pq, uq}

Thus H' := H \ {vq} € $Ho. Let Hy1 be obtained from H'
by enlarging, say {uv} about x and {pq} about y ensuring
Vo C V4 and H' = Hq[V1 \ Vo] € $Ho. There obviously is a
matching of the incidence graph of H1 using all variables
covering its By-component and establishing H, € Hgo. But
there is no such matching relying on members of Vi \ Vs,
only, as required in Prop. 6 (4).

Returning to the 7-dependence of § one has:

Proposition 7: For m € N, let H; € 9(V;,m) be non-
uniform, i € [2], where V1 N Vo = 0. If one of Hi, Ho, is
diagonal, the values of 6(H.), p(H,) € N can depend on
T € Sy, where H, := Hy ®; Ho.

PROOF. It suffices to verify the assertion for 4. So let m = 3,
H; =: (V;, B;), i € [2], with

Bl = {u,w,uv} = {b1;b27b3}
Br e {oogesy} = (b )

and V := V; U Vs. Hence Hy = Ko € $Hgimp is diagonal.
Defining o := (1,3), 7 := (1) € S5 one obtains

Hy =HoUH2U{by}, o€ {o,7}
where
B(Ho) = {uz, wy, wwz}, by := {uy}, b, := {uvy}
Thus
w(HoU{bs}) =2 w(HoU{b})=2°

The incidence graph of Ho U {by } admits a matching My,
which contains the vertices {u,w,v,y} covering all edges
of Ho U {by}, which therefore is a non-diagonal BHG that
has no hyperedge in common with By, ¢ € {o,7}. Clearly
§(H2) =1, p(H2) = 3, and V5 C V(Hy). Thus using Prop.
6 (1), it follows

6(Hy)

§(Ho U {by} U Ha)
w(Mo U {by})22 + D 0p(t))

PE[3]

for ¢ € {o,7}.

Let Fy := {uz,wy}. First regarding ¢y = o, the orbits
of F(Ho U {bs,}) may be represented by the transversals as
follows:

Fi, Fo U {uwvz} U {c,,}
F,y, = FyU{uvz}U{csi}
F3p = FoU{uvz}U{co}
Fy, Fo U{uvz} U{cy}

for all [ € [4], with

Co,l S Wba = {Uy’ﬂyﬂ?% ﬂg}

where W, is assumed to have that fixed ordering. Evidently
{wy}, as well as the clauses over {uvz}, can be solved
independently via w = v = 1. If = 1 is possible, then all
clauses of F)j; are solved, j,l € [4]. So, only the case that
z is forced to 0 meaning v = 1, leads to an unsatisfiable
transversal iff ¢,; € F}; contains @, which is the case for
l = 2,4, and simultaneously its literal over y is forced to 0.
This situation can occur only for the partial Ho-patterns z, y,
as well as z,y. Each of these patterns occurs exactly once
in all three satisfiable Ho-orbits. It is not hard to verify, that
F;;, for all j € [4] and | € {2,4}, becomes unsatisfiable
by exactly one of these patterns, thus ¢, (o) = 8, for every
p € [3]. Therefore

S(Hy) =222 +3-8=88

The representatives of the orbits of F(Ho U {b,}) are
obtained from those F};, 7,1 € [4], as above, by doubling
each, providing two instances. Then, enlarging the clause
Co, in its first instance about v yielding F7/; containing the
modified cﬁ, Iz and in its second instance about v yielding Fj?jl
containing c? ,, for all j,1 € [4]. Observe that the transversals
Y, il € [4], are satisfiable independently of V5, because
{uz}, {wy} and all the clauses over {uvz}, as well as ¢},
are solved via u = w = v = 1. Any Fﬁl can become
unsatisfiable only, if z is forced to 0 meaning v = 1, which
is critical only for j = 2,4 forcing v = 1. Hence Cﬁ,l’ for
l = 2,4, is unsatisfiable iff y is forced to 0, 1, respectively.
That is possible only for the partial Ho-patterns z,y, for
[ = 2, respectively Z,y, for [ = 4. So, ¢,(7) = 4, for every

p € [3], yielding
§(H,)=2°2+3-4=140>6(H,) O

VI. A COMMUTATIVE EXTENSION OF THE JOINING MAP

For every variable-disjoint members C; € CNF(V;,m),
i € [2], each regarded as fixed labeled over [m], we set
C1 R Cy = (C1 ®ig C2) U (Cqy ®iq C1), for id € S,y,, called
the symmetric join of Cy,Cs. This yields a commutative
operation, for C1 = {c1,...,¢m}, Co = {é1,...,ém},
because by definition,

C1XCy = U Cj®éjU U éj@Cj =Cyy Xy
JE[M] JE[mM]

Evidently, C1 K Co = ¢}y ¢; W &5 with ¢; W ¢ = (¢; ®
¢;) U (¢ ® ¢;j). The symmetric join is independent of the
labeling in the sense that given o € S, and {Ca(i) NS
[m]}, {¢oiy : @ € [m]}, reordered C7,CS are obtained with
C{X(CY = C; X . In general, that is false if CT,CS are
joined symmetrically, for distinct 7,0 € S,,. Analogously,
for vertex-disjoint H; € $(V;, m), i € [2], with fixed labeled
edge sets, we set H1XHs := (V1UVa, B(B(H1)XB(Hz))).

More generally, one defines the following mapping:

Definition 2: On basis of CNF(Vy,m) W CNF(Va,m) :=
[CNF(V1, m)x CNF(V2, m)]JU[CNF(V,, m) x CNF(Vy,m)]
with Vi N Vy =0 set

X,. : [CNF(V1,m) & ONF(Va, m)] x Sy — CNF

Here among (C,C) € CNF(Vy,m) W CNF(Vy,m) exactly

one, say C, is a member of CNF(Vy,m). Then with C =

{c;:j€m]}, C={¢:jec[m]} € CNF(Va,m) it is
Va,Vi

X,.c.¢.0) =R o u® (¢ o
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= U Cj®éo-(j)U U éj®cg—1(j) ::C&,C

j€lm] j€lm]

which is called the symmetric (o-)join of c.C, for o € Sy,

We set Kiq =: K.

The symmetric o-join obviously is commutative in C, C

independent of o, but it never yields an associative operation.

An analogous mapping is defined for BHGs as follows:
Definition 3: For H(Vi,m) W H(Va,m) := [H(V1,m) X

H(Vo,m)] U [H(Va,m) x H(Vi,m)], with Vi N Vo =0, ser

9
&m : ['6(‘/17777’) L*Jf)(v%m)] X Sm — 9
where, for (Hi,Hz2) € H(Vi,m) W H(Va,m) with H; =

(Vi, B;), i € 2], T € S, their symmetric T-join is

9

X, 1, 2,7 = (Vi Ve, B (K81, B2, 7))

which is abbreviated as
Hi X, He = (H1 @ H2) U (He ®,-1 Hy)

For simplifying the notation, set CNF(m) := {C € CNF :
|C| =m}, and $H(m) :={H € 9 : |B(H)| = m}.

Theorem 3: Let m € N, C = {c; : j € [m]},D = {d; :
j € [m]} € CNF(m) be fixed labeled over [m] with V(C)N
V(D) =0, o € S,,, then the following assertions are true
for J:=CWX, D:

(1) Let my be the number of indices j € [m], s.t. |cj| =

|dj| =1, then
Il = lClI+ DI} = m1 + 2m
171/2 = O+ D] =mi+ Y lejl - 1d]

J€[m]

(2) JESAT ff M(CUCY) #0 # M(DUD).

(3) JeZiff m=1and C, D contain unit clauses only.

4) J is a transversal iff C, D are transversals.

(5) J is linear iff C, D consist of non-complementary unit
clauses only.

(6) J never is exact linear.

(7) H(J) never is uniform.

(8) Let C, D be kc-, kp-uniform transversals, respec-
tively. Then H(J) is r-regular iff (2+kc)|r, (2+kp)|r,
H(C), H(D) are regular, and

r= (24 kco)deg(H(D)) = (2 + kp) deg(H(C))

(9) Assume there is m' €N, 7 € Sy s.t. H(C), H(D) €
H(m"), and that C ®, D is fibre-respecting w.r.t. T,
D ®,-1 C is fibre-respecting w.r.t. 7', Then H(J)
= H(C) K, H(D). That is valid in particular if C, D
are transversals equally labeled as their BHGs, and
oc=T.

PROOF. By the definition of the symmetric o-join
Q:=(C®, D)N(D®,-1C)

consists of exactly those ¢t € J, for which there is j € [m)],
cj € C, dg(j) €D, s.t.

t € (¢j @ do(j)) N (do(j) @ ¢5)
So, there must be I° € ¢;, I¢ € d, ;) with

t=c; U{l" =d, U{}

As V(c;) NV (do(;)) = 0, t € Q is equivalent with

Cj = {lc}a do(j) = {ld}a t= {lcald}

Therefore it is |@Q| = m; and ||Q] = 2m; implying (1) on
basis of Prop. 13 (2) in [16].

Let J € SAT, and suppose that M(C) N M(C7) = 0.
If w € M(J), then w satisfies C7 C J. By assumption
w ¢ M(C), so there is j € [m] s.t. w(V(c;)) = ¢]. Thus

¢ @dy(jy = {Cj u{l}:le dg(j)} U {dZ(j)} cJ

remains unsatisfied providing a contradiction.
Conversely, let

we € M(C)NM(CY), wp € M(D)NM(D)

then it is claimed that w := wg Uwp € M(J): Evidently,
w then satisfies CY U DY C J. Each remaining ¢ € .J either
contains a clause of C' or a clause of D, thus is satisfied by
w, and (2) is proven.

Regarding the sufficiency of (3), for variables x, y, let C' =
{l(x)}, D = {i(y)}, then

J = {l(@)i(y), (=), l(y)} € T

For the necessity, we claim that if one of C U C", DU D7,
say C'U C7, is unsatisfiable then

J' = (C ®, D) UC"” € UNSAT

From this claim (3) follows: If J' C J as a proper subformula
one has J ¢ Z. So, J € 7 implies J = J’. That is equivalent
with (D ®,-1 C)\ CY C J’, which is equivalent with

Q=D &, C)\C" = {51} : j € [m]}

refering to the proof of (1). Hence, each clause in C, D has
to be unit, so Q = (C®, D)\ D". Since J € 7 is connected,
one concludes m = 1.

It remains to verify the claim: W.lLo.g. let C U C7 €
UNSAT, then either C' € UNSAT meaning C? € UNSAT,
so J' € UNSAT. Or C,C7 € SAT, then supposing
J' € SAT, every w € M(J') satisfies C7. Since C UC7 €
UNSAT, there must be a clause ¢; € C' with w(V (c;)) = ¢].
Hence, all clauses in

(¢j @ dg(j)) \ {dZ(j)} cJ

are forced to be satisfied via w(V(dy(jy)) = do(jy, thus
d;’(j) € J' remains unsatisfied providing a contradiction. So,
the claim is true yielding (3).

The necessity assertion in (4) is true by Prop. 13 (5) in
[16]. Reversely, let C, D be transversals, then by the same
result C ®, D and D ®,-1 C are transversals. Suppose there

is b € B(J) with t,t' € J, meaning
be B(C®, D)NB(D®y,-1C)
Thus, there are x € V(C),y € V(D) with
be ({zt@{yh) Nn{y} ®{z}) = {zy}

By the definition of the symmetric join, one obtains ¢ = ¢/,
as shown in the proof of (1), so J is a transversal.

If J is linear and one of C, D contains a clause with 2
variables, say x,y, then by definition J contains 2 clauses in
which x,y appear, contradicting its linearity. As C7, D" C
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J, they have to be linear, so do not contain complementary
unit clauses. The reverse direction is obvious, providing (5).

Since m > 1, and C7, DY C J which are variable-disjoint,
(6) is true. From Prop. 13 (8) in [16], one concludes that the
k-uniformity of H(J) means, that H(C) simultaneously has
to be (k — 1)-, and (k 4 1)-uniform, yielding (7).

Addressing (8), with C, D also J is a transversal using
(4). On basis of the uniformity of C, D, the regularity of
J is equivalent with |J(z)] = (2 + kp)|C(z)| = r, for
all x € V(C), and |J(x)| = (2 + ke)|D(x)| = r, for all
x € V(D). Thus

C(=)] =
[D(z)] =

deg(H(C)) =r/(2+ kp)
deg(H(D)) =r/(2+ kc)

providing the equivalence with
r=(2+ ko) deg(H(D)) = (2 + kp) deg(H(C))

To verify (9), one derives

H(JT) = H{(C®s;D)U(D®,-1C))
= H(C®s, D)UH(D ®,-1 C)
= (H(C) @, H(D)) U (H(D) ®,-1 H(C))
H(C) X, H(D)
where Prop. 3 has been used. O

Remark 3: 1. Observe that assertion (2) in Thm. 3 is
equivalent with J € SAT jff C, D € NAESAT.

2. For C € S N1, which in particular is true in case of
a fibre-formula C = Wy ¢y, one has C = C7, so the first
condition of (2) is invalid. This situation can occur for a
non-fibre formula also. Consider e.g.

C = {ry,yz,22,29,y%, 21} € S

Here H(C) is 2-uniform and a triangle, hence there is no
proper 2-coloring of its vertex set, so C € UNSAT; its
membership to I can be verified easily.

3. The assumption in assertion (9) concretely means that
there are labelings

H(C) = {bj:j€[m]}, H(D)={b;:jem]}

s.t. |Cy,| = |D57m |, and that the clauses in Cy;, D
labeled consecutively, for all j € [m/], respectively.
Concerning the second paragraph of Rem. 3, one has:

Proposition 8: Let Hy, Hs be vertex-disjoint, of equal size
m, then the following assertions are true, for every T € Sy,

(1) Hy X, Hy € BIC iff H1,H2 € BIC.

(2) Hy ®- Hs € BIC iff H1, Hs € BIC.

PROOF. Let H1, Hs € BIC, then by the definition of the
corresponding join-operations H; ®, Hs, H1 X Ho € BIC,
for every fixed 7 € S,,,. As H1, Ha C H1 X Hs, the reverse
of (1) is valid.

Finally, let H, = (V, B) := H1®,;H2 € BIC, for 7 € Sy,
then Ho € BIC as a sub-hypergraph. Suppose H; ¢ BIC,
then for any 2-coloring of V, there is b € B(H;) appear-
ing monochromatic. Thus, H (b® 7(b)) C H, contains a
monochromatic edge, namely 7(b), providing (2). O

Lemma 2: For H = (V,B) € $) one has:

(i) An orbit O € F(H)/Gy is contained in NAESAT iff
its representative lies in NAESAT.
(i) Feomp(H) € NAESAT iff H € BIC.

7 are
br (i)

(iil) Feomp(H) € NAESAT if 3(H) = 0 and H is loopless,
or 'H is 2-uniform and bipartite as a simple graph.

(iv) Faing(H) N NAESAT = 0.
PROOF. Consider distinct F, F’ € O st. F € NAESAT
with model w. By transitivity and commutativity, there is a
unique X € Gy st. FX = F/, so F7* = X7 = /7,
Thus, w¥ is a model of (F U F")X = F' U F'? implying
F’ € NAESAT, so O C NAESAT. The reverse is evident,
hence (i) is true.

H is bicolorable iff B € Feomp(H) N NAESAT as a
monotone formula, so (ii) is implied by (i).

In both alternatives of (iii) it is H € BIC, evidently. So
(iii) is implied by (ii). Assertion (iv) is obvious. O

Lemma 3: Let H; € $H(m), i € [2], T € S,,, be vertex-
disjoint with fixed labeled edge sets over [m]. Then Hy X,
Ho € 9o implies that H; is loopless, i € [2].
PROOF. Let H; = (V;,Bl), 1€ [2], B = {bj 1 j € [m]},
By = {b; : j € [m]}. Suppose there is j € [m] s.t. w.l.o.g.

bj = {l‘}, b.,-(j) = {yl, ce
for fixed » € N. Then obviously

,Z/r}

bj IEBT(J) = {j7my17"'7xy’r’}u{g1 Yy Yt y'rx}

is a diagonal transversal over H(j) := H(b; X i)T(j)). Since
H(j) C Hi X, Ha, the assertion is established. O

In the following, for simplifying the notation, the discus-
sion first is focused on the special case 7 = id. In particular,
for the symmetric join of trivial BHGS, one has:

Theorem 4: Let H; = (V;, B;) € $(m), B(H;) =0, i €
[2], be vertex-disjoint with fixed labeled B; = {b; : j € [m]},
By = {IA)J : j € [m]}. Further setting H := H1 X Hy, and
H(j) := H(b; R bj), j € [m], the following is true:

(1) H € 9o iff H1,Ha are loopless.

(2) H € Hmdiag iff m =1 and Hy, Hy € 9t In this case,

'H is isomorphic to K.
(3) Let H € $)¢ then
(@) H € Hmaxnd iff there is j € [m], s.t. H(j) €
ﬁmaxnd-
(b) H is dense maximal non-diagonal iff H(j) is
dense maximal non-diagonal, for all j € [m).
PROOF. The necessity in (1) is provided by La. 3. Reversely,
as B(H1) = B(Hz2) = 0, H is the vertex-disjoint union of
the H(j) over all j € [m]. Thus H € Ho, iff H(j) € $Ho,
for all j € [m], which is claimed to be true if |b;| > 1,
bj| > 1, for all j € [m]. To that end, for fixed j € [m)],
set b := bj, b := bj, H' := H(j) which decomposes into
the edge-disjoint parts H7, H7;. Here H’ is obtained from
H(b®b) via substituting b by b; and H; arises from H(b@b)
via substituting b by b. So, for F € F(H'), one has

FIE‘F(HII)’FIIGJ:(HIII)v F:FIUFII

as disjoint union. For verifying that F' € SAT, we show
that Fy, Fy; can always be satisfied. Observing that F;[b] C
Wy and Fy 1[13] C W;, we distinguish three cases for these
retractions.

Case (i): Fr[b] <€ W;, then both are
satisfiable only relying on the variables in b, b, respectively.
So, Fy(b) = Fr, Fr;(b) = Frr € SAT implying F € SAT.

Case (ii): W.l.o.g.

Frb] =Wy, Fplb] CW;

S.t.

W, Firb] C

=

Volume 52, Issue 4, April 2025, Pages 1282-1293



TAENG International Journal of Computer Science

Let ¢ € F; N'W,, which is the only clause therein. Given
¢ € Fy[b], let m, be the number of clauses in F; containing
¢, and set

m:=min{m.:ce Fib)\ {}} >1

thus .
b = [Fr\ {'}| > 2" = 1)m +my —1

Fix ¢ € Fy[b] distinct to ¢’ s.t. mz = m. Due to La. 1 (v)
in [16], as Fy[b] € Z, there is an assignment w € W}, s.t.
w = &, satisfying Fr[b]\ {¢}. Evidently, each member of Fy
containing ¢ has a unique distinct literal over a variable in
b which has to be assigned to 1; let w be the corresponding
extension of w. Thus w satisfies F;, and there remain

b —m > (2" = 2)m 4+ me —1 > 2101 — 2

unassigned variables of b. It is |Fy;| =
have |b| > 3 implying

|b| + 1 and we either

2l —2 > || +1

so Fpr is satisfiable, because each of its clauses can be
solved by an independent variable. Or |b|] = 2, meaning
two unassigned variables which both occur in each of three
clauses. So there is a variable occurring in two of the clauses
as the same literal, hence it can be set accordingly to solve
them. The third clause can be solved by the second variable,
so also Fjy is satisfiable meaning F' € SAT.
Case (iii): Fy[b] = Wj, and Fy7[b] = W, then

bl > 2" — 1, [5] > 21" —1
implying

logy ([b] +1) > (B > 2" — 1

which evidently is valid iff [b] = 1 = |b|, contradicting the
assumption and excluding this case. Hence (1) is true.

Since B(H1) = B(Hz2) = 0, one has H = ;[ H()
as a vertex-disjoint union, which has to be connected if H
is minimal diagonal, so m = 1. Assertion (1) implies |b;| =
|l31| = 1. Conversely, if either of H1, Hs consists of exactly
one loop, then H is isomorphic to Ky € Himgiag yielding (2).

According to (1) and its proof, H € ) is equivalent with
H = U]e[m] H(j) =: (V, B) as vertex-disjoint union, and
H(j) =: (V;,B;) is loopless, for all j € [m]. So, let j € [m]
s.t. H(j) is maximal non-diagonal. Then there is b} cV; C
V, b’j ¢ Bj. By the vertex-disjointness, also b;- ¢ B and
H(j) U{bj} € Ndiag implying H U {b)} € Hadiag. Hence H
is maximal non-diagonal.

Conversely, assume that H is maximal non-diagonal, but
H(j) fails to have this property, for all j € [m]. Then there
are V¥ CV, 0 ¢ B, st. H = HU{V} € $diag, and
F' € Faiag(H') with ¢ € F’ sit. V() = b'. One has
F = F'\ {c¢} € F(H), and its restriction to B; yields
Fy € F(H(j)). Similarly, let ¢ := ¢'[V;] be the restriction
of c to 'V}, j € [m]. Since no H( ) is maximal non-diagonal,
itis F;U{c}} € SAT. Finally, by the vertex-disjointness one

also has
F' = FU{C}—UFUUC
J€[m] J€E[m]
= | Fiu{d}) esaT

J€[m]

providing a contradiction, yielding 3(a).
Next, let H(j) be dense maximal non-diagonal, for all
j € [m]. Fix any ¥/ € B(Ky) \ B and set H' := H U {b'}.
Then there exists ) # L C [m] s.t. § # b} :=0' NV, & B,
thus
H(7) = H() U {b}} € Hatag

for all j € L. Let Fj € Faiag(H'(j)) with ¢} € FJ,
V(c;) = b, hence Fy := Fj\{c;} € F(H(j)), forall j € L.
Choosing an arbitrary F; € F(H(j)), for all j € [m]\ L, one
obtains F := jefm] F; € F(H) as variable-disjoint union.
Since V' = ;¢ V) for ¢ 1= ;e ¢j one has V() =V,
for which is clalmed that

F':= FU{d} € Faiag(H')

Indeed, suppose there exists w € M(F) also satisfying ¢/,
then there is [ € ¢’ Nw # (). Thus there is j € L s.t. [ € ¢}
satisfied by w, meaning Fj’ € SAT providing a contradiction.

Finally, let H = Uje[m] H(j) € $Ho be dense maximal
non-diagonal and suppose there exists j € [m], for which
there is b, € B(Kv;)\ Bj, so b & B, s.t. H(j)U{b}} € fJo
Hence, H Ut} € 9o yleldlng (3)(b).

Aiming at a more specific criterion than Thm. 4 3(a), the
next result is helpful: A
_ Lemma 4: Let b,b be no loops s.t. bNb =
b) ¢ f)maxnd ; .
PROOF. By Thm. 4 (1), it is ensured that H := H(bX b) =
(V, B) € 9. Regarding the necessity, we show that if one
of b,B has size 2 then 'H € $Hmaxnd- S0, w.l.o.g. suppose
that b = {z,y}, |b] > 2. As H is loopless, it suffices to
identify a loop, say {z}, s.t. H U {z} becomes diagonal, to
conclude that H € Hmaxna. For H:=H \ {b} the retraction

H[V \ {z}] is well defined (cf. [16]); it actually results via
removing = from each edge of H. Setting &' := b\ {z}
yielding a loop, one directly verifies

HIV A\ {a}] = H(' K b) € Haing

where Thm. 4 (1) has been used. Let F' be a dlagonal
transversal over H[V \ {z}]. Let F' be obtained from F,
by enlarging each of its clauses by the literal =, and finally
adding the clause {Z} over the additional loop. Evidently
F € Faing(H U {z}), establishing that 7 U {z} C H U {z}
both are diagonal.

Conversely, let 2 < r < s be integers, s.t.

(). Then H(bX

b:xl...

Ly b:yl"'ys

Again H is composed of the edge-disjoint parts Hy, Hr,
where H; results from H(b®b) when b i is replaced by b, and
H;; from H(b® b) via replacing b by b. Given F € F(H),
there are

FIGJ:(HI)a FIIE]"(HII), S.t. F:F]UF]I

as disjoint union. In view of La. 6 in [16], we show that
adding a loop to H remains the resulting BHG non-diagonal,
hence H cannot be maximal non-diagonal. For the loop, it
suffices to choose (1) any vertex of b, say x,, (2) any vertex
of b, say ys.

Regarding (1), consider H U {x,.} and let F be any of its
transversals. Then we may assume that the clause of F over
{z,} is satisfied and removed yielding F' € F(H). Let F’
be obtained from F' by removing all those clauses that are
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satisfied via z,., and removing the literal over x,. from each
remaining clause. Let b’ := b\ {z,}, then by assumption

W=r—1>1, |bj=s>1

So, according to the cases (i), (ii) in the proof of Thm. 4
(1), one concludes Fy[V'], Frr[b] € SAT implying Fr(b'),
Fr7(b) € SAT. Since

F' C Fr(t') U Fyy(b)

it is F’ € SAT. The case (2), for ys, proceeds analogously,
because s > 7.

Corollary 2: Let H; = (V;, B;) € 9(m), B(H;) =0, i €
[2], be vertex-disjoint and loopless with By = {b; : j € [m]},
By = {l;J :j € [m]}. Then H1 K Ha € Hmaxnd iff there is
j € [m] st |bj| =2 or|bj| =2 O
It remains, to provide a more specific characterization for
the dense maximal non-diagonality. Observe that if H(j) =
(V;,Bj), j € [m], as defined in Thm. 4, is loopless, then it
never has V; as an edge. Further, in the context of Thm. 4
(3)(b), one has the following criterion:

Lemma 5: Let H = (V,B) € 9 s.t. V ¢ B. Then H is
dense maximal non-diagonal iff there exists F € F(H) with
M(F)| = 1.

PROOF. The sufficiency directly follows from Thm. 5 (2)
in [16]. Reversely, suppose that |[M(F)| > 2, for all F' €
F(H), and set H' := H U {V} which by assumption is
distinct to H. Let F' € F(H') be arbitrary with ¢ € F”,
V(e) =V, then F := F'\ {c} € F(H). Consider distinct
wy,ws € M(F) then neither of them satisfies F’ iff w; =
¢’ = w,. Thus there is a model of F’ implying that H' € 9,
meaning that 7 fails to be dense maximal non-diagonal. O

In summary we obtain:

Theorem 5: Let H; € H(m), B(H;) = 0, i € [2], be
vertex-disjoint with fixed labeled edge sets. Then H; X Ha
is dense maximal non-diagonal iff H; is 2-uniform, i € [2)].

PROOF. Let H; = (V;, B;), i € [2], with
By ={bj:je[m]}, By=1{bj:je[m]}
Clearly, 8(H;) = 0, i € [2], means
Hi=H1RHy = | H(), H():=H(b;Rb))
JE€[m]
According to Thm. 4 (3)(b), it suffices to show that H(j)
is dense maximal non-diagonal iff |b;| = |b;| = 2, for any
fixed j € [m)].

Concerning the necessity, first let |b;| > 2 and |b;| >
2, then H(j) ¢ $Hmaxna by La. 4, thus it cannot be dense
maximal non-diagonal.

If wlo.g. |bj| =2, |b;j| > 2, it is claimed that |M(F)| >
2, for an arbitrary F' € F(H(j)), yielding the assertion on
basis of La. 5. To establish this claim, we refer to the notation
in the proof of Thm. 4 (1), and let

Uy, = Wy, \ Filbj], U =W\ Fr1b;)

By assumption |Uj | > 5. It either is |Up,| > 0, so choose
any c € Uy, and a551gn all its literals to O, yielding a partial
model w € Wb satisfying Fy[b;], so F. Independently fix
distinct ¢, ¢/ € U Ass1gn1ng all literals in ¢, & to 0,
provides the partial models w,w" € W; I’ respectively, each

satisfying F I[b ], so also Fyy. By enlargement about w, two
distinct models for F' = F; U F7; are obtained.

Or itis |Uy,| = 0, for which the argumentation of the case
(@i1) in the proof of Thm. 4 (1) is slightly adapted: There is
a unique ¢’ € F; NW,,, and a unique ¢” € Fy[b;], each of
whose literals occurs eXactly once in Fry. Again m, is the
number of clauses in F; containing ¢ € F[b;]. Set

m:=min{m. : c € Fy[b;] \ {c/,¢"}} > 1
Thus if ¢/ = ¢”
1651

, 1t 1S
|Fr\ {} > 2% — 1)y +me — 1
= 3m+me —1

And if ¢ # ¢, it is
|BJ| >2m+me +mer — 1

Fix ¢ € Fy[b;]\ {c, ¢’} with mz = 7, which always exists.
As Frlb;] € Z, there is w € Wy, s.t. w = ¢7, satisfying
Fr[b;] \ {¢}. Each clause of F; containing ¢ has a unique
literal over a variable in I;j, which is forced to be assigned
to 1 yielding the extension w of w. Hence, w satisfies Fr
and at least one clause of Fj;. There remain

bj| — 1 > 2+ me — 1> 2

unassigned variables of l;j, if  =¢”. And if ¢/ # ¢”, there
remain
m+meg +mer —1>2

unassigned variables of b;. It is | Fy;| = |b;|+1 = 3 of which
at least one clause is solved via ¢”. Thus, there remain at
most 2 unsolved clauses, and both variables occur in these
clauses. If there is a pure literal for one variable, two models
are obtained by assigning both values to the other variable. If
there is no pure literal, assigning the first variable accordingly
for the first clause, forces the other variable in the second
clause. As there is no pure literal, assigning the first variable
complementary, solves the second clause and forces the other
variable in the first clause, yielding two models for F'.
Regarding the sufficiency, for arbitrary fixed j € [m], set

bj = b= 1T, Ej = B = Y1Yy2

Then due to Thm. 4 (1), it is H(j) € $o. Further,

Fj := {z12201, T1Z2Y2, T122, J1Y221, Y1Y2T2, Y1l }

lies in F(H(j)). Finally, one has |M(F})| = 1, from which
the desired assertion and the theorem follow using La. 5.
Indeed, 1 = y1 = y2 = 0, x5 = 1, provides a model of F},
which can easily be shown to be solely. O

It is not hard to verify, that the previous results, concerning
the symmetric join of trivial BHGs, are valid also for their
symmetric T-join:

Corollary 3: Let H; = (V;,B;) € $(m), B(H;) = 0,
i € [2], be vertex-disjoint, loopless. Then Thm. 4, Cor. 2, and
Thm. 5 remain true if H1Xiq Hs is substituted by H1 X Ho,
for an arbitrary T € Sy,. a

In case that H1,Hs are non-trivial, non-diagonal and 2-
uniform, H; X, Hy needs not to be non-diagonal. Adap-
ting Thm. 1 (8) using certain assumptions on H;, M2, one
is enabled to derive conditions for the non-diagonality of
‘H1 X, Hs. Moreover, if the vertex-disjoint Hy, Ho both are
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dense maximal non-diagonal, one verifies, analogously to the
argumentation for Thm. 4 3(b), that the same is true for
Hy UHy € Hi X, Ho implying its diagonality. Slightly
more general, one has a ”local” criterion for non-diagonality
without explicit further assumptions for Hy, Ha:

Theorem 6: Let H; = (V;, B;) € $(m), ¢ € [2], Vi N
Vo =0, 7€ S, and H, := H1 X, Ho. If there exists
a dense maximal non-diagonal Hy = (Vg, Bq) C H, with
\VanVi| > 2 i€ 2, st there is b € By, b:= 7(b) € By
with

BAVHUBNVa) #0 and |b\Va| <2, [b\ Va| <2

then H, € ﬁdiag~

PROOF. Since |V NV;| > 2,4 € [2], it is Vy ¢ By. Hence,
there is Fy € F(Hq) with |[M(Fy)| = 1 by La. 5 and the
assumption. Let wy be this model, and H (b X l;) =: Hioc.
Partially define F' € F(Hioc) via setting x according to
wy(z) in all its occurrences of B(Hiec), for all z € V.
Meaning that all these literals are assigned to 0 and are
removed. This in particular yields the reduced edges

W i=b\ Vg, b :=b\ Vg, so 0<|b/| <2, 0< ] <2

If [b'| = 0 or |b/| = 0, we are done. If there is a loop among
v, b , We are done also, because according to La. 3 it is
H(b/ X b/) S ﬁdiag-

Otherwise, both ¥, &/ are 2-uniform by assumption, and
the remaining part of F over B(V' X IS’), denoted as F”’, can
be constructed to yield an unsatisfiable transversal over Hjoc
as follows: Due to the end of the proof of Thm. 5, there
exists a transversal over H (V' X 1% ), which is chosen for F”,
having a unique model w’.

Moreover, we may assume w.l.o.g. that bN Vg # 0,
meaning |13| > 3. So, there is an additional reduced 2-
clause ¢’ over b’ which is not in F”. Setting all literals in ¢/
according to w'”, provides F'U{c’} € UNSAT. If ¢ denotes
the enlargement of ¢’ about the literals over Vj as defined
above, one obtains F'U {c}, which is a diagonal transversal
over (a sub-hypergraph of) Hjoc C H.. O

A concrete example, for Hg as defined in the previous
(local) criterion, is provided by the 2-uniform BHG defined
at the end of the proof of Thm. 5. Further, since the proof
above relies on the special structure of H(b&b), the criterion
cannot be adapted to H; ®, Ho.

VII. CONCLUSIONS AND OPEN PROBLEMS

Whereas several conditions are provided in Thms. 1 and
2, a complete characterization of the necessary and sufficient
properties of Hy, Ha € H(m) s.t. H1 &, Ha € $o, still is
open. The assertions of Thm. 2 are conjectured to remain
true, for every H; with 5(H1) = 0.

For a fixed 7 € S,,, setting

F(H1)@-F(Ha):={F1®, F>: (F1, F2) € F(H1)xF(H2)}
one clearly has
F(H1) @7 F(H2) € F(H1 @7 Ha)

even in case of trivial Hj,Ho. However, in the diagonal
case it would be challenging to completely characterize the
conditions for H1, Ha, T, s.t.

Faiag(H1) @7 Faiag(H2) = Fdiag(H1 @+ H2)

Further, one should state precise conditions for H1, Ha, 7,
ensuring that H; ®, Hs is (dense) maximal non-diagonal,
respectively minimal diagonal, and vice versa, cf. Prop. 1,
Prop. 2. Refering to Prop. 6 (2), it was desirable to become a
thorough knowledge regarding the parameter ¢,,. A complete
clarification concerning the 7-dependence of 6(H; ®, Ha)
in the diagonal case fails to exist, cf. Prop. 7.

The structure of {C ®, Cy : o € Sy}, for C; €
CNF(V;,m), i € [2], can be investigated independently in
the case, that the o-join fails to be fibre-respecting which
especially includes the case |H(C1)| # |H(C2)|. Otherwise,
the analysis of

{H(C1) @ H(Cs) : 7 € Sy}

for H(C;) € H(V;,m’), i € [2], is required also.

Refering to Thm. 6, the general characterization regarding
the (non-)diagonality of H; X, Hsy is open, which also
holds true for its minimal diagonality, respectively its (dense)
maximal non-diagonality. The same lack is given concerning
the 7-dependence of the orbit parameters of Hi X Ho.

Finally, clarifying the general structure of the symmetric
o-join of formulas together with its fibre-respecting special-
ization yields a project for future work.
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